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Preface 


These notes represent an experiment in the use of information technology in teaching an advanced 
undergraduate physics course, Quantum Physics at UCSD. The experiment has several goals. 


• To make all the class material including a complete set of lecture notes available to students 
on the World-Wide Web. 

• To make use of some simple multimedia technology to enhance the class notes as a learning 
tool compared to a conventional textbook. 

• To present a complex subject to students in several different ways so that each student can 
use the learning techniques best suited to that individual. 

• To get some experience with the use of multimedia technologies in teaching advanced courses. 

• To produce course material that might be appropriate for distance learning or self-paced courses 
in the future. 


The current set of notes covers a 3 quarter course at UCSD, from the beginning of Quantum Me¬ 
chanics to the quantization of the electromagnetic field and the Dirac equation. The notes for the 
last quarter should be considered to be a first draft. 

At this time, the experiment is in progress. One quarter is not sufficient to optimize the course 
material. While a complete set of htrnl based notes has been produced, only limited additional 
audio and visual material is now available. 

It is my personal teaching experience that upper division physics students learn in different ways. 
Many physics students get very little more than an introduction to the material out of the lecture 
and prefer to learn from the textbook and homework. Some students claim they cannot learn from 
the textbook and rely on lectures to get their basic understanding. Some prefer a rather verbose 
exposition of the material in the text, while others prefer a concise discussion largely based on 
equations. Modern media have conditioned the students of today in a way that is often detrimental 
to learning complex subjects from either a lecture or a textbook. 

I chose to use html and the worldwide web as the primary delivery tool for enhanced class notes. 
All of the standard software tools and information formats are usable from html. Every computer 
can access this format using Internet browsers. 

An important aspect of the design of the notes is to maintain a concise basic treatment of the physics, 
with derivations and examples available behind hyperlinks. It is my goal, not fully met at this time, 
to have very detailed derivations, with less steps skipped than in standard textbooks. Eventually, 
this format will allow more examples than are practical in a textbook. 

Another important aspect is audio discussion of important equations and drawings. The browser 
is able to concentrate on an equation while hearing about the details instead of having to go back 
an forth between text and equation. The use of this needs to be expanded and would benefit from 
better software tools. 

Because of the heavy use of complex equations in this course, the html is generated from LaTeX 
input. This has not proved to be a limitation so far since native html can be included. LaTeX 
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has the ability to produce high quality equations and input is fast compared to other options. The 
LaTeX2html translator functions well enough for the conversion. 

Projecting the notes can be very useful in lecture for introductions, for review, and for quick looks 
at derivations. The primary teaching though probably still works best at the blackboard. One thing 
that our classrooms really don’t facilitate is switching from one mode to the other. 

In a future class, with the notes fully prepared, I will plan to decrease the formal lecture time and add 
lab or discussion session time, with students working moving at their own pace using computers. 
Projects could be worked on in groups or individually. Instructors would be available to answer 
questions and give suggestions. 

Similar sessions would be possible at a distance. The formal lecture could be taped and available 
in bite size pieces inside the lecture notes. Advanced classes with small numbers of students could 
be taught based on notes, with less instructor support than is usual. Classes could be offered more 
often than is currently feasible. 

Jim Branson 
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1 Course Summary 

1.1 Problems with Classical Physics 


Around the beginning of the 20th century, classical physics, based on Newtonian Mechanics and 
Maxwell’s equations of Electricity and Magnetism described nature as we knew it. Statistical Me¬ 
chanics was also a well developed discipline describing systems with a large number of degrees of 
freedom. Around that time, Einstein introduced Special Relativity which was compatible with 
Maxwell’s equations but changed our understanding of space-time and modified Mechanics. 


Many things remained unexplained. While the electron as a constituent of atoms had been found, 
atomic structure was rich and quite mysterious. There were problems with classical physics, (See 
section 2) including Black Body Radiation, the Photoelectric effect, basic Atomic Theory, Compton 
Scattering, and eventually with the diffraction of all kinds of particles. Plank hypothesized that EM 
energy was always emitted in quanta 

E = hv = Tiui 


to solve the Black Body problem. Much later, deBroglie derived the wavelength (See section 3.4) 
for particles. 



P 


Ultimately, the problems led to the development of Quantum Mechanics in which all particles are 
understood to have both wave and a particle behavior. 


1.2 Thought Experiments on Diffraction 

Diffraction (See section 3) of photons, electrons, and neutrons has been observed (see the pictures) 
and used to study crystal structure. 

To understand the experimental input in a simplified way, we consider some thought experiments on 
the diffraction (See section 3.5) of photons, electrons, and bullets through two slits. For example, 
photons, which make up all electromagnetic waves, show a diffraction pattern exactly as predicted 
by the theory of EM waves, but we always detect an integer number of photons with the Plank’s 
relation, E = hv, between wave frequency and particle energy satisfied. 

Electrons, neutrons, and everything else behave in exactly the same way, exhibiting wave-like diffrac¬ 
tion yet detection of an integer number of particles and satisfying A = ^. This deBroglie wavelength 
formula relates the wave property A to the particle property p. 


1.3 Probability Amplitudes 

In Quantum Mechanics, we understand this wave-particle duality using (complex) probability 
amplitudes (See section 4) which satisfy a wave equation. 
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The probability to find a particle at a position x at some time t is the absolute square of the 
probability amplitude ip(x,t). 

P{x,t) = \ip(x,t)\ 2 

To compute the probability to find an electron at our thought experiment detector, we add the 
probability amplitude to get to the detector through slit 1 to the amplitude to get to the detector 
through slit 2 and take the absolute square. 

-^detector = 1^1 T^2| 


Quantum Mechanics completely changes our view of the world. Instead of a deterministic world, 
we now have only probabilities. We cannot even measure both the position and momentum of a 
particle (accurately) at the same time. Quantum Mechanics will require us to use the mathematics 
of operators, Fourier Transforms, vector spaces, and much more. 


1.4 Wave Packets and Uncertainty 


The probability amplitude for a free particle with momentum p and energy E = y/(pc) 2 + (me 2 ) 2 
is the complex wave function 

V’free particle^, t) = e^"^. 

Note that \i/j\ 2 = 1 everywhere so this does not represent a localized particle. In fact we recognize 
the wave property that, to have exactly one frequency, a wave must be spread out over space. 

We can build up localized wave packets that represent single particles(See section 5.1) by adding 
up these free particle wave functions (with some coefficients). 

+ OO 

iP{x,t) = -L= f (t,{p)e^P x - Et P h dp 

v27r/l J 

—oo 

(We have moved to one dimension for simplicity.) Similarly we can compute the coefficient for each 
momentum 

OO 

<t>ip) = y= J ip(x)e- ipx/R dx. 

— OO 

These coefficients, <j>{p), are actually the state function of the particle in momentum space. We can 
describe the state of a particle either in position space with tp{x) or in momentum space with cf>(p). 
We can use 4>(p) to compute the probability distribution function for momentum. 

p (p) = !</>(» 1 2 

We will show that wave packets like these behave correctly in the classical limit, vindicating the 
choice we made for ip iree pa rticle(x,t). 

The Heisenberg Uncertainty Principle (See section 5.3) is a property of waves that we can deduce 
from our study of localized wave packets. 


ApAx > — 
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It shows that due to the wave nature of particles, we cannot localize a particle into a small volume 
without increasing its energy. For example, we can estimate the ground state energy (and the size 
of) a Hydrogen atom very well from the uncertainty principle. 

The next step in building up Quantum Mechanics is to determine how a wave function develops with 
time - particularly useful if a potential is applied. The differential equation which wave functions 
must satisfy is called the Schrodinger Equation. 


1.5 Operators 


The Schrodinger equation comes directly out of our understanding of wave packets. To get from 
wave packets to a differential equation, we use the new concept of (linear) operators (See section 6). 
We determine the momentum and energy operators by requiring that, when an operator for some 
variable v acts on our simple wavefunction, we get v times the same wave function. 


v (o P ) = hd_ 

I x i dx 

Aop) i(p-S-Et)/n _ fcj^ i(p-x-Et)/h _ i(p-x-Et)/h 

Px e - idx ~ Px 

= ih%- 

dt 


£(°p) e i(p-x—Et)/n _ i(p-x-Et)/n _ Ee i(p-x-Et)/h 

dt 


1.6 Expectation Values 

We can use operators to help us compute the expectation value (See section 6.3) of a physical 
variable. If a particle is in the state ip(x), the normal way to compute the expectation value of /( x) 
is 


(/(*))= J P{x)f{x)dx= J i/)*(x)ip(x)f(x)dx 


If the variable we wish to compute the expectation value of (like p ) is not a simple function of x, let 
its operator act on 

OO 

(p) = J , ifj*(x)p < ' op ^il>(x)dx. 

— OO 

We have a shorthand notation for the expectation value of a variable v in the state ip which is quite 
useful. 

OO 

{ip\v\%p) = J ip*(x)v ( ' op ^ip{x)dx. 

— OO 

We extend the notation from just expectation values to 

OO 

{ip\v\(p) = J ip* (x)v( op ^ (f>(x)dx 
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and 

OO 

{ij)\ </>} = J i/j*(x)(j)(x)dx 

— OO 

We use this shorthand Dirac Bra-Ket notation a great deal. 


1.7 Commutators 

Operators (or variables in quantum mechanics) do not necessarily commute. We can compute the 
commutator (See section 6.5) of two variables, for example 

[ p, x\ = px — xp = 

i 

Later we will learn to derive the uncertainty relation for two variables from their commutator. We 
will also use commutators to solve several important problems. 


1.8 The Schrodinger Equation 

Wave functions must satisfy the Schrodinger Equation (See section 7) which is actually a wave 
equation. 

-2~- V 2 -0(f, t) + V(x)i/j{x, t ) = 

We will use it to solve many problems in this course. In terms of operators, this can be written as 

Hij)(x , t) = Eij)(x , t) 

2 

where (dropping the (op) label) H = ^ + V(x) is the Hamiltonian operator. So the Schrodinger 
Equation is, in some sense, simply the statement (in operators) that the kinetic energy plus the 
potential energy equals the total energy. 


1.9 Eigenfunctions, Eigenvalues and Vector Spaces 


For any given physical problem, the Schrodinger equation solutions which separate (See section 7.4) 
(between time and space), ip(x,t) = u(x)T(t ), are an extremely important set. If we assume the 
equation separates, we get the two equations (in one dimension for simplicity) 




= E T(t) 


Hu(x) = E u(x) 

The second equation is called the time independent Schrodinger equation. For bound states, there 
are only solutions to that equation for some quantized set of energies 


Hui(x) = EiUi(x). 


For states which are not bound, a continuous range of energies is allowed. 
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The time independent Schrodinger equation is an example of an eigenvalue equation (See section 

8 . 1 ). 

Hipi(x) = 

If we operate on ipi with H , we get back the same function ipi times some constant. In this case 
i/>i would be called and Eigenfunction, and Ei would be called an Eigenvalue. There are usually an 
infinite number of solutions, indicated by the index i here. 


Operators for physical variables must have real eigenvalues. They are called Hermitian operators 
(See section 8.3). We can show that the eigenfunctions of Hermitian operators are orthogonal (and 
can be normalized). 

(i’iWj) = S ij 

(In the case of eigenfunctions with the same eigenvalue, called degenerate eigenfunctions, we can 
must choose linear combinations which are orthogonal to each other.) We will assume that the 
eigenfunctions also form a complete set so that any wavefunction can be expanded in them, 

4>(x) = y^a?iV>i(£) 

i 

where the cq are coefficients which can be easily computed (due to orthonormality) by 

on = (V’il^)- 

So now we have another way to represent a state (in addition to position space and momentum space). 
We can represent a state by giving the coefficients in sum above. (Note that i^ p {x) = e l (p x ~ Et )/ n j s 
just an eigenfunction of the momentum operator and (j) x (p) = e ~ l (P x ~ Et )/ n j s j us t an eigenfunction 
of the position operator (in p-space) so they also represent and expansion of the state in terms of 
eigenfunctions.) 


Since the ipi form an orthonormal, complete set, they can be thought of as the unit vectors of a 
vector space (See section 8.4). The arbitrary wavefunction 4> would then be a vector in that space 
and could be represented by its coefficients. 


/Ol 

012 



The bra-ket can be thought of as a dot product between the arbitrary vector <fi and one of 

the unit vectors. We can use the expansion in terms of energy eigenstates to compute many things. 
In particular, since the time development of the energy eigenstates is very simple, 

iP(x,t) = i/j{x)e~ iEit/h 


we can use these eigenstates to follow the time development of an arbitrary state 4> 


4>{t) 


/ ai e- iElt / h 

a2e ~ iE 2i/n 

a3 e-i E 3t/h 


simply by computing the coefficients on at t = 0. 


We can define the Hermitian conjugate (See section 8.2) O* of the operator O by 

(V’|0|V’) = (4>\Oip) = (O'i'V#)- 

Hermitian operators H have the property that = H. 
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1.10 A Particle in a Box 


As a concrete illustration of these ideas, we study the particle in a box (See section 8.5) (in one 
dimension). This is just a particle (of mass m ) which is free to move inside the walls of a box 
0 < x < a, but which cannot penetrate the walls. We represent that by a potential which is zero 
inside the box and infinite outside. We solve the Schrodinger equation inside the box and realize 
that the probability for the particle to be outside the box, and hence the wavefunction there, must 
be zero. Since there is no potential inside, the Schrodinger equation is 

rr / \ _ ft 2 d 2 U n (X) _ 

Hu n yX) — , o — E n U n yX) 

Zm ax* 

where we have anticipated that there will be many solutions indexed by n. We know four (only 2 
linearly independent) functions which have a second derivative which is a constant times the same 
function: u(x ) = e tkx , u(x) = e~ lkx , u(x) = sin (kx), and u(x) = cos (kx). The wave function must 
be continuous though, so we require the boundary conditions 

u(0) = u(a) = 0. 


The sine function is always zero at x = 0 and none of the others are. To make the sine function zero 
at x = a we need ka = nir or k = So the energy eigenfunctions are given by 

/ T17TX \ 

u n (x) = C sin ^- J 

where we allow the overall constant C because it satisfies the differential equation. Plugging sin ( I! ^) 
back into the Schrodinger equation, we find that 


n 2 ma 2 

Only quantized energies are allowed when we solve this bound state problem. We have one 
remaining task. The eigenstates should be normalized to represent one particle. 


(u n \u n ) = J c* sin ) c sin ) dx = \C\ 2 ^ 

o 


So the wave function will be normalized if we choose C = \/-. 

Y CL 

“- w = vf sin (^ir) 

We can always multiply by any complex number of magnitude 1, but, it doesn’t change the physics. 
This example shows many of the features we will see for other bound state problems. The one 
difference is that, because of an infinite change in the potential at the walls of the box, we did not 
need to keep the first derivative of the wavefunction continuous. In all other problems, we will have 
to pay more attention to this. 


1.11 Piecewise Constant Potentials in One Dimension 


We now study the physics of several simple potentials in one dimension. First a series of 
piecewise constant potentials (See section 9.1.1). for which the Schrodinger equation is 


— h 2 d 2 u(x) 


+ Vu(x ) = Eu(x ) 


2m dx 2 
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or 


d 2 u(x) 

dx 2 


+ — (E-V)u(x) =0 


and the general solution, for E > V, can be written as either 


u(x) = Ae ikx + Be~ ikx 


or 


u{x) = Asu\(kx) + Bcos(kx) 


, with k = y 2m ^ V K We will also need solutions for the classically forbidden regions where the 
total energy is less than the potential energy, E < V. 


u{x) = Ae KX + Be~ KX 


with k = \J E> ■ (Both k and k are positive real numbers.) The ID scattering problems are 
often analogous to problems where light is reflected or transmitted when it at the surface of glass. 


First, we calculate the probability the a particle of energy E is reflected by a potential step (See 
section 9.1.2) of height Vq: Pr = . We also use this example to understand the 


probability current j = - ^4 


Second we investigate the square potential well (See section 9.1.3) square potential well (V(x) = —Vq 
for —a < x < a and V{x) =0 elsewhere), for the case where the particle is not bound E > 0. 
Assuming a beam of particles incident from the left, we need to match solutions in the three regions 
at the boundaries at x = ±a. After some difficult arithmetic, the probabilities to be transmitted 
or reflected are computed. It is found that the probability to be transmitted goes to 1 for some 
particular energies. 


E = -Vo + 


n 2 n 2 h 2 
8 ma 2 


This type of behavior is exhibited by electrons scattering from atoms. At some energies the scattering 
probability goes to zero. 


Third we study the square potential barrier (See section 9.1.5) (V(x) = +Vq for —a < x < a and 
V(x) = 0 elsewhere), for the case in which E < Vq. Classically the probability to be transmitted 
would be zero since the particle is energetically excluded from being inside the barrier. The Quantum 
calculation gives the probability to be transmitted through the barrier to be 

| T |2 = _ ( 2 M 2 _ > 4 kK .2 c _ 4kq 

(k 2 + k 2 ) 2 sinh 2 (2«;a) + (2kn) 2 [ k 2 + K 2> 

where k = and k = \J 2m ^T — ■ Study of this expression shows that the probability to 

be transmitted decreases as the barrier get higher or wider. Nevertheless, barrier penetration is an 
important quantum phenomenon. 


We also study the square well for the bound state (See section 9.1.4) case in which E < 0. Here 
we need to solve a transcendental equation to determine the bound state energies. The number of 
bound states increases with the depth and the width of the well but there is always at least one 
bound state. 
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1.12 The Harmonic Oscillator in One Dimension 


Next we solve for the energy eigenstates of the harmonic oscillator (See section 9.2) potential 
V(x) = 7jkx 2 = lmw 2 i 2 , where we have eliminated the spring constant k by using the classical 


oscillator frequency u> 



The energy eigenvalues are 


E n = 



Tux. 


The energy eigenstates turn out to be a polynomial (in x ) of degree n times e mujx2 / n _ So the ground 
state, properly normalized, is just 

u 0 {x) = 

We will later return the harmonic oscillator to solve the problem by operator methods. 


1.13 Delta Function Potentials in One Dimension 

The delta function potential (See section 9.3) is a very useful one to make simple models of molecules 
and solids. First we solve the problem with one attractive delta function V{x) = — aVo6(x). Since 
the bound state has negative energy, the solutions that are normalizable are Ce KX for x < 0 and 
Ce~ KX for x > 0. Making u(x) continuous and its first derivative have a discontinuity computed 
from the Schrodinger equation at x = 0, gives us exactly one bound state with 

„ ma 2 Vn 


Next we use two delta functions to model a molecule (See section 9.4), V{x) = —aVo5{x + d) — 
aVoS(x — d). Solving this problem by matching wave functions at the boundaries at id, we find 
again transcendental equations for two bound state energies. The ground state energy is more 
negative than that for one delta function, indicating that the molecule would be bound. A look at 
the wavefunction shows that the 2 delta function state can lower the kinetic energy compared to the 
state for one delta function, by reducing the curvature of the wavefunction. The excited state has 
more curvature than the atomic state so we would not expect molecular binding in that state. 


Our final ID potential, is a model of a solid (See section 9.5). 

OO 

V(x) = — aVo S(x — na) 

n=—oo 


This has a infinite, periodic array of delta functions, so this might be applicable to a crystal. The 
solution to this is a bit tricky but it comes down to 


cos(^) = cos (ha) 


2maVo 
h 2 k 


sin(fca). 


Since the right hand side of the equation can be bigger than 1.0 (or less than -1), there are regions 

4 - 2^2 

of E = which do not have solutions. There are also bands of energies with solutions. These 
energy bands are seen in crystals (like Si). 
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1.14 Harmonic Oscillator Solution with Operators 


We can solve the harmonic oscillator problem using operator methods (See section 10). We write 
the Hamiltonian in terms of the operator 


A = 


muj . p 

- x H - % - 

2ft y/2rnhjjo 


H = ^—b \mu 2 x 2 = hu{A^A + i) 
2m 2 2 


We compute the commutators 


= ^(-[a:,p] + \p,x]) = 1 


[H, A] = Tiu)[A^A, A] = , A]A = —TiujA 

[H,A t ] = hu[A*A,Al] = huA*[A,Al] = hurf 

If we apply the the commutator [H, A] to the eigenfunction u n , we get [H,A]u n = — Tiu>Au n which 
rearranges to the eigenvalue equation 


H(Au n ) = ( E n - huj)(Au n ). 


This says that ( Au n ) is an eigenfunction of H with eigenvalue (E n — hid) so it lowers the energy 
by ftw. Since the energy must be positive for this Hamiltonian, the lowering must stop somewhere, 
at the ground state, where we will have 

Auq = 0 . 

This allows us to compute the ground state energy like this 


Huq = Tujj(A^ A + -)rto = —Tiuiuq 


showing that 
travel up and 
are therefore 


the ground state energy is \Tujj. Similarly, A^ raises the energy by Tiui. We can 
down the energy ladder using A^ and A, always in steps of hid. The energy eigenvalues 


E n = 



Huj. 


A little more computation shows that 


Au n = y/nu n -i 


and that 

A'u n = Vn + lrtn+i- 

These formulas are useful for all kinds of computations within the important harmonic oscillator 
system. Both p and x can be written in terms of A and A'. 
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1.15 More Fun with Operators 


We find the time development operator (See section 11.5) by solving the equation = Hip. 

ip{t) = e~ iHt/R ip(t = 0) 

This implies that e ~ lHt / h is the time development operator. In some cases we can calculate the 
actual operator from the power series for the exponential. 

-iHt/n _ {—iHt/Ti) n 
~ ^ n! 


We have been working in what is called the Schrodinger picture in which the wavefunctions (or 
states) develop with time. There is the alternate Heisenberg picture (See section 11.6) in which the 
operators develop with time while the states do not change. For example, if we wish to compute the 
expectation value of the operator B as a function of time in the usual Schrodinger picture, we get 

(iP(t)\B\iP(t)) = (e- lHt/R iP{0)\B\e~ lHt / R iP{0)) = (iP{0)\e im / n Be- iHt ' R \ip(0)). 

In the Heisenberg picture the operator B(t) = e lHt / n Be~ lHt ' R . 

We use operator methods to compute the uncertainty relationship between non-commuting variables 
(See section 11.3) 

(AA)(AB)> l -([A,B}) 

which gives the result we deduced from wave packets for p and x. 


Again we use operator methods to calculate the time derivative of an expectation value (See section 
11.4). 


— (iP\ A \iP) = -(ip\[H,A]\ip) 


iP 


dA 

~dt 


ip 


(Most operators we use don’t have explicit time dependence so the second term is usually zero.) 
This again shows the importance of the Hamiltonian operator for time development. We can use 
this to show that in Quantum mechanics the expectation values for p and x behave as we would 
expect from Newtonian mechanics (Ehrenfest Theorem). 


d(x) 

dt 




* /r P~ n /P 
h {[ 2^' x]) = \m 


d (p) 

dt 




\V{x) 


h d . 
i dx 



Any operator A that commutes with the Hamiltonian has a time independent expectation value. 
The energy eigenfunctions can also be (simultaneous) eigenfunctions of the commuting operator A. 
It is usually a symmetry of the H that leads to a commuting operator and hence an additional 
constant of the motion. 
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1.16 Two Particles in 3 Dimensions 


So far we have been working with states of just one particle in one dimension. The extension to two 
different particles and to three dimensions (See section 12) is straightforward. The coordinates and 
momenta of different particles and of the additional dimensions commute with each other as we 
might expect from classical physics. The only things that don’t commute are a coordinate with its 
momentum, for example, 

\P(2)z, z (2)] = ~ 

while 

lP(l)x,X{2)] = [P(2)z,y(2)\ = 0. 

We may write states for two particles which are uncorrelated, like rio(^(i) )w 3 (x( 2 )), or we may write 
states in which the particles are correlated. The Hamiltonian for two particles in 3 dimensions simply 
becomes 

-n 2 ( d 2 d 2 d 2 \ -h 2 f d 2 d 2 d 2 \ _ 

~ 2m (1) \dx 2 (1) + dy 2 {1) + dz 2 {l) j + 2m (2) \^z 2 2) + dyf 2) + dz 2 {2) ) + 

H = 2^ v m + + v ^ x ^ 


If two particles interact with each other, with no external potential, 

—h 2 _o -h 2 


H = 


2 to ( i ) 


V 2 

v (i) 


2 m 


-V 2 


( 2 ) 


( 1 ) 


+ v{x {1) -x {2) ) 


the Hamiltonian has a translational symmetry, and remains invariant under the translation x —> 
x + a. We can show that this translational symmetry implies conservation of total momentum. 
Similarly, we will show that rotational symmetry implies conservation of angular momentum, and 
that time symmetry implies conservation of energy. 


For two particles interacting through a potential that depends only on difference on the coordinates, 

H = $_ + A + V{ r 1 -r 2 ) 


2 in 2 m 


we can make the usual transformation to the center of mass (See section 12.3) made in classical 
mechanics 

f = r i - r2 
^ _ min. + ?n 2 r 2 
mi + m 2 

and reduce the problem to the CM moving like a free particle 


M = m\ + m 2 


H = 


-n\ 

2 M 


plus one potential problem in 3 dimensions with the usual reduced mass. 


1 _ 1 1 

y, mi itt-2 

H = -fv 2 + nr) 

So we are now left with a 3D problem to solve (3 variables instead of 6). 
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1.17 Identical Particles 


Identical particles present us with another symmetry in nature. Electrons, for example, are indis¬ 
tinguishable from each other so we must have a symmetry of the Hamiltonian under interchange 
(See section 12.4) of any pair of electrons. Lets call the operator that interchanges electron-1 and 
electron-2 P 12 . 

[H,P 12 ]=0 


So we can make our energy eigenstates also eigenstates of Pi 2 - Its easy to see (by operating on 
an eigenstate twice with P12), that the possible eigenvalues are ±1. It is a law of physics that 
spin 1 particles called fermions (like electrons) always are antisymmetric under interchange, 
while particles with integer spin called bosons (like photons) always are symmetric under 
interchange. Antisymmetry under interchange leads to the Pauli exclusion principle that no two 
electrons (for example) can be in the same state. 


1.18 Some 3D Problems Separable in Cartesian Coordinates 


We begin our study of Quantum Mechanics in 3 dimensions with a few simple cases of problems that 
can be separated in Cartesian coordinates (See section 13). This is possible when the Hamiltonian 
can be written 

H = H X + H y + H z . 


One nice example of separation of variable in Cartesian coordinates is the 3D harmonic oscillator 

V(r) = -mu 2 r 2 

which has energies which depend on three quantum numbers. 


E, 


n x n y n z 


= ( n x + n y + n z + - ) hco 


It really behaves like 3 independent one dimensional harmonic oscillators. 


Another problem that separates is the particle in a 3D box. Again, energies depend on three 
quantum numbers 

En x n v n z = («£ + + «*) 

for a cubic box of side L. We investigate the effect of the Pauli exclusion principle by filling our 3D 
box with identical fermions which must all be in different states. We can use this to model White 
Dwarfs or Neutron Stars. 


In classical physics, it takes three coordinates to give the location of a particle in 3D. In quantum 
mechanics, we are finding that it takes three quantum numbers to label and energy eigenstate 
(not including spin). 
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1.19 Angular Momentum 


For the common problem of central potentials (See section 14.1) V (r), we use the obvious rotational 
symmetry to find that the angular momentum, L = x x p, operators commute with //, 

[H,L Z \ = [H, L x \ = [H,L y \ = 0 

but they do not commute with each other. 

[L X , L y ] ^ 0 

We want to find two mutually commuting operators which commute with H , so we turn to 
L 2 = L 2 + L 2 + L 2 which does commute with each component of L. 

[L 2 ,L Z } = 0 

We chose our two operators to be L 2 and L z . 


Some computation reveals that we can write 

P 2 = ~2 {L 2 + (r • p) 2 - iTir ■ p) . 

With this the kinetic energy part of our equation will only have derivatives in r assuming that we 
have eigenstates of L 2 . 


-h 2 

2 p 


1 


d_ 

dr 


1 d 


r dr h 2 r 2 


u E (r) + V(r)u E {r) = Eu E (r) 


The Schrodinger equation thus separates into an angular part (the I 2 term) and a radial part 
(the rest). With this separation we expect (anticipating the angular solution a bit) 

u E (r) = R E e{r)Y( m (9, <j>) 

will be a solution. The Ye m (9, </>) will be eigenfunctions of L 2 

L 2 Y em {9 7 0) = 1(1 + l)h 2 Y em (9, 0) 

so the radial equation becomes 


-r 

2/i 


1 


d_ 

dr 


ld_ 

r dr 


1) 


Rmir) + V{r)R E i(r) = ER E n(r) 


We must come back to this equation for each V(r) which we want to solve. 


We solve the angular part of the problem in general using angular momentum operators. We 
find that angular momentum is quantized. 

L z Ye m (6,4>) = mhY lrn (9 ,0) 

L 2 Y lm {9, 0) = £(£ + l)h 2 Y em {9, 0) 

with t and m integers satisfying the condition —£< m < i. The operators that raise and lower 
the z component of angular momentum are 

b !■ — L x i iLy 

L±Y tm = Ti\J £{l + 1) — m(m ± 1 )^(m±i.) 

We derive the functional form of the Spherical Harmonics Y^ m (9,(f>) using the differential form 
of the angular momentum operators. 
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1.20 Solutions to the Radial Equation for Constant Potentials 


Solutions to the radial equation (See section 15.1) in a constant potential are important since they 
are the solutions for large r in potentials of limitted range. They are therefore used in scattering 
problems as the incoming and outgoing states. The solutions are the spherical Bessel and spherical 
Neumann functions (See section 15.3). 


Je(p) = ( ~pY 
Mp ) = -{-pf 


1 d 

pdp 

1 d 

pdp 


' sin p sin (p - 

P P 

cos p 

p 


-cos (p-%) 


where p = kr. The linear combination of these which falls off properly at large r is called the Hankel 
function of the first type. 


h^\p) = je{p ) + ine(p) = {~pf 


1 d_ 

pdp 


sin p — l cos p 

p 


p 


We use these solutions to do a partial wave analysis of scattering, solve for bound states of a 
spherical potential well, solve for bound states of an infinite spherical well (a spherical “box”), 
and solve for scattering from a spherical potential well. 


1.21 Hydrogen 

The Hydrogen (Coulomb potential) radial equation (See section 16) is solved by finding the behavior 
at large r, then finding the behavior at small r, then using a power series solution to get 

OO 

R{p) = p l Y J ^P k ^ P/2 

k =0 


with p = \J —|To keep the wavefunction normalizable the power series must terminate, giving 
us our energy eigenvalue condition. 

Z 2 a 2 mc 2 

En = 2ri? 

Here n is called the principle quantum number and it is given by 

n = n r + t + 1 

where n r is the number of nodes in the radial wavefunction. It is an odd feature of Hydrogen that 
a radial excitation and an angular excitation have the same energy. 

So a Hydrogen energy eigenstate ipnem(x) = R n e{r)Yi m {8, cj)) is described by three integer quantum 
numbers with the requirements that n > 1, t < n and also an integer, and —l < m < £. The ground 
state of Hydrogen is i/'ioo and has energy of -13.6 eV. We compute several of the lowest energy 
eigenstates. 

The diagram below shows the lowest energy bound states of Hydrogen and their typical decays. 
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1.22 Solution of the 3D HO Problem in Spherical Coordinates 

As and example of another problem with spherical symmetry, we solve the 3D symmetric harmonic 
oscillator (See section 17) problem. We have already solved this problem in Cartesian coordinates. 
Now we use spherical coordinates and angular momentum eigenfunctions. 

The eigen-energies are 

E = ^2n r T £ T — ^ hu 

where n r is the number of nodes in the radial wave function and t is the total angular momentum 
quantum number. This gives exactly the same set of eigen-energies as we got in the Cartesian 
solution but the eigenstates are now states of definite total angular momentum and z component of 
angular momentum. 


1.23 Matrix Representation of Operators and States 

We may define the components of a state vector if) as the projections of the state on a complete, 
orthonormal set of states, like the eigenfunctions of a Hermitian operator. 

4>i = {ui\ij}) 

IV’) = 
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Similarly, we may define the matrix element of an operator in terms of a pair of those orthonormal 
basis states 

Oij = (ui\0\uj). 


With these definitions, Quantum Mechanics problems can be solved using the matrix representation 
operators and states. (See section 18.1). An operator acting on a state is a matrix times a vector. 


tm) a 
mh 


(On 
021 

012 

022 

... Oij 

... o 2 , 



/Vh\ 

1p2 

^ W)i ^ 


On 

\ ... 

0 z 2 

Oij 



Ipj 

K...J 


The product of operators is the product of matrices. Operators which don’t commute are represented 
by matrices that don’t commute. 


1.24 A Study of £ = 1 Operators and Eigenfunctions 

The set of states with the same total angular momentum and the angular momentum operators 
which act on them are often represented by vectors and matrices. For example the different m 
states for t = 1 will be represented by a 3 component vector and the angular momentum operators 
(See section 18.2) represented by 3X3 matrices. There are both practical and theoretical reasons 
why this set of states is separated from the states with different total angular momentum quantum 
numbers. The states are often (nearly) degenerate and therefore should be treated as a group for 
practical reasons. Also, a rotation of the coordinate axes will not change the total angular momentum 
quantum number so the rotation operator works within this group of states. 

We write our 3 component vectors as follows. 


/V>+ 
ip = V’o 
\ip- 

The matrices representing the angular momentum operators for l = 1 are as follows. 

r /0 1 0\ h / 0 1 0\ /I 0 0 \ 

L x = — 7 = ( 1 0 1 ) L V = -Ty - 1 0 1 L z = h 0 0 0 

v 2 \o i o/ v 2 * \ o -i o/ \o o - 1 / 

The same matrices also represent spin 1, s = 1, but of course would act on a different vector space. 

The rotation operators (See section 18.6) (symmetry operators) are given by 

R Z (0 Z ) = e ie * L */ h R X (9 X ) = e i9 * L */ n R v {0 y ) = e ie v L vl n 

for the differential form or the matrix form of the operators. For £ = 1 these are 3X3 (unitary) 
matrices. We use them when we need to redefine the direction of our coordinate axes. Rotations of 
the angular momentum states are not the same as rotations of vectors in 3 space. The components 
of the vectors represent different quantities and hence transform quite differently. The “vectors” we 
are using for angular momentum actually should be called spinors when we refer to their properties 
under rotations and Lorentz boosts. 
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1.25 Spin 1/2 and other 2 State Systems 


The angular momentum algebra defined by the commutation relations between the operators requires 
that the total angular momentum quantum number must either be an integer or a half integer. 
The half integer possibility was not useful for orbital angular momentum because there was no 
corresponding (single valued) spherical harmonic function to represent the amplitude for a particle 
to be at some position. 


The half integer possibility is used to represent the internal angular momentum of some particles. 
The simplest and most important case is spin one-half (See section 18.8). There are just two 

possible states with different z components of spin: spin up 1 


with z component of angular 


momentum 


h 


S x = 


2 , and spin down 

h 


, with — £. The corresponding spin operators are 


0 1 
1 0 


S v = 


0 -i 
i 0 


S z = 


1 0 
0 -1 


These satisfy the usual commutation relations from which we derived the properties of angular 
momentum operators. 

It is common to define the Pauli Matrices, cq, which have the following properties. 


0 1 
1 0 


T — U" i7 (J z 
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+ O-yCTz = 0 

V'j) = 

2 Sij 



a z = 


1 0 
0 -1 


The last two lines state that the Pauli matrices anti-commute. The a matrices are the Hermitian, 
Traceless matrices of dimension 2. Any 2 by 2 matrix can be written as a linear combination of 
the er matrices and the identity. 


1.26 Quantum Mechanics in an Electromagnetic Field 

The classical Hamiltonian for a particle in an Electromagnetic field is 

H =^L(? +i A 

where e is defined to be a positive number. This Hamiltonian gives the correct Lorentz force law. 
Note that the momentum operator will now include momentum in the field, not just the particle’s 
momentum. As this Hamiltonian is written, p is the variable conjugate to r and is related to the 
velocity by p = mv — | A. 
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In Quantum Mechanics, the momentum operator is replaced (See section 20) in the same way to 
include the effects of magnetic fields and eventually radiation. 

_ _ e -* 

p —> p + - A 

c 


Starting from the above Hamiltonian, we derive the Hamiltonian for a particle in a constant 
magnetic field. 

?— VV + ■ U + (t 2 B 2 - (f • B) 2 ) *P = (E + e<j>W 

2m 2mc omc V / 

This has the familiar effect of a magnetic moment parallel to the angular momentum vector, plus 
some additional terms which are very small for atoms in fields realizable in the laboratory. 

So, for atoms, the dominant additional term is 

H b = - - B ■ L = —p, ■ B, 

2mc 

where p = —L. This is, effectively, the magnetic moment due to the electron’s orbital angular 

momentum. 


The other terms can be important if a state is spread over a region much larger than an atom. We 
work the example of a plasma in a constant magnetic field. A charged particle in the plasma 
has the following energy spectrum 


En — 


eBh 


m e c 


1 

n+ 2 


n 2 k 2 

2 m e 


which depends on 2 quantum numbers. Tik is the conserved momentum along the field direction 
which can take on any value, n is an integer dealing with the state in x and y. This problem can be 
simplified using a few different symmetry operators. We work it two different ways: in one it reduces 
to the radial equation for the Hydrogen atom; in the other it reduces to the Harmonic Oscillator 
equation, showing that these two problems we can solve are somehow equivalent. 


1.27 Local Phase Symmetry in Quantum Mechanics and the Gauge Sym¬ 
metry 

There is a symmetry in physics which we might call the Local Phase Symmetry in quantum 
mechanics. In this symmetry we change the phase of the (electron) wavefunction by a different 
amount everywhere in spacetime. To compensate for this change, we need to also make a gauge 
transformation (See section 20.3) of the electromagnetic potentials. They all must go together like 
this. 


A -> 
<t> -t 




A - V/(r,t) 
c at 


The local phase symmetry requires that Electromagnetism exist and have a gauge symmetry so that 
we can keep the Schrodinger Equation invariant under this phase transformation. 
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We exploit the gauge symmetry in EM to show that, in field free regions, the function / can be 
simply equal to a line integral of the vector potential (if we pick the right gauge). 


r 


f(r) = 


dr ■ A. 


r 0 


We use this to show that the magnetic flux enclosed by a superconductor is quantized. 

We also show that magnetic fields can be used to change interference effects in quantum mechan¬ 
ics. The Aharanov Bohm Effect brings us back to the two slit diffraction experiment but adds 
magnetic fields. 



The electron beams travel through two slits in field free regions but we have the ability to vary a 
magnetic field enclosed by the path of the electrons. At the screen, the amplitudes from the two 
slits interfere i/j = ipi + '02• Let’s start with B = 0 and A = 0 everywhere. When we change the B 
field, the wavefunctions must change. 


V’i 

4>2 


-ilk I dp ' A 

ipxe 1 

-‘jfe f 

ip2e 2 

-i#- f dr-A 

[ipie~ lhi = + ip2 ) e 2 


The relative phase from the two slits depends on the flux between the slits. By varying the B field, 
we will shift the diffraction pattern even though B = 0 along the whole path of the electrons. 
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1.28 Addition of Angular Momentum 

It is often required to add angular momentum from two (or more) sources (See section 21) together 
to get states of definite total angular momentum. For example, in the absence of external fields, 
the energy eigenstates of Hydrogen (including all the fine structure effects) are also eigenstates 
of total angular momentum. This almost has to be true if there is spherical symmetry to the 
problem. 

As an example, lets assume we are adding the orbital angular momentum from two electrons, L\ and 
L 2 to get a total angular momentum J. We will show that the total angular momentum quantum 
number takes on every value in the range 

\ti~h\<j <h+h. 

We can understand this qualitatively in the vector model pictured below. We are adding two 
quantum vectors. 



The length of the resulting vector is somewhere between the difference of their magnitudes and the 
sum of their magnitudes, since we don’t know which direction the vectors are pointing. 

The states of definite total angular momentum with quantum numbers j and m, can be written in 
terms of products of the individual states (like electron 1 is in this state AND electron 2 is in 
that state). The general expansion is called the Clebsch-Gordan series: 

ipjm = {t\m\l2vn,2\jmt\t‘2)Yg. imi W 2 m 2 

m±m,2 


or in terms of the ket vectors 

mi m2 

The Clebsch-Gordan coefficients are tabulated although we will compute many of them ourselves. 

When combining states of identical particles, the highest total angular momentum state, 
s = Si + s 2 , will always be symmetric under interchange. The symmetry under interchange will 
alternate as j is reduced. 
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The total number of states is always preserved. For example if I add two £ = 2 states together, I 
get total angular momentum states with j = 0,1, 2,3 and 4. There are 25 product states since each 
i = 2 state has 5 different possible ms. Check that against the sum of the number of states we have 
just listed. 

5 ® 5 = 9s © 7a © 5s © 3 a ® Is 
where the numbers are the number of states in the multiplet. 

We will use addition of angular momentum to: 


• Add the orbital angular momentum to the spin angular momentum for an electron in an atom 
J = L + S; 

• Add the orbital angular momenta together for two electrons in an atom L = L\ + L 2 ; 

• Add the spins of two particles together S = S\ + S 2 ; 

• Add the nuclear spin to the total atomic angular momentum F = J + I; 

• Add the total angular momenta of two electrons together J = J\ + J 2 ; 

• Add the total orbital angular momentum to the total spin angular momentum for a collection 
of electrons in an atom J = L + S; 

• Write the product of spherical harmonics in terms of a sum of spherical harmonics. 


1.29 Time Independent Perturbation Theory 


Assume we have already solved and an energy eigenvalue problem and now need to include an 
additional term in the Hamiltonian. We can use time independent perturbation theory (See section 
22) to calculate corrections to the energy eigenvalues and eigenstates. If the Schrodinger equation 

for the full problem is 

(■ H 0 + H^ipn = E n %p n 

and we have already solved the eigenvalue problem for Hq, we may use a perturbation series, to 
expand both our energy eigenvalues and eigenstates in powers of the small perturbation. 

E n = e£ ] + eL 1] +E^ + ... 

VVi = N I &n + C-nk^k 

y k^n 

c . = C W + c ( 2 ) + 

Cnfc '-'nk ' ^nk ' 

where the superscript (0), (1), (2) are the zeroth, first, and second order terms in the series. N is 
there to keep the wave function normalized but will not play an important role in our results. 


By solving the Schrodinger equation at each order of the perturbation series, we compute the 
corrections to the energies and eigenfunctions, (see section 22.4.1) We just give the first 
few terms above. 
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A problem arises in the case of degenerate states or nearly degenerate states. The energy denom¬ 
inator in the last equation above is small and the series does not converge. To handle this case, we 
need to rediagonalize the full Hamiltonian in the subspace of nearly degenerate states. 

This is just the standard eigenvalue problem for the full Hamiltonian in the subspace of (nearly) 
degenerate states. 

We will use time independent perturbation theory is used to compute fine structure and hyperfine 
corrections to Hydrogen energies, as well as for many other calculations. Degenerate state pertur¬ 
bation theory will be used for the Stark Effect and for hyperfine splitting in Hydrogen. 


1.30 The Fine Structure of Hydrogen 

We have solved the problem of a non-relativistic, spinless electron in a coulomb potential exactly. 
Real Hydrogen atoms have several small corrections to this simple solution. If we say that electron 
spin is a relativistic effect, they can all be called relativistic corrections which are off order a 2 
compared to the Hydrogen energies we have calculated. 


1. The relativistic correction to the electron’s kinetic energy. 

2. The Spin-Orbit correction. 

3. The “Darwin Term” correction to s states from Dirac equation. 


Calculating these fine structure effects (See section 23) separately and summing them we find that 
we get a nice cancellation yielding a simple formula. 
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The correction depends only on the total angular quantum number and does not depend on £ so the 
states of different total angular momentum split in energy but there is still a good deal of degeneracy. 
It makes sense, for a problem with spherical symmetry, that the states of definite total 
angular momentum are the energy eigenstates and that the result depend on j. 


We also compute the Zeeman effect in which an external magnetic field is applied to Hydrogen. 
The external field is very important since it breaks the spherical symmetry and splits degenerate 
states allowing us to understand Hydrogen through spectroscopy. 


The correction due to a weak magnetic field is found to be 
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The factor ^1 ± jf+TJ is known as the Lande g Factor because the state splits as if it had this 
gyromagnetic ratio. We know that it is in fact a combination of the orbital and spin g factors in 
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a state of definite j. We have assumed that the effect of the field is small compared to the fine 
structure corrections. We can write the full energy in a weak magnetic field. 


E., 


njrrijis — 


1 2 2 f 1 

' 2 a mC \ n 2 


j + \ 



+ gLUEsBmj 


Thus, in a weak field, the the degeneracy is completely broken for the states il> n j mj t.s- All 
the states can be detected spectroscopically. 


In the strong field limit we could use states of definite me and m s and calculate the effects of the fine 
structure, H i + H 2 , as a perturbation. In an intermediate strength field, on the order of 500 Gauss, 
the combination of the Hydrogen fine structure Hamiltonian and the term to the B field must be 
diagonalized on the set of states with the same principal quantum number n. 


1.31 Hyperfine Structure 

The interaction between the spin of the nucleus and the angular momentum of the 
electron causes a further (hyperfine) splitting (See section 24) of atomic states. It is called hyperfine 
because it is also order a 2 like the fine structure corrections, but it is smaller by a factor of about 
because of the mass dependence of the spin magnetic moment for particles. 

The magnetic moment of the nucleus is 

Zeg N 7 
m ~ 2 M n c T 

where / is the nuclear spin vector. Because the nucleus, the proton, and the neutron have internal 
structure, the nuclear gyromagnetic ratio is not just 2. For the proton, it is g p ~ 5.56. 

We computed the hyperfine contribution to the Hamiltonian for £ = 0 states. 

Hh > = (^ s ~ a ) = 5 (Zo)1 (sy) 

Now, just as in the case of the L- S', spin-orbit interaction, we will define the total angular momentum 


F = S + I. 


It is in the states of definite / and m/ that the hyperfine perturbation will be diagonal. In essence, 
we are doing degenerate state perturbation theory. We could diagonalize the 4 by 4 matrix for the 
perturbation to solve the problem or we can use what we know to pick the right states to start with. 
Again like the spin orbit interaction, the total angular momentum states will be the right states 

because we can write the perturbation in terms of quantum numbers of those states. 


AE = l (Zaf (jSt) (/</ + !)-§)• 
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For the hydrogen ground state we are just adding two spin ^ particles so the possible values are 
/ = 0,1. The transition between the two states gives rise to EM waves with A = 21 cm. 


We will work out the effect of an external B field on the Hydrogen hyperfine states both 
in the strong field and in the weak field approximation. We also work the problem without a field 
strength approximation. The always applicable intermediate field strength result is that the 
four states have energies which depend on the strength of the B field. Two of the energy eigenstates 
mix in a way that also depends on B. The four energies are 
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1.32 The Helium Atom 

The Hamiltonian for Helium (See section 25) has the same terms as Hydrogen but has a large 
perturbation due to the repulsion between the two electrons. 

Pi pi Ze 2 Ze 2 e 2 

H = — + — -b —;-irr 

2m 2m n r 2 |ri — 7 * 2 1 

Note that the perturbation due to the repulsion between the two electrons is about the 
same size as the the rest of the Hamiltonian so first order perturbation theory is unlikely to be 
accurate. 

The Helium ground state has two electrons in the Is level. Since the spatial state is 
symmetric, the spin part of the state must be antisymmetric so s = 0 (as it always is for closed shells). 
For our zeroth order energy eigenstates, we will use product states of Hydrogen wavefunctions 


u(ri,r 2 ) — ( f, l)^n 2 <2m2 ( r 2 ) 

and ignore the perturbation. The energy for two electrons in the (Is) state for Z = 2 is then 
4a 2 mc 2 = 108.8 eV. 

We can estimate the ground state energy in first order perturbation theory, using the electron 
repulsion term as a (very large) perturbation. This is not very accurate. 

We can improve the estimate of the ground state energy using the variational principle. The main 
problem with our estimate from perturbation theory is that we are not accounting for changes in 
the wave function of the electrons due to screening. We can do this in some reasonable 
approximation by reducing the charge of the nucleus in the wavefunction (not in the Hamiltonian). 
With the parameter Z*, we get a better estimate of the energy. 


Calculation 

Energy 

Zwfn 

0 th Order 

-108.8 

2 

1 st Order perturbation theory 

-74.8 

2 

1 st Order Variational 

-77.38 

27 

16 

Actual 

-78.975 
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Note that the variational calculation still uses first order perturbation theory. It just adds a variable 
parameter to the wavefunction which we use to minimize the energy. This only works for the ground 
state and for other special states. 

There is only one allowed (Is) 2 state and it is the ground state. For excited states, the spatial 
states are (usually) different so they can be either symmetric or antisymmetric (under interchange 
of the two electrons). It turns out that the antisymmetric state has the electrons further apart so 
the repulsion is smaller and the energy is lower. If the spatial state is antisymmetric, then the spin 
state is symmetric, s=l. So the triplet states are generally significantly lower in energy than the 
corresponding spin singlet states. This appears to be a strong spin dependent interaction 
but is actually just the effect of the repulsion between the electrons having a big effect 
depending on the symmetry of the spatial state and hence on the symmetry of the spin state. 

The first exited state has the hydrogenic state content of (ls)(2s) and has s=l. We calculated the 
energy of this state. 

We’ll learn later that electromagnetic transitions which change spin are strongly suppressed 
causing the spin triplet (orthohelium) and the spin singlet states (parahelium) to have nearly separate 
decay chains. 


1.33 Atomic Physics 


The Hamiltonian for an atom with Z electrons and protons (See section 26) has many terms 
representing the repulsion between each pair of electrons. 




Eip. 


We have seen that the coulomb repulsion between electrons is a very large correction in Helium and 
that the three body problem in quantum mechanics is only solved by approximation. 


The physics of closed shells and angular momentum enable us to make sense of even the most 
complex atoms. When we have enough electrons to fill a shell, say the Is or 2p, The resulting 
electron distribution is spherically symmetric because 

t IWM)I 2 = ^. 

m=—£ 

With all the states filled and the relative phases determined by the antisymmetry required by Pauli, 
the quantum numbers of the closed shell are determined. There is only one possible state 
representing a closed shell and the quantum numbers are 

s = 0 
£ = 0 
3=0 


The closed shell screens the nuclear charge. Because of the screening, the potential no longer has 
a pure - behavior. Electrons which are far away from the nucleus see less of the nuclear charge and 
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shift up in energy. We see that the atomic shells fill up in the order Is, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 
4d, 5p, 6s, 4f, 5d, 6p. The effect of screening increasing the energy of higher £ states is clear. Its no 
wonder that the periodic table is not completely periodic. 

A set of guidelines, known as Hund’s rules, help us determine the quantum numbers for the ground 
states of atoms. The hydrogenic shells fill up giving well defined j = 0 states for the closed shells. 
As we add valence electrons we follow Hund’s rules to determine the ground state. We get a great 
simplification by treating nearly closed shells as a closed shell plus positively charged, spin i holes. 
For example, if an atom is two electrons short of a closed shell, we treat it as a closed shell plus two 
positive holes.) 


1. Couple the valence electrons (or holes) to give maximum total spin. 

2. Now choose the state of maximum £ (subject to the Pauli principle. The Pauli principle rather 
than the rule, often determines everything here.) 

3. If the shell is more than half full, pick the highest total angular momentum state j = £ + s 
otherwise pick the lowest j = \t — s|. 


1.34 Molecules 


We can study simple molecules (See section 27) to understand the physical phenomena of molecules 
in general. The simplest molecule we can work with is the ion. It has two nuclei (A and 
B) sharing one electron (1). 


H n = 


Pe 


2m r 1A Tib Rab 


Rab is the distance between the two nuclei. We calculate the ground state energy using the Hydrogen 
states as a basis. 

The lowest energy wavefunction can be thought of as a (anti)symmetric linear combination of an 
electron in the ground state near nucleus A and the ground state near nucleus B 


i>± (r, R) = C±(R ) [ip A ± 4>b] 


where ip a = L -je riA / a ° is g.s. around nucleus A. ip a and ips are not orthogonal; there is 

V 7ra o 

overlap. The symmetric (bonding) state has a large probability for the electron to be 
found between nuclei. The antisymmetric (antibonding) state has a small probability there, and 
hence, a much larger energy. Remember, this symmetry is that of the wavefunction of one electron 
around the two nuclei. 


The H 2 molecule is also simple and its energy can be computed with the help of the previous 
calculation. The space symmetric state will be the ground state. 


(iP\H\iP) = 2 E h +(R ab ) - ^ 


r 12 


iP 


The molecule can vibrate in the potential created when the shared electron binds the atoms to¬ 
gether, giving rise to a harmonic oscillator energy spectrum. 
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Molecules can rotate like classical rigid bodies subject to the constraint that angular momentum is 
quantized in units of h. 

1 L 2 l{l + 1 )h 2 ^ h 2 m a 2 mc 2 _ m 1 

rot = 2 T = 2/ ~ 2 Mai = M 2 ~ ~ 100CW 


1.35 Time Dependent Perturbation Theory 

We have used time independent perturbation theory to find the energy shifts of states and to find 
the change in energy eigenstates in the presence of a small perturbation. We now consider the case 
of a perturbation V that is time dependent. Such a perturbation can cause transitions 
between energy eigenstates. We will calculate the rate of those transitions (See section 28). 

We derive an equation for the rate of change of the amplitude to be in the n th energy 
eigenstate. 


in = J2 v ^ c ^ ei(En ~ Ek)t/h 

k 


Assuming that at t = 0 the quantum system starts out in some initial state (j>i, we derive the 

amplitude to be in a final state cj> n . 


c n (t) = j e^'v ni{ t')dt’ 
o 


An important case of a time dependent potential is a pure sinusoidal oscillating (harmonic) 
perturbation. We can make up any time dependence from a linear combination of sine 
and cosine waves. With some calculation, we derive the transition rate in a harmonic potential of 
frequency w. 

D-m = ^ = —jr^-S(E n -Et + Hu) 

This contains a delta function of energy conservation. The delta function may seem strange. The 
transition rate would be zero if energy is not conserved and infinite if energy is exactly conserved. 
We can make sense of this if there is a distribution function of P(w) of the perturbing potential or if 
there is a continuum of final states that we need to integrate over. In either case, the delta function 
helps us do the integral simply. 


1.36 Radiation in Atoms 

The interaction of atoms with electromagnetic waves (See section 29) can be computed using time 
dependent perturbation theory. The atomic problem is solved in the absence of EM waves, then the 
vector potential terms in the Hamiltonian can be treated as a perturbation. 

H =^(? + W +v(r) - 








44 


In a gauge in which V • A = 0, the perturbation is 


V=-A-p+-^A 2 . 

me lmc z 


For most atomic decays, the A 2 term can be neglected since it is much smaller than the A ■ p term. 
Both the decay of excited atomic states with the emission of radiation and the excitation of atoms 
with the absorption of radiation can be calculated. 


An arbitrary EM field can be Fourier analyzed to give a sum of components of definite frequency. 

Consider the vector potential for one such component, A(r,t) = 2docos(fc • r — wt). The energy in 

the field is Energy = -^zV\Aq\ 2 . If the field is quantized (as we will later show) with photons of 

energy E = hu ;, we may write field strength in terms of the number of photons TV. 

1 
2 

e2 cos(k ■ r — wt) 

1 

~ i(k-r-ut) e 

The direction of the field is given by the unit polarization vector e. The cosine term has been 
split into positive and negative exponentials. In time dependent perturbation theory, the positive 
exponential corresponds to the absorption of a photon and excitation of the atom and the negative 
exponential corresponds to the emission of a photon and decay of the atom to a lower energy state. 


A(r, t) = 
A(r, t ) = 


2nhc 2 N 


wV 

2irhc 2 N 


wV 


Think of the EM field as a harmonic oscillator at each frequency, the negative exponential corre¬ 
sponds to a raising operator for the field and the positive exponential to a lowering operator. In 
analogy to the quantum ID harmonic oscillator we replace y/~N by y/N + 1 in the raising operator 
case. 

e (y/Ne^-^ + VN + 


A(f,t) = 


2lThe 2 


wV 


With this change, which will later be justified with the quantization of the field, there is a pertur¬ 
bation even with no applied field (TV = 0) 

Vv=o = VN=oe lut = — A- p= — 
me me 

which can cause decays of atomic states. 

Plugging this TV = 0 field into the first order time dependent perturbation equations, the decay rate 
for an atomic state can be computed. 

Ti-m = ^^\(0 n \ e - itf e-p\&)\ 2 5(E n -E i + hw) 


2irhc 2 

wV 


g-ifJfc-T'-urt)*. p 


The absolute square of the time integral from perturbation theory yields the delta function of energy 
conservation. 

To get the total decay rate, we must sum over the allowed final states. We can assume that the 
atom remains at rest as a very good approximation, but, the final photon states must be carefully 
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considered. Applying periodic boundary conditions in a cubic volume V, the integral over final 
states can be done as indicated below. 


k x L — 

2nn x 

dn x 

k y L = 

2lTUy 

dn v 

k z L = 

2 - 7 T n z 

dn z 



d3n -jk^ 



Ttot = 


— 2tt d ^ x 

— —rlh 

2n V 


27 T dk z 

d 3 l- — V 
K - 

JVi^ n d 3 n 


d 3 k 


With this phase space integral done aided by the delta function, the general formula for the decay 
rate is 


r 


tot 


e 2 (Ej - E n ) 
2irTi 2 m 2 c 3 


Y [ dQ^nle-^e^ ■p'elfa}] 2 . 

X 


This decay rate still contains the integral over photon directions and a sum over final state polar¬ 
ization. 


Computation of the atomic matrix element is usually done in the Electric Dipole approximation 
(See section 29.5) 

e~ itp » 1 

which is valid if the wavelength of the photon is much larger than the size of the atom. With the 
help of some commutation relations, the decay rate formula becomes 


The atomic matrix element of the vector operator f is zero unless certain constraints on the angu¬ 
lar momentum of initial and final states are satisfied. The selection rules for electric dipole (El) 
transitions are: 

A£ = ±l Am = 0, ±1 As = 0. 

This is the outcome of the Wigner-Eckart theorem which states that the matrix element of a vector 
operator V q , where the integer q runs from -1 to +1, is given by 

(a'j'm'\V q \ajm) = ( j'm'\jlmq)(a'j'\\V\\aj) 


Here a represents all the (other) quantum numbers of the state, not the angular momentum quantum 
numbers. In the case of a simple spatial operator like r, only the orbital angular momentum is 
involved. 


r 


3c 2 


(2)(4tt) 


4x/6 


do 
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127T 


4o ^t 

9c 2 
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We derive a simple result for the total decay rate of a state, summed over final photon polarization 
and integrated over photon direction. 
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tot 


4 auj, 


3c 2 


2 













46 


This can be used to easily compute decay rates for Hydrogen, for example the 2p decay rate. 


2p—>-ls 


9c 2 



2 


The total decay rate is related to the energy width of an excited state, as might be expected from 
the uncertainty principle. The Full Width at Half Maximum (FWHM) of the energy distribution of 
a state is TiT to t- The distribution in frequency follows a Breit-Wigner distribution. 

Ii(u) = |</>i(w )| 2 = -- \ r2 

(w - w 0 ) 2 + — 


In addition to the inherent energy width of a state, other effects can influence measured widths, 
including collision broadening, Doppler broadening, and atomic recoil. 

The quantum theory of EM radiation can be used to understand many phenomena, including photon 
angular distributions, photon polarization, LASERs, the Mossbauer effect, the photoelectric effect, 
the scattering of light, and x-ray absorption. 


1.37 Classical Field Theory 


A review of classical field theory (See section 31) is useful to ground our development of relativistic 
quantum field theories for photons and electrons. We will work with 4-vectors like the coordinate 
vector below 

(x 1 ,x 2 ,x 3 ,Xa) = ( x,y,z,ict ) 

using the i to get a — in the time term in a dot product (instead of using a metric tensor). 

A Lorentz scalar Lagrangian density will be derived for each field theory we construct. From the 
Lagrangian we can derive a field equation called the Euler-Lagrange equation. 

d / dC \ dC_ 
dx^ \d(d(/)/dx^)) dcj) 


The Lagrangian for a massive scalar field cf> can be deduced from the requirement that it be a scalar 


C = -- 


dcj) dcj) 


+ p 2 ^ ) + 4>P 


2 \dx v dx v 

where the last term is the interaction with a source. The Euler-Lagrange equation gives 


_& _ 

dxy, dx,j, 


P <P = P 


which is the known as the Klein-Gordon equation with a source and is a reasonable relativistic 
equation for a scalar field. 

Using Fourier transforms, the field from a point source can be computed. 

—Ge~^ r 


(t>{x) = 


47T r 
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This is a field that falls off much faster than A massive scalar field falls off exponentially 
and the larger the mass, the faster the fall off. This fits the form of the force between nucleons fairly 
well although the actual nuclear force needs a much more detailed study. 


1.38 The Classical Electromagnetic Field 


For the study of the Maxwell field, (See section 20) it is most convenient to make a small modification 
to the system of units that are used. In Rationalized Heaviside-Lorentz Units the fields are 
all reduced by a factor of y/4n and the charges are increased by the same factor. With this change 
Maxwell’s equations, as well as the Lagrangians we use, are simplified. It would have simplified 
many things if Maxwell had started off with this set of units. 


As is well known from classical electricity and magnetism, the electric and magnetic field components 
are actually elements of a rank 2 Lorentz tensor. 


( 0 

B z 

By 

-iE x 

—B z 

0 

B x 

— iEy 

By 

—B x 

0 

—iE z 

\ iE x 

iEy 

iE z 

0 


This field tensor can simply be written in terms of the vector potential, (which is a Lorentz vector). 

Ay = (A, i(/>) 

_ dA u _ dAy 
^ dxy dx v 


Note that Fy V is automatically antisymmetric under the interchange of the indices. 

With the fields so derived from the vector potential, two of Maxwell’s equations are automatically 
satisfied. The remaining two equations can be written as one 4-vector equation. 

dFyv = Jjj_ 
dx v c 


We now wish to pick a scalar Lagrangian. Since E&M is a well understood theory, the Lagrangian 
that is known to give the right equations is also known. 

E = /FfJLV T — j[lAij 

Note that (apart from the speed of light not being set to 1) the Lagrangian does not contain needless 
constants in this set of units. The last term is a source term which provides the interaction between 
the EM field and charged particles. In working with this Lagrangian, we will treat each component 
of A as an independent field. In this case, the Euler-Lagrange equation is Maxwell’s equation as 
written above. 

The free field Hamiltonian density can be computed according to the standard prescription yielding 


d{dAy/ dx±) 
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= 5<b 2 + s ! ) 


if there are no source terms in the region. 

Gauge symmetry may be used to put a condition on the vector potential. 


dx v 

This is called the Lorentz condition. Even with this satisfied, there is still substantial gauge 
freedom possible. Gauge transformations can be made as shown below. 

. . dA 

A ^ Afl+ d^ 

□A = 0 


1.39 Quantization of the EM Field 

The Hamiltonian for the Maxwell field may be used to quantize the field (See section 33) in much 
the same way that one dimensional wave mechanics was quantized. The radiation field can be shown 
to be the transverse part of the field A± while static charges give rise to Ay and Aq. 

We decompose the radiation field into its Fourier components 

a(x, = ^ (Q) 

* k a=l 

where eare real unit vectors, and Cfc jQ is the coefficient of the wave with wave vector k and 
polarization vector e^ a K Once the wave vector is chosen, the two polarization vectors must be 
picked so that e^ 1 ), i^ 2 \ and k form a right handed orthogonal system. 

Plugging the Fourier decomposition into the formula for the Hamiltonian density and using the 
transverse nature of the radiation field, we can compute the Hamiltonian (density integrated over 
volume). 


H = 5Z(“) [ C ^“W4,«W + 4,aW c taW] 


This Hamiltonian will be used to quantize the EM field. In calculating the Hamiltonian, care has 
been taken not to commute the Fourier coefficients and their conjugates. 

The canonical coordinate and momenta may be found 

Qk.a — (Cfc.a + G, a) 

C 
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Pk,ct — (Ck,a C ka ) 

for the harmonic oscillator at each frequency. We assume that a coordinate and its conjugate 
momentum have the same commutator as in wave mechanics and that coordinates from different 
oscillators commute. 


[Qk,a ; Pk' ,ct'] 

[Qk,ai Qk' ,a ; ] 
[Pk ,aj Pk' ,a'] 


iTldkk' ^aa' 
= 0 
= 0 


As was done for the ID harmonic oscillator, we write the Hamiltonian in terms of raising and 
lowering operators that have the same commutation relations as in the ID harmonic oscillator. 


1 


ak,t 

J 


\/2 huj 
1 

y/2Huj 


(ujQk,a 4 ” iPk,a) 
(ioQk,a iPk,<x) 


H = 


at n a k ,a + )huj 


t 


5 a k / a . 


^kk'^a 


This means everything we know about the raising and lowering operators applies here. Energies are 
in steps of Tiio and there must be a ground state. The states can be labeled by a quantum number 
l ak 1 a- 


H = 

(4, 

II 

3 

5?’ 

4,a 


ak,t 




Tioj 


The Fourier coefficients can now be written in terms of the raising and lowering operators for the 
field. 




Afj 
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■J2 huj 
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* a k,ct + 


= Y, huj 

k,o i 
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States of the field are given by the occupation number of each possible photon state. 

(°l ) nic i’ a * 

|^fci,ai > 1 T’k 2 ,a 2 j j n ki ,oa ) •••) I I , =? |0) 

Any state can be constructed by operating with creation operators on the vacuum state. Any state 
with multiple photons will automatically be symmetric under the interchange of pairs of photons 
because the operators commute. 

1°) = 4',a'4, a i°) 

This is essentially the same result as our earlier guess to put an n + 1 in the emission operator (See 
Section 29.1). 

We can now write the quantized radiation field in terms of the operators at t = 0. 

1 j s->2 / \ 

a, = E v { ak ^ eikpXp + a iJ°) e ~ ikpXp ) 


Beyond the Electric Dipole approximation, the next term in the expansion of e lk ' x is ik ■ x. This 
term gets split according to its rotation and Lorentz transformation properties into the Electric 
Quadrupole term and the Magnetic Dipole term. The interaction of the electron spin with the 
magnetic field is of the same order and should be included together with the E2 and Ml terms. 


eh 
2 me 


(fc x e^) •a 


The Electric Quadrupole (E2) term does not change parity and gives us the selection rule. 


\tn-Li\ <2<£ n +li 


The Magnetic Dipole term (Ml) does not change parity but may change the spin. Since it is an 
(axial) vector operator, it changes angular momentum by 0, +1, or -1 unit. 

The quantized field is very helpful in the derivation of Plank’s black body radiation formula that 
started the quantum revolution. By balancing the reaction rates proportional to N and N + 1 for 
absorption and emission in equilibrium the energy density in the radiation field inside a cavity is 
easily derived. 


U{v) 


T T ( \ duJ 


87t hv z 
q 3 e hu/kT _ ^ 


1.40 Scattering of Photons 

(See section 34) The quantized photon field can be used to compute the cross section for photon 
scattering. The electric dipole approximation is used to simplify the atomic matrix element at low 
energy where the wavelength is long compared to atomic size. 
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To scatter a photon the field must act twice, once to annihilate the initial state photon and once 
to create the final state photon. Since the quantized field contains both creation and annihilation 
operators, 


A^x) 


_L V \/^-e (a) 
2. - 


(ak,a{0)e ikpXp 


+ CL 


t 

k,a 


(0)e~ ikpXp 


) 


either the A 2 term in first order, or the A -p term in second order can contribute to scattering. Both 
of these amplitudes are of order e 2 . 


The matrix element of the A 2 term to go from a photon of wave vector k and an atomic state i to a 
scattered photon of wave vector k' and an atomic state n is particularly simple since it contains no 
atomic coordinates or momenta. 


2 me 2 


(n; ^\A ■ A\i; ke^) = 


1 he 2 


2 me 2 V 




The second order terms can change atomic states because of the p operator. 

The cross section for photon scattering is then given by the 

2 


da 

dfl 


Airmc 2 


mh z -—' 

3 


■P\j)(j\£-P\i) + {n\i ■ p\j){j\e' ■ p\i) 




Vjl 


Kramers-Heisenberg Formula. The three terms come from the three Feynman diagrams that 
contribute to the scattering to order e 2 . 


This result can be specialized for the case of elastic scattering, with the help of some commutators. 

2 


dfJeias 

dQ 



W -x\j) 0~|e-^l») 

Ujji — UJ 


(i\e-x\j) (j\? -x\i) 

LOji + <jJ 


Lord Rayleigh calculated low energy elastic scattering of light from atoms using classical 
electromagnetism. If the energy of the scattered photon is less than the energy needed to excite the 
atom, then the cross section is proportional to w 4 , so that blue light scatters more than red light 
does in the colorless gasses in our atmosphere. 

If the energy of the scattered photon is much bigger than the binding energy of the atom, w >> 1 
eV. then the cross section approaches that for scattering from a free electron, Thomson 
Scattering. 

The scattering is roughly energy independent and the only angular dependence is on polarization. 
Scattered light can be polarized even if incident light is not. 



1.41 Electron Self Energy 

Even in classical electromagnetism, if one can calculates the energy needed to assemble an electron, 
the result is infinite, yet electrons exist. The quantum self energy correction (See section 35) is also 
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infinite although it can be rendered finite if we accept the fact that out theories are not valid up to 
infinite energies. 

The quantum self energy correction has important, measurable effects. It causes observable energy 
shifts in Hydrogen and it helps us solve the problem of infinities due to energy denominators from 
intermediate states. 


The coupled differential equations from first order perturbation theory for the state under study 
and intermediate states ifjj may be solved for the self energy correction. 


/\En. 


= EEi ff - 


; \ _ g*(w n ^—w)i 

h(Unj ~ w) 


The result is, in general, complex. The imaginary part of the self energy correction is directly related 
to the width of the state. 

~$f(AE n ) = r„ 

The time dependence of the wavefunction for the state ipn is modified by the self energy 
correction. 

= i/j n (x)e~ l< ' En+ ^ AEn ^' >t ^ h e~^ lL 

This gives us the exponential decay behavior that we expect, keeping resonant scattering 
cross sections from going to infinity. 


The real part of the correction should be studied to understand relative energy shifts of states. It is 
the difference between the bound electron’s self energy and that for a free electron in 
which we are interested. The self energy correction for a free particle can be computed. 


AEf ree 


2 cxE cu t— 0 f f 2 

37 rmV P 


We automatically account for this correction by a change in the observed mass of the electron. For 
the non-relativistic definition of the energy of a free electron, an increase in the mass decreases the 
energy. 

. 4:aE cut - 0 ff . 

Tflobs — (1 + ^ 9 j’bblbare 

Sinnc 


If we cut off the integral at m e c 2 , the correction to the mass is only about 0.3%, 

Since the observed mass of the electron already accounts for most of the self energy correction for 
a bound state, we must correct for this effect to avoid double counting of the correction. The self 
energy correction for a bound state then is. 

A E^ = A E n + 2a ^2°2 f (n\P 2 \n) 


In 1947, Willis E. Lamb and R. C. Retherford used microwave techniques to determine the splitting 
between the 2S'i and 2Pi states in Hydrogen. The result can be well accounted for by the 
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self energy correction, at least when relativistic quantum mechanics is used. Our non-relativistic 
calculation gives a qualitative explanation of the effect. 


A £(° 6s ) 


4a 5 

37m 3 




2 

me 


1.42 The Dirac Equation 

Our goal is to find the analog of the Schrodinger equation for relativistic spin one-half particles (See 
section 36), however, we should note that even in the Schrodinger equation, the interaction of the 
field with spin was rather ad hoc. There was no explanation of the gyromagnetic ratio of 2. One can 
incorporate spin into the non-relativistic equation by using the Schrodinger-Pauli Hamiltonian 
which contains the dot product of the Pauli matrices with the momentum operator. 

H = ^ (a- \p+ ^A(r,t)]j - e<j>{r,t) 

A little computation shows that this gives the correct interaction with spin. 

This Hamiltonian acts on a two component spinor. 

We can extend this concept to use the relativistic energy equation. The idea is to replace 
p with a ■ p in the relativistic energy equation. 
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+ iha • V ) ( - ihc 7 ■ V ) <j) = ( me) 2 4 


Instead of an equation which is second order in the time derivative, we can make a first order 
equation, like the Schrodinger equation, by extending this equation to four components. 

(jY L ' > = (f> 

<j)( R ^ = — (ih-J- - iha ■ c))^ 

me \ ox o J 


Now rewriting in terms of ipA = 4^ + 4^ and 4b = 4^ ~ 4 ^ and ordering it as a matrix 
equation, we get an equation that can be written as a dot product between 4-vectors. 
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Define the 4 by 4 matrices 7 ^ are by. 


7 i 

74 


0 — i<Ji 

i<Ji 0 

1 0 
0 -1 


With this definition, the relativistic equation can be simplified a great deal 

d me' 
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ip = 0 


where the gamma matrices are given by 
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and they satisfy anti-commutation relations. 


= 2 5^ 

In fact any set of matrices that satisfy the anti-commutation relations would yield equivalent physics 
results, however, we will work in the above explicit representation of the gamma matrices. 

Defining ip = ip' 74, 

3ti = idhpip 

satisfies the equation of a conserved 4-vector current 

d 


dx, 


-3n = 0 


and also transforms like a 4-vector. The fourth component of the vector shows that the probability 
density is ip'ip. This indicates that the normalization of the state includes all four components of 
the Dirac spinors. 

For non-relativistic electrons, the first two components of the Dirac spinor are large while the last 
two are small. 


iP = 


IpA 

IpB 
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V’S « ■ (p + -A 'Pa ~ TT-^pA 

Zmc* \ c / Zmc* 


We use this fact to write an approximate two-component equation derived from the Dirac equation 
in the non-relativistic limit. 
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This “Schrodinger equation”, derived from the Dirac equation, agrees well with the one 
we used to understand the fine structure of Hydrogen. The first two terms are the kinetic and 
potential energy terms for the unperturbed Hydrogen Hamiltonian. The third term is the relativistic 
correction to the kinetic energy. The fourth term is the correct spin-orbit interaction, 
including the Thomas Precession effect that we did not take the time to understand when we did 
the NR fine structure. The fifth term is the so called Darwin term which we said would come from 
the Dirac equation; and now it has. 


For a free particle, each component of the Dirac spinor satisfies the Klein-Gordon equation. 

Vy = upe^- Et) / h 

This is consistent with the relativistic energy relation. 


The four normalized solutions for a Dirac particle at rest are. 
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The first and third have spin up while the second and fourth have spin down. The first and second 
are positive energy solutions while the third and fourth are “negative energy solutions”, which 
we still need to understand. 


The next step is to find the solutions with definite momentum. The four plane wave solutions to 
the Dirac equation are 
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where the four spinors are given by. 
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E is positive for solutions 1 and 2 and negative for solutions 3 and 4. The spinors are orthogonal 


(r)f (r') 

U p U p 


\E\ 


me* 


and the normalization constants have been set so that the states are properly normalized and the 
spinors follow the convention given above, with the normalization proportional to energy. 


The solutions are not in general eigenstates of any component of spin but are eigenstates of helicity, 
the component of spin along the direction of the momentum. 

Note that with E negative, the exponential e l (p- x ~ Et )/ n has the phase velocity, the group velocity and 
the probability flux all in the opposite direction of the momentum as we have defined it. This clearly 
doesn’t make sense. Solutions 3 and 4 need to be understood in a way for which the non-relativistic 
operators have not prepared us. Let us simply relabel solutions 3 and 4 such that 

P ~P 
E —y —E 


so that all the energies are positive and the momenta point in the direction of the velocities. This 
means we change the signs in solutions 3 and 4 as follows. 
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We have plane waves of the form 


„± ip^n/h 


with the plus sign for solutions 1 and 2 and the minus sign for solutions 3 and 4. These ± sign in 
the exponential is not very surprising from the point of view of possible solutions to a differential 
equation. The problem now is that for solutions 3 and 4 the momentum and energy operators must 
have a minus sign added to them and the phase of the wave function at a fixed position behaves in 
the opposite way as a function of time than what we expect and from solutions 1 and 2. It is as if 
solutions 3 and 4 are moving backward in time. 


If we change the charge on the electron from —e to +e and change the sign of the exponent, the 
Dirac equation remains the invariant. Thus, we can turn the negative exponent solution (going 
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backward in time) into the conventional positive exponent solution if we change the charge to +e. 
We can interpret solutions 3 and 4 as positrons. We will make this switch more carefully when we 
study the charge conjugation operator. 

The Dirac equation should be invariant under Lorentz boosts and under rotations, both of which are 
just changes in the definition of an inertial coordinate system. Under Lorentz boosts, tJ- transforms 
like a 4 -vector but the matrices are constant. The Dirac equation is shown to be invariant under 
boosts along the Xi direction if we transform the Dirac spinor according to 

V* = *5 boost'll) 

X X 

Sboost = cosh — + *7i74 sinh — 


with tanhy = / 3 . 

The Dirac equation is invariant under rotations about the k axis if we transform the Dirac 
spinor according to 


Ip' = Srotlp 

_ e . e 

Srot = COS - + 7i7j sin - 


with ijk is a cyclic permutation. 

Another symmetry related to the choice of coordinate system is parity. Under a parity inversion 
operation the Dirac equation remains invariant if 

ip’ = Spip = 74 ip 


Since 74 


. the third and fourth components of the spinor change sign while 


/I 0 0 0 

0 10 0 

0 0-10 

Vo 0 0 -1, 

the first two don’t. Since we could have chosen —74, all we know is that components 3 and 4 
have the opposite parity of components 1 and 2. 


From 4 by 4 matrices, we may derive 16 independent components of covariant objects. We define 
the product of all gamma matrices. 


75 = 71727374 

which obviously anticommutes with all the gamma matrices. 

{7mj 75} = 0 

For rotations and boosts, 75 commutes with S since it commutes with the pair of gamma matrices. 
For a parity inversion, it anticommutes with Sp = 74. 


The simplest set of covariants we can make from Dirac spinors and 7 matrices are tabulated below. 
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Classification 

Covariant Form 

no. of Components 

Scalar 

tpip 

1 

Pseudoscalar 

iplbip 

1 

Vector 


4 

Axial Vector 


4 

Rank 2 antisymmetric tensor 


6 

Total 


16 


Products of more 7 matrices turn out to repeat the same quantities because the square of any 7 
matrix is 1 . 


For many purposes, it is useful to write the Dirac equation in the traditional form Hip = Eip. To do 
this, we must separate the space and time derivatives, making the equation less covariant looking. 


d me \ , 
- \-—]ib = 


7 ^dx u + h J 


ip = 0 


(icry^pj + me 2 74) ip = -^—ip 


Thus we can identify the operator below as the Hamiltonian. 

H = + me 2 74 

The Hamiltonian helps us identify constants of the motion. If an operator commutes with H, it 
represents a conserved quantity. 

Its easy to see the pk commutes with the Hamiltonian for a free particle so that momentum will 
be conserved. The components of orbital angular momentum do not commute with H. 

[H, L z \ = icy4['ijPj , xp y - yp x \ = hcy^yiPy - 72 Px) 

The components of spin also do not commute with H. 

[H, S z ] = Ucja[12Px - 7i Py] 

But, from the above, the components of total angular momentum do commute with H. 

[H, J z \ = [H, L z \ + [H, S z ] = hcyiiliPy - 72 Px) + ^n^Px - 7i Py] = 0 


The Dirac equation naturally conserves total angular momentum but not the orbital or spin 
parts of it. 

We can also see that the helicity, or spin along the direction of motion does commute. 

[H,S-p\ = [H,S\-p = 0 


For any calculation, we need to know the interaction term with the Electromagnetic field. Based on 
the interaction of field with a current 







59 


and the current we have found for the Dirac equation, the interaction Hamiltonian is. 

Hint = ie'U'yuM 

This is simpler than the non-relativistic case, with no A 2 term and only one power of e. 

The Dirac equation has some unexpected phenomena which we can derive. Velocity eigenvalues for 
electrons are always ±c along any direction. Thus the only values of velocity that we could measure 
are ±c. 

Localized states, expanded in plane waves, contain all four components of the plane wave solutions. 
Mixing components 1 and 2 with components 3 and 4 gives rise to Zitterbewegung, the very rapid 
oscillation of an electrons velocity and position. 

(vk) = 

+ 


EEi 


|2 Pk c 


p,r I 


r= 1 


E 


EEE 


me 


3 


r= 1 r'—3 


\E\ l 


Cp.r’ Cfi.r Up 


(r')t 


« 747 k u. 


(r) -2i\E\t/h r 


,(Dt 


P 


*747 k u, 


O') 2i\E\t/h 


P 


The last sum which contains the cross terms between negative and positive energy represents ex¬ 
tremely high frequency oscillations in the expected value of the velocity, known as Zit¬ 
terbewegung. The expected value of the position has similar rapid oscillations. 


It is possible to solve the Dirac equation exactly for Hydrogen in a way very similar to the non- 
relativistic solution. One difference is that it is clear from the beginning that the total angular 
momentum is a constant of the motion and is used as a basic quantum number. There is another 
conserved quantum number related to the component of spin along the direction of J. With these 
quantum numbers, the radial equation can be solved in a similar way as for the non-relativistic case 
yielding the energy relation. 


E = 


me 


_ Z 2 a 2 _ 

(n r +\/ (i+|) 2 -Z 2 a 2 ^ 


We can identify the standard principle quantum number in this case as n = n r + j + ^. This 
result gives the same answer as our non-relativistic calculation to order a 4 but is also correct to 
higher order. It is an exact solution to the quantum mechanics problem posed but does 
not include the effects of field theory, such as the Lamb shift and the anomalous magnetic moment 
of the electron. 


A calculation of Thomson scattering shows that even simple low energy photon scattering relies on 
the “negative energy” or positron states to get a non-zero answer. If the calculation is done with the 
two diagrams in which a photon is absorbed then emitted by an electron (and vice-versa) the result 
is zero at low energy because the interaction Hamiltonian connects the first and second plane wave 
states with the third and fourth at zero momentum. This is in contradiction to the classical and 
non-relativistic calculations as well as measurement. There are additional diagrams if we consider 
the possibility that the photon can create and electron positron pair which annihilates with the 
initial electron emitting a photon (or with the initial and final photons swapped). These two terms 
give the right answer. The calculation of Thomson scattering makes it clear that we cannot ignore 
the new “negative energy” or positron states. 
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The Dirac equation is invariant under charge conjugation, defined as changing electron states into 
the opposite charged positron states with the same momentum and spin (and changing the sign of 
external fields). To do this the Dirac spinor is transformed according to. 

tp' = 72^* 

Of course a second charge conjugation operation takes the state back to the original ip. Applying 
this to the plane wave solutions gives 


(i) _ / me (i) i(j>.x—Et)/h 


= 
v p 


\E\V U p 6 


mc „( 4 ). p i(-p-s+Et)/n = _ I jnc_ ^(i) e i(-p.£ +E t)/h 


\E\V U ~p 6 


\E\V 


(2 ) = ^ / me (2 ) Mp. S -Et)/n 

\E\V p 


= 
r p 


\E\V U ~p 6 


(3) i(-p-x+Et)/h — / mc (2) i(-p-x+Et)/h 


\E\V V p 6 


( 3 ) _ / me ( 3 ) i{ p. s+ \E\t)/n 




\E\V U p 6 


mc ? .( 2 ) i(-p-s-\E\t)/n 

\E\V -p 


( 4 ) _ / me (4 ) i{p . s+ \E\t)/n 




\E\V U p 6 


mc ,.(i) j{-p-s~\E\t)/n 
\E\V -p 


which defines new positron spinors v^ and that are charge conjugates of uQ and u'?. 


1.43 The Dirac Equation 


To proceed toward a field theory for electrons and quantization of the Dirac field we wish to find 
a scalar Lagrangian that yields the Dirac equation. From the study of Lorentz covariants we know 
that ifjxjj is a scalar and that we can form a scalar from the dot product of two 4-vectors as in the 
Lagrangian below. The Lagrangian cannot depend explicitly on the coordinates. 

- d 

C = —chip'yn ——-0 — mc 2 ipi/j 

OX 

(We could also add a tensor term but it is not needed to get the Dirac equation.) The independent 
fields are considered to be the 4 components of ip and the four components of ip. The Euler- 
Lagrange equation using the ip independent fields is simple since there is no derivative of ip in the 
Lagrangian. 


d f dC \ _ dC 
dxp yd^dip/dx/j,)) dip 
dC 
dip 

-chjn^:—Ip - me 2 ip 

UX^i 

d mc\ 

+ 


0 

0 

0 

0 


This gives us the Dirac equation indicating that this Lagrangian is the right one. The Euler- 
Lagrange equation derived using the fields ip is the Dirac adjoint equation, 
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The Hamiltonian density may be derived from the Lagrangian in the standard way and the total 
Hamiltonian computed by integrating over space. Note that the Hamiltonian density is the same as 
the Hamiltonian derived from the Dirac equation directly. 

H = J ^ ^0747 kJj— + mc 2r )^j i/)d 3 x 

We may expand i/j in plane waves to understand the Hamiltonian as a sum of oscillators. 




mC r _ p i(p-2-Et)/h 

'-'Y) r cX —• C 


p r 


riV E \ v 


p,r U'p 




mC c * u (j)t e -i(,p-x-Et)/h 


p r 


rt V \ E \ V P ’ r 


Writing the Hamiltonian in terms of these fields, the formula can be simplified yielding 


H = EE £ 


r= 1 


By analogy with electromagnetism, we can replace the Fourier coefficients for the Dirac plane waves 
by operators. 

h = EX> *?>’#> 


p r—1 
4 




p r- 




me* , wt 


5<>) u Mt e -i(p-s-Et)/n 


^ V \E\V ~ p p 

p r= 1 V 

(r)t (r) 

The creation an annihilation operators fob and fob satisfy anticommutation relations. 


{ib'W’) 


m 1 = 


6 rr '5~~, 

7 r pp/ 

0 

0 

bvw 


(r) 

iVb is the occupation number operator. The anti-commutation relations constrain the occupation 
number to be 1 or 0. 

The Dirac field and Hamiltonian can now be rewritten in terms of electron and positron fields for 
which the energy is always positive by replacing the operator to annihilate a “negative energy state” 
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with an operator to create a positron state with the right momentum and spin. 


4 1 ’ 

= - 6 W 

V 

4 2) 

Sts 

-o 

II 


These anti-commute with everything else with the exception that 


{d ( ;\d^} = S s 


Now rewrite the fields and Hamiltonian. 

2 


iK*.<) = EE Vw ( b ? 4 S) ^ S - Et) ’ h +4 s)t v t e-*#*-**)'*) 

p s =1 

</’*(*. <) = EE Vw “1’" e-W*-«)/» + d<f) „<?>* 

’) 


p s—1 
2 


ij = 




p p V 


p s=l 
2 


5—1 


All the energies of these states are positive. 

There is an (infinite) constant energy, similar but of opposite sign to the one for the quantized 
EM field, which we must add to make the vacuum state have zero energy. Note that, had we 
used commuting operators (Bose-Einstein) instead of anti-commuting, there would have been no 
lowest energy ground state so this Energy subtraction would not have been possible. Fermi-Dirac 
statistics are required for particles satisfying the Dirac equation. 

Since the operators creating fermion states anti-commute, fermion states must be antisym¬ 
metric under interchange. Assume bj, and b r are the creation and annihilation operators for fermions 
and that they anti-commute. 

{bt,bt'}= 0 

The states are then antisymmetric under interchange of pairs of fermions. 

bibl\0) = -bl,bt |0) 

Its not hard to show that the occupation number for fermion states is either zero or one. 

Note that the spinors satisfy the following slightly different equations. 

{ilnPn + mc)v,p ) = 0 
(-* 7 tiPy. + mc)vl s ' > = 0 
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2 The Problems with Classical Physics 


By the late nineteenth century the laws of physics were based on Mechanics and the law of Gravi¬ 
tation from Newton, Maxwell’s equations describing Electricity and Magnetism, and on Statistical 
Mechanics describing the state of large collection of matter. These laws of physics described na¬ 
ture very well under most conditions, however, some measurements of the late 19th and early 20th 
century could not be understood. The problems with classical physics led to the development of 
Quantum Mechanics and Special Relativity. 

Some of the problems leading to the development of Quantum Mechanics are listed here. 


• Black Body Radiation (See section 2.1): Classical physics predicted that hot objects would 
instantly radiate away all their heat into electromagnetic waves. The calculation, which was 
based on Maxwell’s equations and Statistical Mechanics, showed that the radiation rate went 
to infinity as the EM wavelength went to zero, “The Ultraviolet Catastrophe”. Plank solved 
the problem by postulating that EM energy was emitted in quanta with E = hv. 

• The Photoelectric Effect (See section 2.2): When light was used to knock electrons out of 
solids, the results were completely different than expected from Maxwell’s equations. The 
measurements were easy to explain (for Einstein) if light is made up of particles with the 
energies Plank postulated. 

• Atoms: After Rutherford (See section 2.3) found that the positive charge in atoms was con¬ 
centrated in a very tiny nucleus, classical physics predicted that the atomic electrons orbiting 
the nucleus would radiate their energy away and spiral into the nucleus. This clearly did not 
happen. The energy radiated by atoms (See section 2.4) also came out in quantized amounts 
in contradiction to the predictions of classical physics. The Bohr Atom (See section 2.4.1) 
postulated an angular momentum quantization rule, L = for n = 1,2,3..., that gave the 
right result for hydrogen, but turned out to be wrong since the ground state of hydrogen has 
zero angular momentum. It took a full understanding of Quantum Mechanics to explain the 
atomic energy spectra. 

• Compton Scattering (See section 2.6.3): When light was scattered off electrons, it behaved 
just like a particle but changes wave length in the scattering; more evidence for the particle 
nature of light and Plank’s postulate. 

• Waves and Particles: In diffraction experiments,light was shown to behave like a wave while in 
experiments like the Photoelectric effect, light behaved like a particle. More difficult diffraction 
experiments showed that electrons (as well as the other particles) also behaved like a wave, 
yet we can only detect an integer number of electrons (or photons). 


Quantum Mechanics incorporates a wave-particle duality and explains all of the above phenom¬ 
ena. In doing so, Quantum Mechanics changes our understanding of nature in fundamental ways. 
While the classical laws of physics are deterministic, QM is probabilistic. We can only predict the 
probability that a particle will be found in some region of space. 

Electromagnetic waves like light are made up of particles we call photons. Einstein, based on Plank’s 
formula, hypothesized that the particles of light had energy proportional to their frequency. 


E = hv 
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The new idea of Quantum Mechanics is that every particle’s probability (as a function of position 
and time) is equal to the square of a probability amplitude function and that these probability 
amplitudes obey a wave equation. This is much like the case in electromagnetism where the energy 
density goes like the square of the field and hence the photon probability density goes like the square 
of the field, yet the field is made up of waves. So probability amplitudes are like the fields we know 
from electromagnetism in many ways. 


DeBroglie assumed E = hv for photons and other particles and used Lorentz invariance (from 
special relativity) to derive the wavelength for particles (See section 3.4) like electrons. 



The rest of wave mechanics was built around these ideas, giving a complete picture that could explain 
the above measurements and could be tested to very high accuracy, particularly in the hydrogen 
atom. We will spend several chapters exploring these ideas. 


* See Example 2.6.3: Assume the photon is a particle with the standard dcBroglie wavelength. Use 
kinematics to derive the wavelength of the scattered photon as a function of angle for Compton 
Scattering.* 


Gasiorowicz Chapter 1 


Rohlf Chapters 3,6 


Griffiths does not really cover this. 


Cohen-Tannoudji et al. Chapter 


2.1 Black Body Radiation * 


A black body is one that absorbs all the EM radiation (light...) that strikes it. To stay in thermal 
equilibrium, it must emit radiation at the same rate as it absorbs it so a black body also radiates 
well. (Stoves are black.) 


Radiation from a hot object is familiar to us. Objects around room temperature radiate mainly in 
the infrared as seen the the graph below. 
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Visible 



A (jim) 


If we heat an object up to about 1500 degrees we will begin to see a dull red glow and we say the 
object is red hot. If we heat something up to about 5000 degrees, near the temperature of the sun’s 
surface, it radiates well throughout the visible spectrum and we say it is white hot. 


By considering plates in thermal equilibrium it can be shown that the emissive power over the 
absorption coefficient must be the same as a function of wavelength, even for plates of different 
materials. 


Ei(X, T) = E 2 (X,T) 
Ai (A) A 2 (\) 


It there were differences, there could be a net energy flow from one plate to the other, violating the 
equilibrium condition. 
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Black Body at Temperature T 



Object 2 at Temperature T 


A black body is one that absorbs all radiation incident upon it. 

Abb = 1 

Thus, the black body Emissive power, E{v,T), is universal and can be derived from first principles. 

A good example of a black body is a cavity with a small hole in it. Any light incident upon the hole 
goes into the cavity and is essentially never reflected out since it would have to undergo a very large 
number of reflections off walls of the cavity. If we make the walls absorptive (perhaps by painting 
them black), the cavity makes a perfect black body. 



There is a simple relation between the energy density in a cavity, u(v, T), and the black body emissive 
power of a black body which simply comes from an analysis of how much radiation, traveling at the 
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speed of light, will flow out of a hole in the cavity in one second. 

E(v,T) = ^u(v,T) 

The only part that takes a little thinking is the 4 in the equation above. 


Rayleigh and Jeans calculated (see section 2.5.1) t he energy density (in EM waves) inside a cavity 
and hence the emission spectrum of a black body. Their calculation was based on simple EM theory 
and equipartition. It not only did not agree with data; it said that all energy would be instantly 
radiated away in high frequency EM radiation. This was called the ultraviolet catastrophe. 


u{v,T) 



kT 



Plank found a formula that fit the data well at both long and short wavelength. 

^ _ 8ttv 2 hv 

c 3 e hv/kT _ l 

His formula fit the data so well that he tried to End a way to derive it. In a few months he was 
able to do this, by postulating that energy was emitted in quanta with E = hv. Even though there 
are a very large number of cavity modes at high frequency, the probability to emit such high energy 
quanta vanishes exponentially according to the Boltzmann distribution. Plank thus suppressed high 
frequency radiation in the calculation and brought it into agreement with experiment. Note that 
Plank’s Black Body formula is the same in the limit that hv « kT but goes to zero at large v 
while the Rayleigh formula goes to infinity. 
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It is interesting to note that classical EM waves would suck all the thermal energy out of matter, 
making the universe a very cold place for us. The figure below compares the two calculations to 
some data at T = 1600 degrees. (It is also surprising that the start of the Quantum revolution came 
from Black Body radiation.) 



So the emissive power per unit area is 


E(y,T) 


2-7TI' 2 hv 


q2 ghis/kT _ ^ 
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We can integrate this over frequency to get the total power radiated per unit area. 

2 

R(T) = 7^77%rk 4 T 4 = (5.67 x 10 _8 W/m 2 / °K 4 ) T 4 
60 {hey 


* See Example 2.6.1: What is the temperature at the solar surface? Use both the the intensity of 
radiation on earth and that the spectrum peaks about 500 nm to get answers.* 


* See Example 2.6.2: The cosmic microwave background is black body radiation with a temperature 
of 2.7 degrees. For what frequency (and what wavelength) does the intensity peak?* 


2.2 The Photoelectric Effect 


The Photoelectric Effect shows that Plank’s hypothesis, used to fit the Black Body data, is actually 
correct for EM radiation. Einstein went further and proposed, in 1905, that light was made up of 
particles with energy related to the frequency of the light, E = hv. (He got his Nobel prize for the 
Photoelectric effect, not for Special or General Relativity.) 
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When light strikes a polished (metal) surface electrons are ejected. 



Measurements were made of the maximum electron energy versus light frequency and light 
intensity. Classical physics predicted that the electron energy should increase with intensity, as the 
electric field increases. This is not observed. The electron energy is independent of intensity and 
depends linearly on the light frequency, as seen the the figure above. The kinetic energy of the 
electrons is given by Plank’s constant times the light frequency minus a work function W which 
depends on the material. 

1 „ 

—mv = hv — W 

2 
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This equation just expresses conservation of energy with hv being the photon energy and W the 
binding energy of electrons in the solid. Data from the Photoelectric effect strongly supported the 
hypothesis that light is composed of particles (photons). 


2.3 The Rutherford Atom * 


The classical theory of atoms held that electrons were bound to a large positive charge about the 
size of the atom. Rutherford scattered charged (a) particles from atoms to see what the positive 
charge distribution was. With a approximately uniform charge distribution, his 5.5 MeV a particles 
should never have backscattered because they had enough energy to overcome the coulomb force 
from a charge distribution, essentially plowing right through the middle. 



(a) Pointlike scattering center 




He found that the a particles often scattered at angles larger than 90 degrees. His data can be 
explained if the positive nucleus of an atom is very small. For a very small nucleus, the Coulomb 
force continues to increase as the a approaches the nucleus, and backscattering is possible. 
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* See Example 2.6.4: Use Electrostatics to estimate how small a gold nucleus must be to backscatter 
a 5.5 MeV alpha particle.* 


This brought up a new problem. The atomic size was known from several types of experiments. 
If electrons orbit around the atomic nucleus, according to Maxwell’s equations, they should 
radiate energy as they accelerate. This radiation is not observed and the ground states of atoms 
are stable. 


In Quantum Mechanics, the localization of the electron around a nucleus is limited because 
of the wave nature of the electron. For hydrogen, where there is no multi-body problem to make 
the calculation needlessly difficult, the energy levels can be calculated very accurately. Hydrogen 
was used to test Quantum Mechanics as it developed. We will also use hydrogen a great deal in this 
course. 


Scattering of the high energy a particles allowed Rutherford to “see” inside the atom and deter¬ 
mine that the atomic nucleus is very small. (He probably destroyed all the atoms he “saw”.) The 
figure below shows Rutherford’s angular distribution in his scattering experiment along with several 
subsequent uses of the same technique, with higher and higher energy particles. We see Rutherford’s 
discovery of the tiny nucleus, the discovery of nuclear structure, the discovery of a point-like 
proton inside the nucleus, the discovery of proton structure, the discovery of quarks inside 
the proton, and finally the lack of discovery, so far, of any quark structure. 
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To “see” these things at smaller and smaller distances, we needed to use beams of particles with 
smaller and smaller wavelength, and hence, higher energy. 


2.4 Atomic Spectra * 


Hydrogen was ultimately the true test of the quantum theory. Very high accuracy measurements were 
made using diffraction gratings. These were well understood in non-relativistic QM and understood 
even better in the fully relativistic Quantum Field Theory, Quantum Electrodynamics. 

The figure below show the energy levels in Hydrogen, the transitions between energy levels, 
and the wavelength of light produced in the transition. The Lyman series covers transitions to 
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the ground state and is beyond the visible part of the spectrum. The Balmer series is due to 
transitions to the first excited state and is in the visible. 


n 
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Yfffn --3.39 
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By the time of Plank’s E = hv , a great deal of data existed on the discrete energies at 
which atoms radiated. Each atom had its own unique radiation fingerprint. Absorption at discrete 
energies had also been observed. 

The Rydberg formula for the energies of photons emitted by Hydrogen was developed well before 
the QM explanation came along. 


E = 13.6eV 



1 


Some of the states in heavier atoms followed the same type of formula. Better experiments showed 
that the spectral lines were often split into a multiplet of lines. We will understand these splitting 
much later in the course. 


Heavier atoms provide a even richer spectrum but are much more difficult to calculate. Very good 
approximation techniques have been developed. With computers and good technique, the energy 
levels of more complex atoms can be calculated. The spectrum of mercury shown below has many 
more lines than seen in Hydrogen. 
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The figure below shows the visible part of the spectrum for several atomic or molecular sources. For 
Hydrogen, we mainly see the Balmer series, with a line from Paschen-Bach. The spectra of different 
atoms are quite distinct. Molecules have many other types of excitations and can produce many 
frequencies of light. 



Atomic hydrogen (H) 



Mercury (Hg) 



Molecular hydrogen (H 2 ) 



Solar absorption spectrum (Fraunhofer lines) 


2.4.1 The Bohr Atom * 


Bohr postulated that electrons orbited the nucleus like planets orbiting the sun. He managed to fit 
the data for Hydrogen by postulating that electrons orbited the nucleus in circular orbits, 


































76 


and that angular momentum is quantized such that L = nh. for n = 1,2,3.... This is natural 
since Ti has units of angular momentum. Bohr correctly postdicted the Hydrogen energies and the 
size of the atom. 

Balance of forces for circular orbits. 

mv 2 
r 

Angular momentum quantization assumption. 

L = mvr = nh 


1 e 2 
47reo r 2 


Solve for velocity. 

nh 

mr 

Plug into force equation to get formula for r. 


o 9 9 

mn a r 
m 2 r 2 r 
n 2 h 2 
mr 

1 


47re 0 


47re 0 
me 2 1 
47reo h 2 n' 2 


Now we just want to plug v and r into the energy formula. We write the Hydrogen potential in 
terms of the fine structure constant (See section 2.5.2): asi = ~ 

—ahc 

V(r) = - 

r 

1 amc 1 
r h n 2 


— mv 2 + V(r) 

1 (nh \ 2 ahc 

—m -- 

2 \mr) r 

1 ( anhc \ 2 a 2 hmc 2 

2 m V n 2 h J n 2 h 

1 fac\ 2 a 2 me 2 

-TO -^ 

2 V n / n 2 

1 f a 2 mc 2 \ a 2 mc 2 a 2 mc 2 

2 \ n 2 ) n 2 2 n 2 

The constant sl™£L = = 13.6 eV. Bohr’s formula gives the right Hydrogen energy 

spectrum. 


We now compute the energy levels. 

E = 

E = 

E = 

E = 
E = 
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We can also compute the ground state radius of the Bohr orbit. 


1 

r 

r 


amc 2 
Tic 

(137)(1973) 

511000 


0.53A 


This is also about the right radius. The name for this number, the Bohr radius, persists to this 
day despite the fact that Bohr’s assumption is wrong. 

Although angular momentum is quantized in units of Ti, the ground state of Hydrogen has zero 
angular momentum. This would put Bohr’s electron in the nucleus. 

Bohr fit the data, with some element of truth, but his model is WRONG. 


2.5 Derivations and Computations 

2.5.1 Black Body Radiation Formulas * 

(Not yet available.) 


2.5.2 The Fine Structure Constant and the Coulomb Potential 


We will now grapple for the first time with the problem of which set of units to use. Advanced texts 
typically use CGS units in which the potential energy is 

-e 2 

V(r) = — 


while the Standard International units 


V(r) = 


1 —e 2 


47reo r 

We can circumvent the problem by defining the dimensionless fine structure constant a. 

1 e 2 1 

a-si = 


47reo Tic 137 
e 2 1 

“ CGS = ^"137 


So in either set of units the Hydrogen potential is 


V(r) = 


—ahc 







78 


2.6 Examples 

2.6.1 The Solar Temperature * 


Estimate the solar temperature using 

• the solar radiation intensity on the earth of 1.4 kilowatts per square meter. ( r sun = 7 x 10 8 
m, d sun = 1.5 x 10 11 m) 

• and the solar spectrum which peaks at about 500 nm. 

First we compute the power radiated per unit area on the solar surface. 

R = (1400W/m 2 )(4^J/(47rrLj = 6.4 x 10 7 W/m 2 
We compare this to the expectation as a function of temperature. 

R(T) = (5.67 x 10 _8 W/m 2 / °K 4 ) T 4 

and get 

4 = 6.4 x 10 7 

5.67xl0- 8 
T = 5800 °K 


Lets assume that E(X,T) peaks at 500 nm as one of the graphs shows. We need to transform 
E(y,T). Remember f(v)dv = g(X)dX for distribution functions. 


This peaks when 


is maximum. 


E{y,T) 

E(X,T) 
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v(h/kT)e hu / kT 


ghv/kT ^ (phv/kT ^2 

5 (e hv / kT - 1) 


ghv/kT 


= hv/kT 


5(1- 


0 -hv/kT\ _ 


)= hv/kT 
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Lets set y = hv/kT and solve the equation 

V = 5(1 - e~ v ) 

I solved this iteratively starting at y=5 and got y = 4.97 implying 

hv = 4.97fcT 


If we take A = 500 nm, them v = 6x 10 14 . 



(6.6 x 10 _34 )(6 x 10 14 ) 
(5)(1.4 x 10- 23 ) 


= 6 x 10 3 = 5700 


That’s agrees well. 


2.6.2 Black Body Radiation from the Early Universe * 


Find the frequency v at which the the Emissive E(v,T) is a maximum for the 2.7 degree cosmic 
background radiation. Find the wavelength A for which E(A,T) is a maximum. 

The cosmic background radiation was produced when the universe was much hotter than it is 
now. Most of the atoms in the universe were ionized and photons interacted often with the ions 
or free electrons. As the universe cooled so that neutral atoms formed, the photons decoupled 
from matter and just propagated through space. We see these photons today as the background 
radiation. Because the universe is expanding, the radiation has been red shifted down to a much 
lower temperature. We observe about 2.7 degrees. The background radiation is very uniform but 
we are beginning to observe non-uniformities at the 10 -5 level. 

From the previous problem, we can say that the peak A occurs when 

hv 
v 

A 


= 5 kT 
= 5kT/h 

= ch/(5kT) = 


(3 x 10 8 )(6.6 x 1(T 34 ) 
(5)(1.4 x 10 -23 )(2.7) 


= 1mm 


Similarly the peak in v occurs when 


j/ = 2.8 kT/h 


(1.4 x 10" 23 )(2.7) 
(6.6 x lO" 34 ) 


= 6 x 10 10 Hz 


2.6.3 Compton Scattering * 


Compton scattered high energy photons from (essentially) free electrons in 1923. He 
measured the wavelength of the scattered photons as a function of the scattering angle. The figure 
below shows both the initial state (a) and the final state, with the photon scattered by an angle 0 
and the electron recoiling at an angle <fi . The photons were from nuclear decay and so they were of 
high enough energy that it didn’t matter that the electrons were actually bound in atoms. We wish 
to derive the formula for the wavelength of the scattered photon as a function of angle. 
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VWV*’ ® 

Pi 

(a) Before collision 


P2 

/ 



We solve the problem using only conservation of energy and momentum. Lets work in units in 
which c = 1 for now. We’ll put the c back in at the end. Assume the photon is initially moving in 
the z direction with energy E and that it scatters in the yz plane so that p x = 0. Conservation of 
momentum gives 

E = E' cos 9 +p e cos <j) 


and 


E l sin 9 = p e sin <f>. 


Conservation of energy gives 

E + m = E' + \Jp 2 + m 2 

Our goal is to solve for E' in terms of cos 9 so lets make sure we eliminate the <j>. Continuing from 
the energy equation 

E — E' + m = \/p 2 + m 2 
squaring and calculating p 2 from the components 


E 2 + E’ 2 + m 2 - 2 EE' + 2 mE - 2 mE' = (E - E' cos 9) 2 + (E' sin 9) 2 + m 2 


and writing out the squares on the right side 

E 2 + E' 2 + to 2 - 2 EE' + 2 mE - 2 mE' = E 2 + E' 2 - 2 EE' cos 9 + m 2 


and removing things that appear on both sides 

-2 EE' + 2 mE - 2 mE' = -2EE' cos 9 


and grouping 


m(E - E') 
{E - E') 
EE' 

1 1 
£7 _ E 


EE'(l - cos 9) 
(1 — cos 9) 
m 

(1 — cos 9) 


m 
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Since A = h/p = h/E in our fine units, 


A' — A = —(1 — cos 8). 


We now apply the speed of light to make the units come out to be a length. 

he 

A' - A = —r- (1 - cos 9) 
me 2 


These calculations can be fairly frustrating if you don’t decide which variables you want to keep and 
which you need to eliminate from your equations. In this case we eliminated <j> by using the energy 
equation and computing p 2 . 


2.6.4 Rutherford’s Nuclear Size * 


If the positive charge in gold atoms were uniformly distributed over a sphere or radius 5 Angstroms, 
what is the maximum a particle kinetic energy for which the a can be scattered right back in the 
direction from which it came? 

To solve this, we need to compute the potential at the center of the charge distribution relative to 
the potential at infinity (which we will say is zero). This tells us directly the kinetic energy in eV 
needed to plow right through the charge distribution. 

The potential at the surface of the nucleus is ^ where Z is the number of protons in the atom 
and R is the nuclear radius. That’s the easy part. Now we need to integrate our way into the center. 

Tr l Ze f 1 r 3 Ze , 

1 / _ __ /_ Q^'p 

47reo R J 47T£o R 3 r 2 

R 

3 

The gives the fraction of the nuclear charge inside a radius r. 

V = - - [ Zerdr 

47T£o R 47T£o R 3 J 

R 

1 f Ze Ze\ 3 Ze 
47T £ 0 V R 2 Rj 87 te 0 R 


So 


(3)(79)(1.6 x 10” 19 C) 
8tt( 8.85 x 10” 12 C 2 /Nm 2 )i? 


1.7 x 10 ” 7 

R 


Nm/C 


The is then the kinetic energy in eV needed for a particle of charge +e to plow right through the 
center of a spherical charge distribution. The a particle actually has charge +2e so we need to 
multiply by 2 . For a nuclear radius of 5 Aor 5 x 10” 10 meters, we need about 680 eV to plow 
through the nucleus. For the actual nuclear radius of about 5 Fermis or 5 x 10 ” 15 meters, we need 
68 MeV to plow through. 
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Lets compare the above SI units numbers to my suggested method of using the fine 
structure constant... Putting in the alpha charge of 2e. 


6 Ze 2 3ZaTic 

87T£o R R 


(3)(79)(1973) 

(137)(5) 


eV = 683 eV 


This is easier. 


2.7 Sample Test Problems 

1. What is the maximum wavelength of electromagnetic radiation which can eject electrons from 
a metal having a work function of 3 eV? (3 points) 

Answer 

The minimum photon energy needed to knock out an electron is 3 eV. We just need to convert 
that to wavelength. 


E = 

hu = 3eV 


c 


A 

2irhc 


A 

3eV 

2ttHc 

27r(1973ePA) 

3eV 

3eV 


4000A 


2. * Based on classical electromagnetism and statistical mechanics, Rayleigh computed the energy 
density inside a cavity. He found that, at a temperature T, the energy density as a function 
of frequency was 

u(v,T) = ^ 7i y ksT. 
c 5 

Why is this related to black body radiation? Why was this in obvious disagreement with 
observation? 

3. What is the maximum wavelength of electromagnetic radiation which can eject electrons from 
a metal having a work function of 2 eV? 

4. * State simply what problem with black-body radiation caused Plank to propose the relation 
E = hv for light. 

5. The work function of a metal is 2 eV. Assume a beam of light of wavelength A is incident upon 
a polished surface of the metal. Plot the maximum electron energy (in eV) of electrons ejected 
from the metal versus A in Angstroms. Be sure to label both axes with some numerical values. 


6 . 
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3 Diffraction 


Feynman Lectures, Volume III, Chapter I. 
Gasciorawicz does not really this. 

Rohlf Chapters 5 
Griffiths doesn’t cover this. 


3.1 Diffraction from Two Slits 


Water waves will exhibit a diffractive interference pattern in a 2 slit experiment as diagrammed 
below. The diagram shows the crests of the water waves at some time. Downstream from the slits, 
we will see constructive interference where the waves from the slits are in phase and destructive 
interference where they are 180 degrees out of phase, for example where a crest from one slit meets 
a trough from the other. The plot labeled /12 shows the interference pattern at the location of the 
absorber. Diffraction is a simple wave phenomenon. 





I 2 -|h/ 


The diffraction of light was a well known phenomenon by the end of the 19th century and was well 
explained in classical ElectroMagnetic theory since light was held to be a EM wave. The diffraction 
pattern from two narrow slits is particularly easy to understand in terms of waves. The setup is 
shown in the diagram below. 
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d sin0 

/ 



EM waves of wavelength A are emitted from a single light-source, like a laser. They travel to two 
narrow slits, (for simplicity) equidistant from the source, and a distance d apart. Light travels from 
the slits to a detection screen. A diffraction pattern can be seen on the detection screen, like the 
one shown in the picture below. 



(a) 



The center of the diffraction pattern occurs at the location on the screen equidistant from each 
slit where the waves from the two slits are in phase (because they have traveled exactly 
the same distance) and the fields add, so the waves interfere constructively and there is an 
intensity maximum. Some distance off this center of the diffraction pattern, there will be destructive 
interference between waves from the two slits and the intensity will be zero. This will occur when 
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the distance traveled by two waves differs by A/2, so the waves are 180 degrees out of phase 
and the fields from the two slits cancel. 

We can compute this location by looking at the above diagram. We assume that the distance to the 
screen is much greater than d. For light detected at an angle 9 , the extra distance traveled from 
slit 1 is just d sinfb So the angle of the first minimum (or null) can be found from the equation 
dsinfl = 

More generally we will get a maximum if the paths from the slits differ by an integer 
number of wavelengths dsin# = n\ and we will get a null when the paths differ by a half 
integer number wavelengths. dsm9 nu ii = ( - ra ~ l 2 1 - )A . 

Although it is very difficult because electrons are charged, 2 slit electron diffraction has also 
been observed. 




So, all kinds of particles seem to diffract indicating there is some kind of wave involved. We will 
now continue with some thought experiments on diffraction to illustrate the physics that Quantum 
Mechanics needed to match. 

* See Example 3.6.1: Derive the location of the nodes in the diffraction pattern from two narrow 
slits a distance d apart. Now try to compute the intensity distribution.* 
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3.2 Single Slit Diffraction 


There are many other examples of diffraction. The picture below shows diffraction from a single slit 
where waves from different parts of the slit interfere with each other. To get the field at some point 
on the detection screen, one should integrate over the slit. 

* See Example 3.6.2: Derive the location of the nodes in the diffraction pattern from one slit of 
width a. Now try to compute the intensity distribution for single slit diffraction.* 


3.3 Diffraction from Crystals 


Electron waves were first demonstrated by measuring diffraction from crystals. Davison 
and Germer observed diffraction of electrons from a Nickel crystal in 1928. They varied the electron 
energy to measure the electron wavelength, agreeing well with the deBroglie expectation. 

First we see diffraction from a single crystal. 



Diffraction off polycrystalline material gives concentric rings instead of spots. 
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Diffraction from crystals is a powerful tool. First we see x-ray diffraction from a single Sodium 
Crystal which has periodic locations of the atoms. 



Another example of diffraction is shown below. Here neutrons diffract from a single Sodium 
crystal. 
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3.4 The DeBroglie Wavelength 

The Lorentz transformation had been postulated for ElectroMagnetic waves before Einstein devel¬ 
oped Special Relativity. The EM waves were entirely consistent with Relativity. For example, the 
phase of an EM wave at some point is the same as at the Lorentz transformed point. 

DeBroglie applied this Lorentz invariance requirement on the phase of matter waves to 

determine what the wavelength must be. Its easy for us to derive the wavelength using 4-vectors. 
Position and time form one 4-vector. 

x M = ( ct,x ) 

Energy and momentum form another. 

P M = (E, pc) 


Recall that Lorentz vectors must be transformed but Lorentz scalars are automatically invari¬ 
ant under transformations. For example the scalar formed by dotting the 4-momentum into itself 
is 

= -E 2 +p 2 c 2 = —m 2 c 4 . 

The mass of a particle is clearly Lorentz invariant. 

To compute the wavelength for our matter waves, lets use the scalar 


p^x^/c = —Et + p • x 
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Its already easy to see that the phase in a wave like 

e i(p-x-Et)/h 


is Lorentz invariant. 

To read off the wavelength, lets pick off the part of the expression that corresponds to e 2m (x/\-vt). 
We see that =?■ = j- and therefore the DeBroglie wavelength is. 


27 rh 
P 


h 

P 


DeBroglie derived this result in 1923. 


We can also read off the frequency v. 


E 

v = —— = E/h 
2ttU 


This was in some sense the input to our calculation. 


The deBroglie wavelength will be our primary physics input for the development of Quantum 
Mechanics. Its not that this work was the most significant, but, this wavelength summarizes most 
of what happened before 1923. 


3.4.1 Computing DeBroglie Wavelengths 


We usually quote the energy of a particle in terms of its kinetic energy in electron Volts, eV (or 
Million electron Volts, MeV). The reason for this is that particles are usually accelerated to some 
energy by an electric field. If I let an electron (or proton...) be accelerated through a 100 Volt 
potential difference, it will have a kinetic energy of lOOeV. 

The whole problem of computing a deBroglie wavelength is to convert from kinetic energy to mo¬ 
mentum. If you always want to be correct without any need for thinking, use the relativistically 
correct formula for the kinetic energy 

T = y/ (me 2 ) 2 + p 2 c 2 — me 2 


and solve it for pc, _ 

pc = y/(T + me 2 ) 2 — (me 2 ) 2 

then use this handy formula to get the answer. 


h 2nhc 
p pc 


I remember that he = 1973 eVA allowing me to keep the whole calculation in eV. I also know the 
masses of the particles. 

m e c 2 = 0.51 MeV 
m p c 2 = 938.3 MeV 






91 


(If T «< me 2 , make sure the precision of your calculator sufficient or use the non-relativistic 
method below.) 

If you know that the particle is super-relativistic, so that T » me 2 , then just use pc = T and 
life is easy. 

If you know that the particle is highly non-relativistic, T « me 2 , then you can use T = y— = 
giving pc = V2mc 2 T. 

So, for example, compute the wavelength of a 100 eV electron. This is non-relativistic since 100 eV 
ii 510000 eV. So pc = VlO 6 x 100 eV or 10000 eV. 

, 2tt1973 12000 „ . 

A = —= Ioooo = L2A 


3.5 Wave Particle Duality (Thought Experiments) 


Richard Feynman (Nobel Prize for Quantum ElectroDynamics...) presents several thought experi¬ 
ments in his Lectures on Physics, third volume. 



For our first thought experiment, we will consider two silt diffraction of light. Assume that 
instead of using the screen, I use a sensitive photo-detector. I measure the intensity of light as 
a function of position near the screen and find the same set of maxima and minima that I did using 
my eyes. 
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Now lets turn down the intensity of the light source. For very low intensity I find that my detector 
collects one photon at a time. It never collects half a photon. (With the right detector, I could 
again verify that for each photon, the Photoelectric effect is seen and that E = hv.) So the waves 
that are diffracting are somehow made up of photons. With a low enough intensity, I can assure 
that only one photon is present in the apparatus at any time. I can operate my detector and 
collect data over a long time, summing up the number of photons detected as a function of position. 
What will I get for the distribution? I get exactly the same distribution as before with maxima and 
minima. No matter how low the intensity, (1 particle/ minute!) we still see diffraction. We never 
detect a fraction of an electron or a photon, only integer numbers. 


How does a single photon interfere with itself? It must somehow travel through both slits. 


Lets turn to electron diffraction for a minute. In our thought experiment we again have two slits. 
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We use our detector to measure the diffraction pattern similar to the one for photons labeled P \2 
below. If we cover up slit 2 we get the distribution labeled Pi and if we /emphtextcover up slit 1 
we get the intensity distribution labeled P 2 . We could have done the same with our photons above. 


Now we will try to see which slit each electron passes through. We put a bright light source near 
the slits and detect light bouncing off the electron so we can see which slit it passes through. 
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What distribution do we see now? Actually we will see P\ + P 2 if we can tell which slit the electron 
went through. Our observation of the electron as it passes through the slit has changed 
the resulting intensity distribution. If we turn the light off, we go back to measuring P 12 . 


Can you explain why the light causes the diffraction pattern to disappear? 
Is it the mere observation? Does the light change the phase of the electron? 


There are many examples of an observer changing the result of a Quantum experiment. Indeed, it 
is held that when a state is observed, its wave function collapses into the state “seen”. In this case, 
all we had to do is turn on the light. We didn’t have to look. 


Finally, we will do a two slit diffraction experiment with bullets. We must make slits big 
enough for the bullets to pass through. 
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WALL BACKSTOP 



No matter what distance between the slits we choose, we never observe diffraction for the bullets. 
They always give the P\ + P 2 pattern (probably different for the bullets). Can you explain this? 
The bullet’s wavelength is much much smaller than the actual size of the bullet. 

Why didn’t we see diffraction for the bullets. Bullets are macroscopic objects with huge momenta 
compared to individual particles. High momentum implies a small deBroglie wavelength. So to see 
diffraction, we must make the distance between the slits much smaller than we did for the photons 
(perhaps 10 20 times smaller). But bullets are also big. They only fit through big slits which 
must them be further apart than the slits used for photons. For bullets, the wavelength is tiny 
compared to any slit a bullet would fit through. Therefore no bullet diffraction is possible. 

Feynman Lectures on Physics, Vol. Ill Chapter 1 


3.6 Examples 

3.6.1 Intensity Distribution for Two Slit Diffraction * 


Derive the location of the nodes in the diffraction pattern from two narrow slits a distance d apart. 
Now try to compute the intensity distribution. 

This is an in lab exercise. 


3.6.2 Intensity Distribution for Single Slit Diffraction * 


Derive the location of the nodes in the diffraction pattern from one slit of width a. Now try to 
compute the intensity distribution for single slit diffraction. 


This is an in lab exercise. 
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3.7 Sample Test Problems 


1. What is the deBroglie wavelength of an electron with 13.6 eV of kinetic energy? What is the 
deBroglie wavelength of an electron with 10 MeV of kinetic energy? 

Answer 

13.6 eV is much less than me 2 = 0.511MeV so this is non-relativistic. 


P 

2m 

2 2 
p c z 

2 TOC 2 

pc 


A 


13.6 

13.6 

V / 2toc 2 (13.6) 

h 2irh 2irhc 2irhc 

P P pc ^/2toc 2 (13.6) 

2tt(1973 eVA) _ q 

^2(0.511 x 10 6 eV)(13.6 eV/ ~ 


10 MeV is much bigger than me 2 for an electron so it is super-relativistic and we can use 
E = pc. 

A = 27T hc = 2tt(197.3) MeV F ) ^ 
pc 10 MeV 

2. What is the DeBroglie wavelength for each of the following particles? The energies given are 
the kinetic energies. 

a) a 10 eV electron 

b) a 1 MeV electron 

c) a 10 MeV proton 

3. A 2 slit electron diffraction experiment is set up as (not) shown below. The observed electron 
intensity distribution is plotted in the figure. Now an intense light source is introduced near the 
two slits. With this light, it can be ’’seen” which slit each electron goes through. Qualitatively 
plot the new electron intensity distribution from each slit and from the 2 slits combined. What 
is the condition on the wavelength of the light for this effect to occur? 

4. What is the DeBroglie wavelength for each of the following particles? The energies given are 
the kinetic energies. 

a) a 1 eV electron 

b) a 10 4 MeV proton 

5. What K.E. must a Hydrogen atom have so that its DeBroglie wavelength is smaller than the 
size of the atom? (Factors of 2 are not important.) 

6. Calculate the DeBroglie wavelength for (a) a proton with 10 MeV kinetic energy, (b) An 
electron with 10 MeV kinetic energy, and (c) a 1 gram lead ball moving with a velocity of 10 
cm/sec (one erg is one gram cm 2 /sec 2 ). Be sure to take account of relativity where needed. 


7 . 
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4 The Solution: Probability Amplitudes 


For EM waves, the intensity, and hence the probability to find a photon, is proportional to the 
square of the fields. The fields obey the wave equation. The fields from two slits can add construc¬ 
tively or destructively giving interference patterns. The E and B fields are 90 degrees out of phase 
and both contribute to the intensity. 


We will use the same ideas for electrons, although the details of the field will vary a bit because 
electrons and photons are somewhat different kinds of particles. For both particles the wavelength 
is given by 



and the frequency by 


E = hv = ftui. 


We will use a complex probability amplitude ip(x, t) for the electron. The real and imaginary 
parts are out of phase like the EM fields. The traveling wave with momentum p and energy E then 
is 

ip(x,t) oc e i( - kx ~ ut) = e i{px ~ Et) l h 

The probability to find an electron is equal to the absolute square of the complex probability 
amplitude. 

P(x,t) = \ip(x,t)\ 2 

(We will overcome the problem that this probability is 1 everywhere for our simple wavefunction.) 


We have just put in most of the physics of Quantum Mechanics. Much of what we do 
for the rest of the course will be deduced from the paragraph above. Our input came 
from deBroglie and Plank, with support from experiments. 


Lets summarize the physics input again. 


• Free particles are represented by complex wave functions with a relationship between their par¬ 
ticle properties - energy and momentum, and their wave properties - frequency and wavelength 
given by Plank and deBroglie. 

• The absolute square of the wavefunction gives the probability distribution function. Quantum 
Mechanics only tells us the probability. 

• We can make superpositions of our free particle wave functions to make states that do not 
have definite momentum. We will find that any state can be made from the superposition of 
free particle states with different momentum. 


We now have a wave-particle duality for all the particles, however, physics now only tells us 
the probability for some quantum events to occur. We have lost the complete predictive power of 
classical physics. 

Gasiorowicz Chapter 1 


Rohlf Chapter 5 


98 


Griffiths 1.2, 1.3 

Cohen-Tannoudji et al. Chapter 


4.1 Derivations and Computations 

4.1.1 Review of Complex Numbers 


This is a simple review, but, you must make sure you use complex numbers correctly. One of the 
most common mistakes in test problems is to forget to take the complex conjugate when computing 
a probability. 

A complex number c = a + ib consists of a real part a and an imaginary part ib. (We choose a and 
b to be real numbers.) i is the square root of -1. 

The complex conjugate of c is c* = a — ib. (Just change the sign of all the i.) 

The absolute square of a complex number is calculated by multiplying it by its complex conjugate. 

|c| 2 = c*c = (a — ib)(a + ib) = a 2 + iab — iab + b 2 = a 2 + b 2 

This give the magnitude squared of the complex number. The absolute square is always real. 

We will use complex exponentials all the time. 

e l6 = cos 9 + i sin 9 
e~™ = cos0 —isin0 


You can verify that the absolute square of these exponentials is always 1. They are often called a 
phase factor. 

id _ — id id , —id 

We can write sin 9 = -— S — and cos 9 = e + „ e —. 

2i 2 

As with other exponentials, we can multiply them by adding the exponents. 

ikx „—iujt i(kx—ujt) 

e e = e ’ 


4.1.2 Review of Traveling Waves 

A normal traveling wave may be given by 


cos(kx — uit). 


The phase of the wave goes through 2n in one wavelength in x. So the wavelength A satisfies 


kX = 2ir. 
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Similarly the phase goes through 27 t in one period r in time. 

LOT = 27T 


lo is the angular frequency. It changes by 2-7 t every cycle. The frequency v increases by 1 every cycle 
so 

lo = 2iri'. 


There is no reason to memorize these equations. They should be obvious. 

Lets see how fast one of the peaks of the wave moves. This is called the phase velocity. At time 
t = 0, there is a peak at x = 0. This is the peak for which the argument of cosine is 0. At time 
t = 1, the argument is zero when kx = Lot or at x = £. If we compute the phase velocity by taking 
ff, we get 

id 

^phase — • 

That is, one of the peaks of this wave travels with a velocity of 


LO 27 TV 

V= k = ^f = l/X 


In non-relativistic QM, we have hk = p, E = hio, and E = so 

_ E _ h 2 k 2 _ Tik 2 
h 2 mh 2 m 

You may remember that a pulse will move at the group velocity which is given by 

/ dco\ 2hk hk p 

9 \dk J 2m to to 

(The phase velocity for the non-relativistic case is v p = y~-) 


4.2 Sample Test Problems 

1. Write down the two (unnormalized) free particle wave functions for a particle of kinetic energy 
E. Include the proper time dependence and expressions for other constants in terms of E. 


2 . 
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5 Wave Packets 


Gasiorowicz Chapter 2 

Rohlf Chapters 5 

Griffiths Chapter 2 

Cohen-Tannoudji et al. Chapter 


5.1 Building a Localized Single-Particle Wave Packet 


We now have a wave function for a free particle with a definite momentum p 

ip{x, t) = e i (P x ~ Et ')/ n = e <(**-u,t) 

where the wave number k is defined by p = Tik and the angular frequency oj satisfies E = Tloj. It is 
not localized since P(x,t) = |^>(cc,t)| 2 = 1 everywhere. 


We would like a state which is localized and normalized to one particle. 

ijj* (x,t)ijj(x,t)dx = 1 


To make a wave packet which is localized in space, we must add components of different wave 
number. Recall that we can use a Fourier Series (See section 5.6.1) to compose any function f(x) 
when we limit the range to —L < x < L. We do not want to limit our states in x , so we will take the 
limit that L —> oo. In that limit, every wave number is allowed so the sum turns into an integral. 
The result is the very closely related Fourier Transform (See section 5.6.2) 

OO 

f(x) = -±= J A{k)e ikx dk 

— OO 


with coefficients which are computable, 

OO 

A(k) = --L J f(x)e~ ikx dx. 

— OO 


The normalizations of f(x) and A(k ) are the same (with this symmetric form) and both can 
represent probability amplitudes. 


OO OO 

J f*{x)f{x)dx= J A*{k)A{k)dk 

—oo —OO 


We understand f(x) as a wave packet made up of definite momentum terms e lkx . The coefficient 
of each term is A{k). The probability for a particle to be found in a region dx around some value of 
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x is \ f(x)\ 2 dx. The probability for a particle to have wave number in region dk around some value 
of k is \A(k)\ 2 dk. (Remember that p = hk so the momentum distribution is very closely related. We 
work with k for a while for economy of notation.) 


5.2 Two Examples of Localized Wave Packets 

Lets now try two examples of a wave packet localized in k and properly normalized at t = 0. 
1. A “square” packet: A(k) = for k 0 — | < k < k 0 + | and 0 elsewhere. 


2. A Gaussian packet: A{k) = ^) 1/A e -«(k-k 0 )\ 


These are both localized in momentum about p = hko. 
Check the normalization of (1). 

ko ~2 


[ \A(k)\ 2 dk = - / dk = - 
J a J a 


= —a = 1 


ko 2 


Check the normalization of (2) using the result for a definite integral of a Gaussian (See section 

00 2 ~ 

5.6.3) / dx e~ ax = . 


\A{k)\ 2 dk = J— [ e- 2a{k ~ ko)2 dk = J— \A~ = 1 

V 7 r / V 7T V 2a 


So now we take the Fourier Transform of (1) right here. 


ko~\~% 


/O) = 

fix) = 
fix) = 


y/2^ 


A(k)e lkx dk = 


1 1 
y/2n y/a 


Akx 


-00 k 0 — § 

1 1 r „ikx~\ ^ 0 + 2 _ 11 O ikox 


y/lita ix 


[ ikx~\ K °' 2 _ 
L e Jfen-* 

,ik 0 x 0 - c?rl ^ 


\Z2na ix L " lk ° $ y/2ira ix 

1 1 


dk 


^iax/2 g—iax/2 




2 / 


Note that 2s ‘"^ 2 ^ is equal to 1 at x = 0 and that it decreases from there. If you square this, 
it should remind you of a single slit diffraction pattern! In fact, the single slit gives us a square 
localization in position space and the F.T. is this sm ^ function. 


The Fourier Transform of a Gaussian (See section 5.6.4) wave packet A(k) = (^) e 


_ |'2a\ 1 / 4 -a(fc-fco) 2 


IS 


m = Gib) 


1/4 


e ife ox e -f5 
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also a Gaussian. We will show later that a Gaussian is the best one can do to localize a particle in 
position and momentum at the same time. 

In both of these cases of /( x) (transformed from a normalized A(k) localized in momentum space) 
we see 

• A coefficient which correctly normalizes the state to 1, 

• e lk ° x - a wave corresponding to momentum hko, 

• and a packet function which is localized in x. 


We have achieved our goal of finding states that represent one free particle. We see that we can 
have states which are localized both in position space and momentum space. We achieved this by 
making wave packets which are superpositions of states with definite momentum. The wave packets, 
while localized, have some width in x and in p. 


5.3 The Heisenberg Uncertainty Principle 

The wave packets we tried above satisfy an uncertainty principle which is a property of waves. 
That is AkAx > i. 

For the “square” packet the full width in k is A k = a. The width in a; is a little hard to define, but, 
lets use the first node in the probability found at ^ = 7r or x = —. So the width is twice this or 
Ax = —. This gives us 

AkAx = 47t 

which certainly satisfies the limit above. Note that if we change the width of A(k), the width of 
f(x) changes to keep the uncertainty product constant. 

For the Gaussian wave packet, we can rigorously read the RMS width of the probability distri¬ 
bution as was done at the end of the section on the Fourier Transform of a Gaussian (See section 
5.6.4). 


&X 


\fa 

1 



We can again see that as we vary the width in k-space, the width in x-space varies to keep the 
product constant. 

1 

^ 

The Gaussian wave packet gives the minimum uncertainty. We will prove this later. 

If we translate into momentum p = hk, then 

A p = HAk. 

So the Heisenberg Uncertainty Principle states. 
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ApAx > 


h 


It says we cannot know the position of a particle and its momentum at the same time and tells us 
the limit of how well we can know them. 

If we try to localize a particle to a very small region of space, its momentum becomes uncertain. If 
we try to make a particle with a definite momentum, its probability distribution spreads out over 
space. 


5.4 Position Space and Momentum Space 

We can represent a state with either ^(x) or with 4>(p). We can (Fourier) transform from one to the 
other. 

We have the symmetric Fourier Transform. 

OO 

/(*) = J A(k)e ikx dk 

— OO 
OO 

Mk) = f f(x)e~ ikx dx 


When we change variable from k to p , we get the Fourier Transforms in terms of x and p. 



These formulas are worth a little study. If we define u p (x) to be the state with definite momen¬ 
tum p , (in position space) our formula for it is 

Similarly, the state (in momentum space) with definite position x is 


v x (p) 



e -ipx/n 


These states cannot be normalized to 1 but they do have a normalization convention which is satisfied 
due to the constant shown. 










104 


Our Fourier Transform can now be read to say that we add up states of definite momentum 
to get 

OO 



(j>(p)up{x)dp 


— OO 


and we add up states of definite position to get 4>(p). 

OO 

(j)[p) = / i/j(x)v x {p)dx 


There is a more abstract way to write these states. Using the notation of Dirac, the state with 
definite momentum po , u p o(x) = = e lp ° x / n might be written as 

|Po) 

and the state with definite position xi, v x \(p) = might be written 


The arbitrary state represented by either ip(x) or </>(p), might be written simple as 


The actual wave function ip(x) would be written as 

ip{x) = (x\ip). 

This gives us the amplitude to be at x for any value of x. 

We will find that there are other ways to represent Quantum states. This was a preview. We will 
spend more time on Dirac Bra-ket notation (See section 6.4) later. 


5.5 Time Development of a Gaussian Wave Packet * 

So far, we have performed our Fourier Transforms at t = 0 and looked at the result only at t = 0. 
We will now put time back into the wave function and look at the wave packet at later times. We 
will see that the behavior of photons and non-relativistic electrons is quite different. 

Assume we start with our Gaussian (minimum uncertainty) wavepacket A(k) = e ~ a ( k ~ k o) a t 
t = 0. We can do the Fourier Transform to position space, including the time dependence. 

OO 

ip(x,t)= j A(k)e i< ' kx ~ u( - k ^ dk 

— OO 

We write explicitly that lo depends on k. For our free particle, this just means that the energy 
depends on the momentum. For a photon, E = pc , so hui = hkc, and hence lo = kc. For an 
non-relativistic electron, E = 4L-, so hco = and hence w = 
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To cover the general case, lets expand ui(k) around the center of the wave packet in k-space. 


w(fc) = w(fc 0 ) + ^ 


k 0 


{k ~ ko)+ 2dk^ 


(k - k Q ) 2 


ko 


We anticipate the outcome a bit and name the coefficients. 

uj(k) = wo + v g (k — ko) + /3(k — k 0 ) 2 

For the photon, v g = c and /3 = 0. For the NR electron, v g = ^ and 8 = 
Performing the Fourier Transform (See section 5.6.5), we get 

i \ -<x-vgt ) 2 

^{koX — OJot) g 4(a + i/3t) 

MM 2 = , 2 JI e*° 

v« 2 + f3 2 t 2 


ip{x,t) = 


a + i/3t 


We see that the photon will move with the velocity of light and that the wave packet will not 
disperse, because 8 = 0. 

For the NR electron, the wave packet moves with the correct group velocity, v g = but the 
wave packet spreads with time. The RMS width is a = \Ja 2 + (^) 2 . 

A wave packet naturally spreads because it contains waves of different momenta and hence different 
velocities. Wave packets that are very localized in space spread rapidly. 


5.6 Derivations and Computations 

5.6.1 Fourier Series * 


Fourier series allow us to expand any periodic function on the range (— L, L), in terms of sines 
and cosines also periodic on that interval. 

oo oo 

, / n7TX\ _ . fnnx\ 

fix) = 2^ A n cos [—) +Z^B n sin [—) 

n—0 n =1 

Since the sines and cosines can be made from the complex exponentials, we can equally well use 
them for our basis for expansion. This has the nice simplification of having only one term in the 
sum, using negative n to get the other term. 

OO 

f( x ) = 

n=— oo 


The exponentials are orthogonal and normalized over the interval (as were the sines and cosines) 


1 

2 L 


L 



in-KX 

e L 


e L dx 


S 


nm 


-L 
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so that we can easily compute the coefficients. 


an= 2L J f( x } e ~^~ dx 

-L 


In summary, the Fourier series equations we will use are 

OO 

fix) = ^2 a n e^ 

n=—oo 

and 


an= 2L L dX ' 


-L 


We will expand the interval to infinity. 


5.6.2 Fourier Transform * 


To allow wave functions to extend to infinity, we will expand the interval used 

L —>■ oo. 


As we do this we will use the wave number 



As L —» oo., k can take on any value, implying we will have a continuous distribution of k. Our sum 
over n becomes an integral over k. 


7r 

dk = —dn. 

±J 


If we define A(k) = \j-La ni we can make the transform come out with the constants we want. 


-L 

a - R 

-Ai-n. — 


fix) = E a n e m L x 

n=— oo 

L —imvx 

a n = Jl I f{ X ) e ~^ dx 

-L 

L -innx 

n L JL f f( x )e-^dx 

-L 
L 

1 P /. / \ — 1T7/7V X 

An, = f fix)e x dx 

_ OO 

fi x ) = VJi E A n e^ 

n=— oo 
oo 

fix) = 7 I / A{k)e ikx ^dk 

— OO 
OO 

fix) = f A(k)e ikx dk 

— OO 
OO 

MV =vk f f(x)e~ ikx dx 


Standard Fourier Series 
Standard Fourier Series 
redefine coefficient 

f stays the same 

but is rewritten in new A and dk 
result 


result 
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This is just the extension of the Fourier series to all x. 

If f(x) is normalized, then A(k) will also be normalized with this (symmetric) form of the Fourier 
Transform. Thus, if f{x) is a probability amplitude in position-space, A(k) can be a probability 
amplitude (in k-space). 


5.6.3 Integral of Gaussian 

This is just a slick derivation of the definite integral of a Gaussian from minus infinity to infinity. 
With other limits, the integral cannot be done analytically but is tabulated. Functions are available 
in computer libraries to return this important integral. 

The answer is 


Define 


OO 

I= S ix ‘ 

— OO 


Integrate over both x and y so that 


OO OO OO 

0 ~ a y 2 - 


dy e 


dxdy e 


-a(x 2 +y 2 ) 


— OO —OO 


Transform to polar coordinates. 

OO 

I 2 = 2n j rdr e~ ar 

o o 

Now just take the square root to get the answer above. 


= 7r / d(r 2 ) e ar = n 


-e 

a 


7r 

a 


Other forms can be obtained by differentiating with respect to a. 


d f , _ ax 2 d /tt 

da I dxC ~ da V a 


dx x 2 e ax 


1 flT 


2a V a 


— OO 
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5.6.4 Fourier Transform of Gaussian * 


We wish to Fourier transform the Gaussian wave packet in (momentum) k-space A{k) 
(^) 1 ^ 4 e~ a ^ k ~ k A~ to get f(x) in position space. The Fourier Transform formula is 


/(a ') = 




1/4 


y/2w V n J 


e -a(k-k 0 ) 2 £ ikx dk 


Now we will transform the integral a few times to get to the standard definite integral of a Gaussian 
for which we know the answer. First, 

k' = k — fco 

which does nothing really since dk' = dk. 


/O) = 
f{%) = 


OO 



— OO 


Now we want to complete the square in the exponent inside the integral. We plan a term like 
e~ ak so we define 


k" =k' - 


ix 
2 a' 


Again dk" = dk' = dk. Lets write out the planned exponent to see what we are missing. 


-a Ik' - 


ix 
2 a 


= —ak' 2 + ik'x + 


4a 


x 2 

We need to multiply by e to cancel the extra term in the completed square. 


OO 



— OO 


That term can be pulled outside the integral since it doesn’t depend on k. 


OO 



— OO 


So now we have the standard Gaussian integral which just gives us 
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Lets check the normalization. 


OO _ CO ._ 

j \f(xtfdx-yj±.j c^dx 1 

— CO —OO 

Given a normalized A(k ), we get a normalized f(x). 

The RMS deviation, or standard deviation of a Gaussian can be read from the distribution. 


P{x) = 


1 0»-v) 2 

e 2 a~ 


\/2'K(j' 2 


Squaring f(x), we get 




Reading from either the coefficient or the exponential we see that 

Qx = \fo t - 

For the width in k-space, 

[2a 


P(k) = G_ e - 2a(fc - fco) . 


Reading from the coefficient of the exponential, we get 

1 


&k — 


\/4 a 


We can see that as we vary the width in k-space, the width in x-space varies to keep the product 
constant. 

1 

Translating this into momentum, we get the limit of the Heisenberg Uncertainty Principle. 

h 

&x&p = ~2 

In fact the Uncertainty Principle states that 

h 

Cx&p A 7y 


so the Gaussian wave packets seem to saturate the bound! 


5.6.5 Time Dependence of a Gaussian Wave Packet * 


Assume we start with our Gaussian (minimum uncertainty) wavepacket A(k) = e a ^ k k A at t = 0. 
We are not interested in careful normalization here so we will drop constants. 


OO 

ip(x,t) = J A(k)e iikx ~ uik)t) dk 
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We write explicitly that w depends on k. For our free particle, this just means that the energy 
depends on the momentum. To cover the general case, lets expand w(fc) around the center of the 
wave packet in k-space. 


oj(k) 


>{k 0 ) 


dui 

dk 


\k a {k - k 0 ) 


1 d 2 co 
2~dk? 


k(fc-M 2 


We anticipate the outcome a bit and name the coefficients. 


w(fc) = wq + v g {k - ko) + P(k - k 0 ) 2 


We still need to do the integral as before. Make the substitution k' = k — k$ giving A(k') = e ak 2 . 
Factor out the constant exponential that has no k! dependence. 


t) 


x , t) 




—oo 
oo 

e i(k 0 x-u> 0 t) / e ~ak' 2 e i(k' x-Vgt) e ~ik' 2 pt 


— OO 

oo 


e i(k 0 x-w 0 t) / e ~[a-ipt]k 12 e i(k'x-v g t) 


We now compare this integral to the one we did earlier (so we can avoid the work of completing 
the square again). Dropping the constants, we had 

OO 

f(x) = e ik ° x j e~ ak ' 2 e ik x dk' = e ik ° x e~£ 

— OO 


Our new integral is the same with the substitutions kox —> kox — coot, k'x 
a —> (a + i/3t). We can then write down the answer 


k'{x — v g t), and 


ip(x,t) 

\^(x,t)\ 2 

\ip{x,t)\ 2 


7 T f, ., -( X-Vgt 

p l(k 0 X-U 0 t) 4(c + i /3t) 


a + i/3t 


a + i/3t\ a — i(3t 

7T -a(x-Vgt) 


-(x-vgt) — (x Vgt) 
g 4 (a + i/3t) g 4 (cx-ifit) 


\/ o 2 + p 2 t 2 


5.6.6 Numbers 

The convenient unit of energy (mass and momentum too) is the electron volt. 

leV = 1.602 x 10~ 12 erg = 1.602 x 10" 19 Joule 
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Use the fine structure constant to avoid CGS units which are used in the textbook. 

e 2 

a = — = 1/137 
nc 

This combination saves a lot of work. 

he = 1973 eVA = 197.3MeVF 
lA = 1.0 x 10" 10 m 
lFermi = 1.0 x lCU 15 m 

The Bohr radius gives the size of the Hydrogen atom. 

a 0 = —— = 0.529 x 10" lo m 
am e c 

uip = 938.3MeV/c 2 
m n = 939.6MeV/c 2 
m e = 0.511MeV/c 2 


5.6.7 The Dirac Delta Function 


The Dirac delta function is zero everywhere except at the point where its argument is 
zero. At that point, it is just the right kind of infinity so that 

OO 

J dx f(x) S(x)=f(0 ). 

— OO 


This is the definition of the delta function. It picks of the value of the function f(x) at the point 
where the argument of the delta function vanishes. A simple extension of the definition gives. 

OO 

J dx f(x) S(x- a) = f(a) 

— OO 


The transformation of an integral allows us to compute 


J dx f(x) 5(g(x)) 


I dg_ 
I dx 


-f(x) 


g(x)=0 


the effect of the argument being a function. 


If we make a wave packet in p-space using the delta function, and we transform to position space, 


V’(s) = J 5{p~p 0 )e i ^/ n dp = 

— OO 

we just get the state of definite p. 


1 


^‘inh 


a ip 0 x/h 


This is a state of definite momentum written in momentum space. S(p — p^) 

Its Fourier transform is ^ p {x,t) = ^== e l (p x ~ Et )/ n 

This is a state of definite position written in position space. 8{x — xq) 
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5.7 Examples 

5.7.1 The Square Wave Packet 


Given the following one dimensional probability amplitude in the position variable x, compute the 
probability distribution in momentum space. Show that the uncertainty principle is roughly satisfied. 




1 


y/2a 


for —a < x < a, otherwise ip(x) = 0. 
Its normalized. 


/ 


ij}*il)dx = 



Take the Fourier Transform. 


m 

(t>{k) 

m 


—ikx 


y/2Tr J \/ 2 a 


dx 


1 


\Z4na 

1 

iky/A'na 

1 

iky/Aira 


-1 

ik 


—ikx 


ika _ g^ a j 


[—2 i sinfca] = — 


1 sin(fca) 


Now estimate the width of the two probability distributions. 


\m \ 2 


Ax = 2 a 
1 sin 2 (fca) 
7r a k 2 



a 

AxAk = 47 t 


5.7.2 The Gaussian Wave Packet * 


Given the following one dimensional probability amplitude in the position variable x, compute the 
probability distribution in momentum space. Show that the uncertainty principle is roughly satisfied. 

V>(z) = (§)* e-“" 2/2 
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5.7.3 The Dirac Delta Function Wave Packet * 


Given the following one dimensional probability amplitude in the position variable x, compute the 
probability distribution in momentum space. Show that the uncertainty principle is roughly satisfied. 
ip(x) = S(x — Xq) 


5.7.4 Can I “See” inside an Atom 


To see inside an atom, we must use light with a wavelength smaller than the size of the atom. With 
normal light, once a surface is polished down to the .25 micron level, it looks shiny. You can no 
longer see defects. So to see inside the atom, we would need light with A = | = 0.1 A. 


P 

pc 


2irh 

nr 

2ttHc 

0.1 


2tt1973 

0.1 


= 120000 eV 


This is more than enough kinetic energy to blow the atom apart. You can’t “see” inside. 
A similar calculation can be made with the uncertainty principle. 


^ “ 2 

. , . . he 
A{pc)Ax > — 

. „ he 

A > —— 

7 “ 2Aa: 

E. 7 > —= lOOOOeV 

7 “ 2(0.1A) 


The binding energy is 13 eV, so this will still blow it apart. 

So we can’t “watch” the inside of an atom. 

We can probe atoms with high energy photons (for example). These will blow the atoms apart, but 
we can use many atoms of the same kind. We learn about the internal structure of the atoms by 
scattering particles off them, blowing them apart. 


5.7.5 Can I “See” inside a Nucleus 


In a similar fashion to the previous section, E 1 > 2 (o.if) = 1000 MeV. 

The binding energy per nucleon is a few MeV, so, we will also blow nuclei apart to look carefully 
inside them. We again can just use lots of nuclei to allow us to learn about internal nuclear structure. 
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5.7.6 Estimate the Hydrogen Ground State Energy 

The reason the Hydrogen atom (and other atoms) is so large is the essentially uncertainty principle. 
If the electron were confined to a smaller volume, A p would increase, causing p to increase on 
average. The energy would increase not decrease. 

We can use the uncertainty principle to estimate the minimum energy for Hydrogen. This is not a 
perfect calculation but it is more correct than the Bohr model. The idea is that the radius must be 
larger than the spread in position, and the momentum must be larger than the spread in momentum. 

r > Ax 

a ft 

p > A p = — 

2 r 


This is our formula for the potential energy in terms of the dimensionless fine structure constant a. 

e 2 ahc 

V[r) = -=- 

r v 


Lets estimate the energy 

2m 

and put in the effect of the uncertainty principle. 

pr = h 
E = 


E = 


P 

2m 

P 2 

2m 


ahc 

r 


ahcp 

h 

acp 


Differentiate with respect to p and set equal to zero to get the minimum. 

dE p 
dp 

P = 


— ac = 0 


E = 


m 

amc 


9 9 

a me 


— a 2 mc 2 = — 


9 9 

a me 


= —13.6 eV 


Note that the potential energy is just (-2) times the kinetic energy (as we expect from the Virial 
Theorem). The ground state energy formula is correct. 


We can also estimate the radius. 


_ h _ h 
p amc 


he 1973eFA(137) 


amc* 


511000eH 


= 0.53H 


The ground state of Hydrogen has zero (orbital) angular momentum. It is not moving in a circular 
orbit as Bohr hypothesized. The electron just has a probability distribution that is spread out over 
about 1 A. If it were not spread out, the energy would go up. 
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5.8 Sample Test Problems 

1 . A nucleus has a radius of 4 Fermis. Use the uncertainty principle to estimate the kinetic energy 
for a neutron localized inside the nucleus. Do the same for an electron. 

Answer 


ApAx « h 
pr ~ Ti 

Try non-relativistic formula first and verify approximation when we have the energy. 


E = 


P 


(Tic 


(197.3 MeVF) 2 


1.3 MeV 


2 to 2 mr 2 2 mc 2 r 2 2(940MeV)(4F) 2 

This is much less than 940 MeV so the non-relativistic approximation is very good. 

The electron energy will be higher and its rest mass is only 0.51 MeV so it WILL be relativistic. 
This makes it easier. 


Tic 

E = pc = — = 
r 


pr « Ti 
197.3 MeVF 
4 F 


50 MeV 


2 . * Assume that the potential for a neutron near a heavy nucleus is given by V(r) = 0 for 
r > 5 Fermis and V(r) = — Vo for r < 5 Fermis. Use the uncertainty principle to estimate the 
minimum value of Vq needed for the neutron to be bound to the nucleus. 


3. Use the uncertainty principle to estimate the ground state energy of Hydrogen. 

Answer 


ApAx : 


pr : 


h 

h 


E = 


2m 


e 

r 


P 

2m 


n p 


(We could have replaced p equally well.) Minimize. 


dE ^ p e 2 = Q 

dp to Ti 


2 2 2 4 

_ p e z m z e* 

Cj = --—P = - 7? 

2m h 2mT 


p = 


me 


me 

2 F 


me 


me 

2 


E = 


Tic 

e 2 = ahc 

1 9 9 

—a me 

2 


4. * Given the following one dimensional probability amplitudes in the position variable x, com¬ 
pute the probability distribution in momentum space. Show that the uncertainty principle is 
roughly satisfied. 
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a ip(x) = for —a < x < a, otherwise ip(x) = 0. 
b i/>(x) = (2)i e -“ 2 /2 
C 1p(x) = 5(x — Xo) 

5. Use the Heisenberg uncertainty principle to estimate the ground state energy for a particle of 
mass m in the potential V(x) = ^kx 2 . 

6 . * Find the one dimensional wave function in position space ip{x) that corresponds to <fi(p) = 

S(p-p 0 ). 

7. * Find the one dimensional wave function in position space that corresponds to cf>(p) = 
-j= for —b<p<b, and <j>(p) = 0 otherwise. 

8 . * Assume that a particle is localized such that ip{x) = -^= for 0 < x < a and that if>(x) = 0 
elsewhere. What is the probability for the particle to have a momentum between p and p + dp? 

9. A beam of photons of momentum p is incident upon a slit of width a. The resulting diffraction 
pattern is viewed on screen which is a distance d from the slit. Use the uncertainty principle 
to estimate the width of the central maximum of the diffraction pattern in terms of the variables 
given. 

10. * The wave-function of a particle in position space is given by ip(x) = S(x — a). Find the 
wave-function in momentum space. Is the state correctly normalized? Explain why. 

11. * A particle is in the state tp(x) = Ae~ ax / 2 . What is the probability for the particle to have 
a momentum between p and p + dp? 

12. A hydrogen atom has the potential V{r) = = ^—. Use the uncertainty principle to estimate the 
ground state energy. 

13. * Assume that (f>{p) = for \p\ < a and cj>(p) = 0 elsewhere. What is i/j(x)? What is the 
probability to find the particle between x and x + dx? 

14. The hydrogen atom is made up of a proton and an electron bound together by the Coulomb 
potential, V(r) = :z ^-. It is also possible to make a hydrogen-like atom from a proton and 
a muon. The force binding the muon to the proton is identical to that for the electron but 
the muon’s mass is 106 MeV/c 2 . Use the uncertainty principle to estimate the energy and the 
radius of the ground state of muonic hydrogen. 

15. * Given the following one dimensional probability amplitudes in the momentum representa¬ 
tion, compute the probability amplitude in the position representation, il>(x). Show that the 
uncertainty principle is satisfied. 

(a) i[){p) = -y= for —a < p < a, $(p) = 0 elsewhere. 

(b) -ijj(p) = 8(p-po) 

(c) $(p) = (f)3e"“ p2 / 2 

16. * Assume that <j>(p) = S(p — po). What is ip(x)? What is < p 2 >? What is < x 2 >? 


17 . 


117 


6 Operators 


Operators will be used to help us derive a differential equation that our wave-functions must satisfy. 
They will also be used in almost any Quantum Physics calculation. 

An example of a linear operator (See section 7.5.1) is a simple differential operator like which 
we understand to differentiate everything to the right of it with respect to x. 


6.1 Operators in Position Space 

To find operators for physical variables in position space, we will look at wave functions with definite 
momentum. Our state of definite momentum po (and definite energy Eq) is 


u p o{x,t) = 


1 


V27 tTi 


o i(p 0 x-E 0 t)/h 


We can build any other state from superpositions of these states using the Fourier Transform. 

OO 

ip(x,t) = j 4>(p) u p (x,t)dp 


6.1.1 The Momentum Operator 


We determine the momentum operator by requiring that, when we operate with on u p o(x,t), 
we get po times the same wave function. 

P (op) w P oOM) =Pou P o{x,t ) 

This means that for these definite momentum states, multiplying by is the same as multiplying 
by the variable p. We find that this is true for the following momentum operator. 


(op) = hd_ 

_ i dx 


We can verify (See section 6.6.1) that this works by explicit calculation. 

If we take our momentum operator and act on a arbitrary state, 

OO OO 

p (op V0M) = p (op) J <j){jp) u p (x, t)dp = J <j>{p) p u p (x, t)dp 

— OO —OO 

it gives us the right p for each term in the integral. This will allow us to compute expectation values 
for any variable we can represent by an operator. 
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6.1.2 The Energy Operator 

We can deduce and verify (See section 6.6.2) the energy operator in the same way. 

e (°p) = fad 

____ 

6.1.3 The Position Operator 

What about the position operator, x^ op ^7 The answer is simply 

x (°p) = x 

when we are working in position space with u p o(x, t) = ^ ^ eA p ° x ~ E ° t ' > / h (as we have been above). 


6.1.4 The Hamiltonian Operator 


We can develop other operators using the basic ones. We will use the Hamiltonian operator 
which, for our purposes, is the sum of the kinetic and potential energies. This is the non-relativistic 
case. 


H = k +v w 






Since the potential energy just depends on x, its easy to use. Angular momentum operators will 
later be simply computed from position and momentum operators. 


6.2 Operators in Momentum Space 

If we want to work in momentum space, we need to look at the states of definite position to find 
our operators. The state (in momentum space) with definite position xo is 


» (op ) = ih-%- 

_ dp 


The operators are 
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and 



The (op) notation used above is usually dropped. If we see the variable p, use of the operator is 
implied (except in state written in terms of p like <p(p))- 

Gasiorowicz Chapter 3 

Griffiths doesn’t cover this. 

Cohen-Tannoudji et al. Chapter 

6.3 Expectation Values 

Operators allow us to compute the expectation value of some physics quantity given the wavefunc- 
tion. If a particle is in the state ip(x,t), the normal way to compute the expectation value of 

fix ) is 


OO 


oo 



— OO 


—oo 


We can move the f(x) between just before ip anticipating the use of linear operators. 


OO 



—OO 


If the variable we wish to compute the expectation value of (like p) is not a simple function of x. let 
its operator act on ip(x). The expectation value of p in the state ip is 


OO 



—OO 


The Dirac Bra-ket notation (See section 6.4) shown above is a convenient way to represent the 
expectation value of a variable given some state. 


1 /4 • 2 

* See Example 6.7.1: A particle is in the state ip(x) = (^V) e lk ° x e~^ . What is the expectation 
value of pi* 


For any physical quantity v, the expectation value of v in an arbitrary state ip is 


OO 


(ip\v\ip) = / ip*(x)v < ' op ^ip(x)dx 


— OO 
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The expectation values of physical quantities should be real. 

Gasiorowicz Chapter 3 

Griffiths Chapter 1 

Cohen-Tannoudji et al. Chapter 


6.4 Dirac Bra-ket Notation 

A state with definite momentum p. \p) 

A state with definite position x. |x) 

The “dot product” between two abstract states 0i and 02. 



This dot product projects the state 02 onto 0i and represents the amplitude to go from 02 to 0 1 . 

To find the probability amplitude for our particle to by at any position x, we dot the state of definite 
x into our state 0. 0(:r) = (00) 


To find the probability amplitude for our particle to have a momentum p, we dot the state of definite 
x into our state 0. 0(p) = (p|0) 


6.5 Commutators 

Operators (or variables in quantum mechanics) do not necessarily commute. We can see our first 
example of that now that we have a few operators. We define the commutator to be 


[p, x\ = px — xp 


(using p and x as examples.) 


We will now compute the commutator between p and x. Because p is represented by a differential 
operator, we must do this carefully. Lets think of the commutator as a (differential) operator too, as 
generally it will be. To make sure that we keep all the ^ that we need, we will compute [p, x\ip(x) 
then remove the tp(x) at the end to see only the commutator. 


[p, x]lp(x) = pxipix) — xpi/}(x) = — -^-Xljj(x) — X^r-^-tp(x) 

i ox i ox 
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hf dip(x) dip(x) 

b.xivw = 7 (•«*) + *—-*— 


So, removing the ip(x) we used for computational purposes, we get 


= ~ip(x) 

i 

the commutator. 



Later we will learn to derive the uncertainty relation for two variables from their commutator. 
Physical variable with zero commutator have no uncertainty principle and we can know both of 
them at the same time. 

We will also use commutators to solve several important problems. 

We can compute the same commutator in momentum space. 


[p,x\(j) 

[p,x\ 


\p, = ift- ^ ~P ( frj 

h 

i 



The commutator is the same in any representation. 


* See Example 6.7.2: 

* See Example 6.7.3: 

* See Example 6.7.4: 

* See Example 6.7.5: 


Compute 

Compute 

Compute 

Compute 


the commutator [Ej]* 
the commutator [E. x}.* 
the commutator [p, x n ].* 

the commutator of the angular momentum operators [L x ,L y ].* 


Gasiorowicz Chapter 3 

Griffiths Chapter 3 

Cohen-Tannoudji et al. Chapter 


6.6 Derivations and Computations 

6.6.1 Verify Momentum Operator 

„(op) 1 c Hp 0 x-E a t)/n _ h & 1 j(pQX-E n t)/h 

\/ 2 t fh i dx v / 2 t fh 

1 ft IPO i(p a x-E a t)/n _ 1 i(p„x-E„t)/h 

v / 2 ^hi n Po V^n 
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6.6.2 Verify Energy Operator 


pj{°p) p i(pox-Eot)/n 

\Z2ttTl 


^ c i(p 0 x-E 0 t)/h 

\Z2ttTl ft 


— F_ 1 r 'i'(PO x ~Eot)/?i 

°V^ft 


6.7 Examples 

6.7.1 Expectation Value of Momentum in a Given State 

A particle is in the state ip(x) = ( 2 ~)^ 4 e* feoX e _ S^. What is the expectation value of pi 
We will use the momentum operator to get this result. 

OO 

(p)i/j = WpM = f 4>*(x)p < ' op ' , 4>(x)dx 


(—) 

V 27TQ! J 


1/4 


e -iko* e -£*±{J_\ 


1/4 


i dx V 27tq! J 


e lk ° x e 4 “ dx 


(±r 2 ,. 

V ZnaJ 1 


■ 1 x 2 d ■1 x 2 

-^ox e -^ zkox e -^ dx 

ox 


1 j 2 

(i) 7 / e ~ lkoXe ~** (ik 0 e ikoX e~£ - ^e ik ° x e ~£ ) dx 

—OO 

< •« I, 7 / 2x _jl\ 

\2 m ) i J I* 


/^J_V _ 


The second term gives zero because the integral is odd about x = 0. 

1/2 


(V’ll#) = 


(sib) 7 / 


da; 


/ ! \i/ 2 

(t/’lpIV'} = ( J ftkoVZna = ftk 0 


Excellent. 


6.7.2 Commutator of E and t 


Again use the crutch of keeping a wave function on the right to avoid mistakes. 


[E,t]ip(x,t) 


iftZ-t - tift.Z- 
dt dt 


ip(x,t) 
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= ihip(x, t) + 
= ihijj(x,t) 




tp(x, t) 


Removing the wave function, we have the commutator. 

[E, t] = ih 


6.7.3 Commutator of E and x 


Again use the crutch of keeping a wave function on the right to avoid mistakes. 


d d 

[E,x\ip(x,t) = ( ih—x-xih—)ip(x,t) 

d d 

= () ip(x, t) = 0 


Since = 0. 


6.7.4 Commutator of p and x n 


We can use the commutator [p. x] to help us. Remember that px = xp + [p, x]. 

[p, x n } = px n — x n p 

= (px)x n ~ 1 — x n p 
= xpx™- 1 + [p, x]x n_1 — x n p 
= x(px)x n ~ 2 + [p, — x n p 

= x 2 px n ~ 2 + x\p, x\x n ~ 2 + [p, xjx'' 1 - 1 - x n p 
= x 2 px n ~ 2 + 2 \p, x]x" _1 - x n p 
= x 3 px n ~ 3 + 3[p, x]x n_1 — x n p 
= x n p + n\p,x\x n ^ 1 — x n p 

= n\p,x]x n ~ 1 = n—x n ~ 1 
i 


It is usually not wise to use the differential operators and a wave function crutch to compute 
commutators like this one. Use the known basic commutators when you can. Nevertheless, 
we can compute it that way. 

[p, x n ]ip = --^-x n tp — x n — -^-il> = 

X (JX % (JX X 

[p,x n ] = ^rnx n ~ 1 

It works pretty well for this particular case, but not if I have p to some power... 
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6.7.5 Commutator of L x and L y 


Angular momentum is defined by 


L 


= r x p. 


So the components of angular momentum are 


L z = xp y - yp x 

L x = UPz - zp v 
L v = zp x - xp z . 


We wish to compute [L x , L y \ which has all the coordinates and momenta in it. 

The only operators that do not commute are the coordinates and their conjugate momenta. 

[x, y] = 0 
[Px,Py\ = 0 
\pur 3 \ = ^ S i:i 


So now we just need to compute. 


[Lx, 


[yp z - zp v , zpx - xp z \ 

[yPz, Zp X \ - [yPz, Xp z \ - [zpy, ZPx\ + [ZPy, Xp Z \ 
y[Pz, z\p x -0-0 + x[z,p z \p y 

-(ypx - xpy) = ihL z 

l 


It is not necessary (or wise) to use the differential operators and a wave function crutch to compute 
commutators like this one. Use the known basic commutators when you can. 


6.8 Sample Test Problems 


1. The absolute square of a wave function for a free particle is given as: 


\ip{x,t)\ 2 


27r(a 2 + b 2 t 2 ) 


e -a(x-v g t) 2 /2(a 2 +b 2 t 2 ) 


Find the expected value of a; as a function of time. Find the expected value of x 2 as a function 
of time. Compute the RMS x-width of this wave packet as a function of time. 

2. Find the commutator [p, e lk ° x ] where ko is a constant and the second operator can be expanded 

as e ik ° x = J2 

n =0 


3. Which of the following are linear operators? 
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• Oiijj(x) = l/tp(x) 

• 0 2 ^(x) = 

• 0^ip{x) = x 2 ip(x) 

• C> 4 '!/’(a;) = —ij}{x + a) 

4. For a free particle, the total energy operator H is given by H = p 2 /2m. Compute the commu¬ 
tators [H,x] and [H,p]. If a particle is in a state of definite energy, what do these commutators 
tell you about how well we know the particle’s position and momentum? 

5. Find the commutator [ x,p 3 ]. 

6. Compute the commutator [H,x 2 ] where H is the Hamiltonian for a free particle. 

7. 
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7 The Schrodinger Equation 


Schrodinger developed a differential equation for the time development of a wave function. 

Since the Energy operator has a time derivative, the kinetic energy operator has space derivatives, 
and we expect the solutions to be traveling waves, it is natural to try an energy equation. The 
Schrodinger equation is the operator statement that the kinetic energy plus the potential 
energy is equal to the total energy. 



7.1 Deriving the Equation from Operators 


For a free particle, we have 


2 m 


= E 


a 2 , ..a 

“2 = 

Lets try this equation on our states of definite momentum. 


_i_ 

2 m dx 2 ^2-kTl 


r) 1 

e i(p 0 x-E 0 t)/h _ ^ _ p i(p 0 x-E 0 t)/h 


dt ^2nh 


The constant in front of the wave function can be removed from both sides. Its there for normaliza¬ 
tion, not part of the solution. We will go ahead and do the differentiation. 


^ Po c i(p 0 x-E 0 t)/h _ c i(pnx-E 0 t)/h 

2 m n 2 h 

„2 

_rO_ e i{pox—E 0 t)/h _ j^^^i{p 0 x—E 0 t)/h 

2m 
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Our wave function will be a solution of the free particle Schrodinger equation provided Eq = j 2 -. 
This is exactly what we wanted. So we have constructed an equation that has the expected wave- 
functions as solutions. It is a wave equation based on the total energy. 

Adding in potential energy, we have the Schrodinger Equation 


— h 2 d 2 ip(x, t) 
2 in i 


V(x)ip(x, t) = ih 


dip(x, t ) 
dt 


or 

Hip(x,t) = Eip(x,t) 

where 

tf = fl + F W 

is the Hamiltonian operator. 

In three dimensions, this becomes. 


Hip(x, t) = V 2 ip(x ,, t) + V{x)ip(x, t) = in 9 ^ 

_ 2m ___ at _ 


We will use it to solve many problems in this course. 

So the Schrodinger Equation is, in some sense, simply the statement (in operators) that the kinetic 
energy plus the potential energy equals the total energy. 


7.2 The Flux of Probability * 


In analogy to the Poynting vector for EM radiation, we may want to know the probability current 
in some physical situation. For example, in our free particle solution, the probability density is 
uniform over all space, but there is a net flow along the direction of the momentum. 


We can derive an equation showing conservation of probability (See section 7.5.2), by differentiating 
P(x,t) = ip*ip and using the Schrodinger Equation. 

dP(x,t) dj(x,t ) = 

dt dx 

This is the usual conservation equation if j{x,t) is identified as the probability current. 


j(x,t) = 

zmi 


' ,*9ip 

*-d~x 



This current can be computed from the wave function. 
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If we integrate if over some interval in x 


b 



a 


dP(x,t) 

dt 


dx = — 


b 



a 


dj{x,t) 

dx 


b 

d f 

— / P(x, t)dx = j(x = a, t) - j(x = b , t) 

a 

the equation says that the rate of change of probability in an interval is equal to the probability flux 
into the integral minus the flux out. 


Extending this analysis to 3 dimensions, 


dP(x,t) 

dt 


+ V • j(r, t) = 0 


with 





ip*(r,t)Vip(r,t) — ip(r, t)Vip*(f, t) 


7.3 The Schrodinger Wave Equation 


The normal equation we get, for waves on a string or on water, relates the second space derivative 
to the second time derivative. The Schrodinger equation uses only the first time derivative, 
however, the addition of the i relates the real part of the wave function to the imaginary part, in 
effect shifting the phase by 90 degrees as the 2nd derivative would do. 


— h 2 d 2 ip(x , t) 
2 m dx 2 


+ Vt) = ih 


dip(x, t ) 
dt~ 


The Schrodinger equation is built for complex wave functions. 


When Dirac tried to make a relativistic version of the equation, where the energy relation is a bit 
more complicated, he discovered new physics. 


Gasiorowicz Chapter 3 


Griffiths Chapter 1 


Cohen-Tannoudji et al. Chapter 


7.4 The Time Independent Schrodinger Equation 

Second order differential equations, like the Schrodinger Equation, can be solved by separation of 
variables. These separated solutions can then be used to solve the problem in general. 
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Assume that we can factorize the solution between time and space. 

t) = u(x)T(t) 

Plug this into the Schrodinger Equation. 

—Ti 2 d 2 u(x) . . . A . . . dT(t) 

Put everything that depends on x on the left and everything that depends on t on the right. 

(^^ + nxHx)) in om 


u(x) 


T(t) 


= const. = E 


Since we have a function of only x set equal to a function of only t, they both must equal a 
constant. In the equation above, we call the constant E, (with some knowledge of the outcome). 
We now have an equation in t set equal to a constant 

..ar(4) 

,%— = ET (t) 

which has a simple general solution, 

T(t) = Ce~ iEt/n 

and an equation in x set equal to a constant 

— h 2 d 2 u(x) 

which depends on the problem to be solved (through V(x)). 


The x equation is often called the Time Independent Schrodinger Equation. 


— h 2 d 2 u(x) 
2 m _ £Ll2 _ 


V(x)u(x) = E u(x) 


Here, E is a constant. The full time dependent solution is. 


i!)[x,t) =u(x)e~ iEt/R 


* See Example 7.6.1: Solve the Schrodinger equation for a constant potential Vq.* 


7.5 Derivations and Computations 

7.5.1 Linear Operators 


Linear operators L satisfy the equation 
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L{aip + bp) = aLip + bLp 


where a and b are arbitrary constants and ip and <f> are arbitrary wave-functions. A multiplicative 
constant is a simple linear operator. Differential operators clearly are linear also. 

An example of a non-linear operator (which we will not use) is N which has the property 

Nip = ip 2 . 


7.5.2 Probability Conservation Equation 


Start from the probability and differentiate with respect to time. 


dP(x,t ) d 

— dt — = dt ^ = 


dr . ,*dtp' 
a-* 1 - 1 * ai 


Use the Schrodinger Equation 

and its complex conjugate 


-h 2 d 2 ip dip 

+ vit) * = ,h m 


-h 2 d 2 r,„,,,* .jr 
2 ^~w +v{x » = ~ ,n ~aT- 


(We assume V(x) is real. Imaginary potentials do cause probability not to be conserved.) 

Now we need to plug those equations in. 

dP(x,t) 1 [ h 2 d 2 r , ' i ~ %2 >* d ^ i } r ( \ '* ' 

-ip — v ( x)ip ip + -Q ^2 + V \ X )W W 


dt 


ih 


1 Ti 
iti 2m 


2m dx 2 


d 2 ip 


, ,*d 2 ip 

a? 


h d 
2 mi dx 


dr, 

-—ip-ip — 
dx dx 


This is the usual conservation equation if j(x,t) is identified as the probability current. 

dP(x, t) dj(x,t) 


dt 

/ \ h 

Ami 


dx 


= 0 


' dip dr: 

i> -z - ^—fp 

dx dx 


7.6 Examples 

7.6.1 Solution to the Schrodinger Equation in a Constant Potential 

Assume we want to solve the Schrodinger Equation in a region in which the potential is constant 
and equal to Vq. We will find two solutions for each energy E. 
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We have the equation. 


— h 2 d 2 ip(x) 
2 m dx 2 


+ Vo tp(x) = Eip(x ) 


d 2 i/j(x) 

dx 2 


Orr) 


Remember that a; is an independent variable in the above equation while p and E are constants to 
be determined in the solution. 


For E > V o, there are solutions 


^ikx 


and 


e 


—ikx 


if we define k by the equation hk = +^/2m(E — Vo). These are waves traveling in opposite directions 
with the same energy (and magnitude of momentum). 


We could also use the linear combinations of the above two solutions 

sin(fca;) 


and 


cos (kx). 


There are only two linearly independent solutions. We need to choose either the exponentials or the 
trig functions, not both. The sin and cos solutions represent states of definite energy but contain 
particles moving to the left and to the right. They are not definite momentum states. They will be 
useful to us for some solutions. 

The solutions are also technically correct for E < Vq but k becomes imaginary. Lets write the 
solutions in terms of fin = ihk = y / 2m(Vo — E) The solutions are 


and 

e~ KX . 

These are not waves at all, but real exponentials. Note that these are solutions for regions where 
the particle is not allowed classically, due to energy conservation; the total energy is less than the 
potential energy. We will use these solutions in Quantum Mechanics. 


7.7 Sample Test Problems 
1 . 


2 . 
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8 Eigenfunctions, Eigenvalues and Vector Spaces 

8.1 Eigenvalue Equations 

The time independent Schrodinger Equation is an example of an Eigenvalue equation. 

H u(x) = E u(x) 

The Hamiltonian operates on u[x) the eigenfunction, giving a constant E the eigenvalue, times 
the same function. (Eigen just means the same in German.) 

Usually, for bound states, there are many eigenfunction solutions (denoted here by the index i). 

H ipi= Eiipi 


For states representing one particle (particularly bound states) we must require that the solutions 
be normalizable. Solutions that are not normalizable must be discarded. A normalizable wave 
function must go to zero at infinity. 

ip( oo) —> 0 

In fact, all the derivatives of ip must go to zero at infinity in order for the wave function to stay at 
zero. 

We will prove later that the eigenfunctions are orthogonal (See section 8.7.1) to each other. 


{tpilipj) = Sjj 


ip*(x)ip(x)dx = 1 


We will assume that the eigenfunctions form a complete set so that any function can be written 
as a linear combination of them. 


ip = a\%pi + a2ip2 + a 3 ip 3 + ... 


OO 

ip = otitpi 
i= 1 _ 


(This can be proven for many of the eigenfunctions we will use.) 
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Since the eigenfunctions are orthogonal, we can easily compute the coefficients in the expansion 
of an arbitrary wave function if). 

Ui = (V’ilV’} = (4>i\ Y a i^j) = Y^\^o) a 3 = Y 5i o a i = ai 

3 3 3 


We will later think of the eigenfunctions as unit vectors in a vector space (See section 8.4). The 
arbitrary wave function tjj is then a vector in that space. 




/a i 
02 


03 

V... 


It is instructive to compute the expectation value of the Hamiltonian using the expansion of 
i/j and the orthonormality of the eigenfunctions. 


(mw 


ij ij 

Y “J ' a 3 E 3 ( V’i I fa ) = Y a i E i Si i 

ij ij 


j2^>iEi = Y\ a ^ Ei 


We can see that the coefficients of the eigenstates represent probability amplitudes to be 
in those states, since the absolute squares of the coefficients 0 * 0 ^ obviously give the probability. 


8.2 Hermitian Conjugate of an Operator 

First let us define the Hermitian Conjugate of an operator H to be H'. The meaning of this 
conjugate is given in the following equation. 

OO 

(^|FT|' 0 ) = J ijj*(x)Hi!)(x)dx = = (H^ 3 jj\ij 3 ) 

— OO 

That is, H t must operate on the conjugate of if) and give the same result for the integral as when 
H operates on i/j. 

The definition of the Hermitian Conjugate of an operator can be simply written in Bra-Ket 
notation. 


(AVlV 1 ) = (</»| A4>) 


Starting from this definition, we can prove some simple things. Taking the complex conjugate 

W^(t>) = (Ai/)\4 >) 
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Now taking the Hermitian conjugate of A 1 . 

((^ t ) t M<t>) = {M\4>) 

(A t ) t = A 

If we take the Hermitian conjugate twice, we get back to the same operator. 
Its easy to show that 

(AA) f = X* A 

and 

(A + B) f =A+B* 

just from the properties of the dot product. 

We can also show that 

(AB) f = H t A t . 

(< <j)\AB4)) = (A^(j)\Bi/j) = ( J B t A i >|V’) 

* See Example 8.8.1: Find the Hermitian conjugate of the operator a + ib.* 

* See Example 8.8.2: Find the Hermitian conjugate of the operator 


8.3 Hermitian Operators 


A physical variable must have real expectation values (and eigenvalues). This implies that 
the operators representing physical variables have some special properties. 


By computing the complex conjugate of the expectation value of a physical variable, we can easily 

show that physical operators are their own Hermitian conjugate. 


(mw 


oo 


* 



— oo 


t()*(x)Hif)(x)dx 


OO 

J ip(x)(Hi/j(x))*dx = (Hip\ijj) 

— OO 


= W’\Hi') = 

= H 


Operators that are their own Hermitian Conjugate are called Hermitian Operators. 


= H 
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8.4 Eigenfunctions and Vector Space 

Wavefunctions are analogous to vectors in 3D space. The unit vectors of our vector space are 
eigenstates. 

In normal 3D space, we represent a vector by its components. 

3 

r = xx + yy + zz = rt/Ui 

2=1 

The unit vectors iii are orthonormal, 

• Uj — Sij 

where Sij is the usual Kroneker delta, equal to 1 if i = j and otherwise equal to zero. 

Eigenfunctions — the unit vectors of our space - are orthonormal. 

(V’ilVh) = 6 ij 

We represent our wavefunctions — the vectors in our space - as linear combinations of the 
eigenstates (unit vectors). 

OO 

i> = ^2 

i— 1 
co 

3 =1 

In normal 3D space, we can compute the dot product between two vectors using the components. 

fi • r 2 = X\Xv + J/l l /2 + 2122 


In our vector space, we define the dot product to be 

CO CO CO CO 

(v#) = ( a ^i H a iPo(' t Pi\' i Pj) 

i= 1 j= 1 i— 1 j —1 

CO OO OO 

= xm a *i =J2 a *iP i 

i= 1 j =1 2—1 

We also can compute the dot product from the components of the vectors. Our vector space is a 
little bit different because of the complex conjugate involved in the definition of our dot product. 

From a more mathematical point of view, the square integrable functions form a (vector) Hilbert 
Space. The scalar product is defined as above. 

OO 

(<^|i/>) = J d 3 r<p*ip 

— OO 

The properties of the scalar product are easy to derive from the integral. 


(<(#) = (V#> 


136 


{4>\\i4>i + \ 2 ip 2 ) = Xi{<j>\4>i) + A 2 (^|V , 2) 


{Xi4>i + A 2 02|V’) = A*{(/)i| ijj) + 


(4’\ip) is real and greater than 0. It equals zero iff -0 = 0. We may also derive the Schwartz inequality. 


{ip\\i>2) < \/ {4>i\4’i)(4’2\4’2) 


Linear operators take vectors in the space into other vectors. 

4)' = Axj) 

8.5 The Particle in a ID Box 

As a simple example, we will solve the ID Particle in a Box problem. That is a particle confined 
to a region 0 < x < a. We can do this with the (unphysical) potential which is zero with in those 
limits and +00 outside the limits. 



0 0 < x < a 

00 elsewhere 


Because of the infinite potential, this problem has very unusual boundary conditions. (Normally 
we will require continuity of the wave function and its first derivative.) The wave function must be 
zero at x = 0 and x = a since it must be continuous and it is zero in the region of infinite potential. 
The first derivative does not need to be continuous at the boundary (unlike other problems), because 
of the infinite discontinuity in the potential. 

The time independent Schrodinger equation (also called the energy eigenvalue equation) is 


Huj = EjUj 


with the Hamiltonian (inside the box) 



2 to dx 2 


Our solutions will have 


Uj = 0 


outside the box. 


The solution inside the box could be written as 


,ikx 


where k can be positive or negative. We do need to choose linear combinations that satisfy 
the boundary condition that Uj(x = 0) = Uj(x = a) = 0. 


We can do this easily by choosing 


Uj = C sin(fccc) 
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which automatically satisfies the BC at 0. To satisfy the BC at x = a we need the argument of sine 
to be nn there. 

. ( nirx 

u n = C sin - 

V a 

Plugging this back into the Schrodinger equation, we get 

-Ti 2 n 2 Tr 2 

——(- 7 T- )C sm(kx) = EC sin(for). 

2m a z 

There will only be a solution which satisfies the BC for a quantized set of energies. 

n 2 ir 2 ft 2 
n 2 ma 2 


We have solutions to the Schrodinger equation that satisfy the boundary conditions. Now we need 
to set the constant C to normalize them to 1. 

a 

(un\u n ) = \c\ 2 J sin 2 dx = \C\ 2 ^ 

0 

Remember that the average value of sin 2 is one half (over half periods). So we set C giving us the 
eigenfunctions 

/ 2 . fmrx\ 
a Sm \~a~) 

The first four eigenfunctions are graphed below. The ground state has the least curvature and the 
fewest zeros of the wavefunction. 
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Note that these states would have a definite parity if x = 0 were at the center of the box. 


The expansion of an arbitrary wave function in these eigenfunctions is essentially our original 
Fourier Series. This is a good example of the energy eigenfunctions being orthogonal and covering 
the space. 


8.5.1 The Same Problem with Parity Symmetry 

If we simply redefine the position of the box so that — | < x < §, then our problem has 

symmetry under the Parity operation. 


x —x 


The Hamiltonian remains unchanged if we make the above transformation. The Hamiltonian com¬ 
mutes with the Parity operator. 


[H,P] = 0 


This means that (Put) is an eigenfunction of H with the same energy eigenvalue. 


H(Pui) = P(Hv,i) = PEim = Ei(Pui) 
Thus, it must be a constant times the same energy eigenfunction. 


PUi = CUi 


The equations says the energy eigenfunctions are also eigenfunctions of the parity operator. 

If we operate twice with parity, we get back to the original function, 


P Ui — Ui 


so the parity eigenvalues must be ±1. 


Plli = ±1 Ui 


The boundary conditions are 


V>(±f) = o. 


This gives two types of solutions. 
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Together, these are exactly equivalent to the set of solutions we had with the box defined 

to be from 0 to a. The u^(x) have eigenvalue +1 under the parity operator. The u~(x) have 
eigenvalue -1 under the parity operator. 

This is an example of a symmetry of the problem, causing an operator to commute with the 
Hamiltonian. We can then have simultaneous eigenfunctions of that operator and H. In this case 
all the energy eigenfunctions are also eigenstates of parity. Parity is conserved. 

An arbitrary wave function can be written as a sum of the energy eigenfunctions recovering the 

Fourier series in its standard form. 


V’(a) = ^2l A tu+{x) + A n u n (x)\ 

n= 1 


8.6 Momentum Eigenfunctions 

We can also look at the eigenfunctions of the momentum operator. 

PopU p (x) = pu p (x) 

7 Jr Up ^ =pu p( x } 


The eigenstates are 

u p {x) = Ce ipx/R 

with p allowed to be positive or negative. 

These solutions do not go to zero at infinity so they are not normalizable to one particle. 

(p\p) = ( u p \u p ) = oo 

This is a common problem for this type of state. 

We will use a different type of normalization for the momentum eigenstates (and the 
position eigenstates). 


<p» = |Cf J e i(p ~ p ' )x/h dx = 2 'kTi\C\ 2 8[jp — p') 

— OO 

Instead of the Kronecker delta, we use the Dirac delta function. The momentum eigenstates have 
a continuous range of eigenvalues so that they cannot be indexed like the energy eigenstates of a 
bound system. This means the Kronecker delta could not work anyway. 

These are the momentum eigenstates 


u p (x) 



e ipx/h 
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satisfying the normalization condition 


(p'\p) = d(p~p') 


For a free particle Hamiltonian, both momentum and parity commute with H. So we can make 
simultaneous eigenfunctions. 


[H,p] = 0 
[H, P) = 0 


We cannot make eigenfunctions of all three operators since 

[P,P\* o. 

So we have the choice of the e lkx states which are eigenfunctions of H and of p, but contain positive 
and negative parity components, or we have the shi(kx) and cos(kx) states which contain two 
momenta but are eigenstates of H and Parity. These are just different linear combinations of the 
same solutions. 


8.7 Derivations and Computations 

8.7.1 Eigenfunctions of Hermitian Operators are Orthogonal 


We wish to prove that eigenfunctions of Hermitian operators are orthogonal. In fact we will first do 
this except in the case of equal eigenvalues. 

Assume we have a Hermitian operator A and two of its eigenfunctions such that 

Aip i = aiip>i 
Alj) 2 = CL2lp2- 


Now we compute (^ 2 |A|^i) two ways. 

(ip2\Aipi) 


(Aip> 2 \ipi) = a 2 (ip2\'tpi) 


Remember the eigenvalues are real so there’s no conjugation needed. 

Now we subtract the two equations. The left hand sides are the same so they give zero. 


0 = (a 2 — a>i){ip2\ipi) 


If a\ 7 ^ a 2 then 


(tMV’i) = 0. 
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The eigenfunctions are orthogonal. 


What if two of the eigenfunctions have the same eigenvalue? Then, our proof doesn’t work. 
Assume (ip 2 \ipi) is real, since we can always adjust a phase to make it so. Since any linear combination 
of ip\ and ip 2 lias the same eigenvalue, we can use any linear combination. Our aim will be to choose 
two linear combinations which are orthogonal. Lets try 


V>+ 

V’- 


- J = (^1 + ^2) 
^ (Vh - ^2) 


so 


(V’+IV’-) 


\ (1 - 1 + ((V’ilV’2) - (tMV’i))) 
\ ((V'ilV'2) - (iMV’i)) = °- 


This is zero under the assumption that the dot product is real. 

We have thus found an orthogonal set of eigenfunctions even in the case that some of the 
eigenvalues are equal (degenerate). From now on we will just assume that we are working with 
an orthogonal set of eigenfunctions. 


8.7.2 Continuity of Wavefunctions and Derivatives 


We can use the Schrodinger Equation to show that the first derivative of the wave function 
should be continuous, unless the potential is infinite at the boundary. 

—h 2 d 2 ip 


2m dx 2 


= (E — V{x))ip 


d 2 tp 2 to 

nt = l? (V{x) - E) * 

Integrate both sides from just below a boundary (assumed to be at x = 0) to just above. 


J f^dx = jij (V(x) - E)-pdx -1 0 


Let e go to zero and the right hand side must go to zero for finite potentials. 


dip 

dx 


+e 


dip 

dx 


-> 0 


Infinite potentials are unphysical but often handy. The delta function potential is very handy, so we 
will derive a special continuity equation for it. Assume V(x) = V$5{x). Integrating the Schrodinger 
Equation, we get 


J = /(W) - E)ipdx 
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As before, finite terms in the right hand integral go to zero as e —> 0, but now the delta function 
gives a fixed contribution to the integral. 


dip 

dx 


+e 


dip 

dx 


2 to , . 

= -jfVom 


There is a discontinuity in the derivative of the wave function proportional to the wave 
function at that point (and to the strength of the delta function potential). 


8.8 Examples 

8.8.1 Hermitian Conjugate of a Constant Operator 


If we have the operator O = a + ib where a and b are real, what is its Hermitian conjugate? By the 
definition of the Hermitian conjugate 


{<t>\Oip) = (0 ] (p\ip). 


It is easy to see from the integral that 

((a - ib)cp\ip) = (<p \(a + ib)ip) = (a + ib){<p\ip ) 

So the Hermitian conjugate of a constant operator is its complex conjugate. 


8.8.2 Hermitian Conjugate of 


We wish to compute the Hermitian conjugate of the operator We will use the integral to derive 
the result. 


d 


iP) = 


J 4>*{x) 


dip(x) 


dx 


dx I J dx 

— OO 

We can integrate this by parts, differentiating the <p and integrating to get ip. 


CO 

^ = [0*(®M*)]-oo - J 


d<p*{x) u / ~ d 

~ar' Kx)dx = 


ip 


So the Hermitian conjugate of is — Jj. 

Note that the Hermitian conjugate of the momentum operator is which is the same as the 

original operator. So the momentum operator is Hermitian. 


8.9 Sample Test Problems 

1. A particle is confined to a box of length L in one dimension. It is initially in the ground state. 
Suddenly, one wall of the box is moved outward making a new box of length 3 L. What is the 
probability that the particle is in the ground state of the new box? You may find it useful to 
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know that f sin(Aa;) sin (Bx)dx = ^{a-b)^ ~ ^(a+b)^ 

Answer 


P 


(u t 


H)|„,(3 L) 


0 


U, 


0 


p 


IK) 

L 


(i), ,(3i)\,2 


-‘0 

2 . 7TO 

L sm T 


2 . 7T2: 

3L Sln 3l 


Z .nx.nx 
, _ / sm —- sin —-rax 

V3L.I L 3L 


sm 


2lTX 

3L 


sm 


47rrr 

3L 


o 27r 
Z 3L 


V3L 

V3 (V3 1 -V3 


9 47r 

Z 3L Jo 


0 

2 3 L 

v / 3I4tt 


. 27T 1 . 47t\ 

sin-sm — 

3 2 3 / 


27T 


2 2 


9 

87T 


81 

647T 2 


2. A particle of mass m is in a 1 dimensional box of length L. The particle is in the ground state. 
The size of the box is suddenly (symmetrically) expanded to length 3L. Find the probability 
for the particle to be in the ground state of the new potential. (Your answer may include an 
integral which you need not evaluate.) Find the probability to be in the first excited state of 
the new potential. 

3. Two degenerate eigenfunctions of the Hamiltonian are properly normalized and have the fol¬ 
lowing properties. 


Hx/j-i 

= -EoVd 

Hip 2 

= Eo4>2 

Pipi 

= -Ip 2 

P^2 

= ~1p 1 


What are the properly normalized states that are eigenfunctions of H and P? What are their 
energies? 

4. Find the first (lowest) three Energy eigenstates for a particle localized in a box such that 
0 < x < a. That is, the potential is zero inside the box and infinite outside. State the 
boundary conditions and show that your solutions satisfy them. Normalize the solutions to 
represent one particle in the box. 

5. A particle is in the first excited state of a box of length L. What is that state? Now one 
wall of the box is suddenly moved outward so that the new box has length D. What is the 
probability for the particle to be in the ground state of the new box? What is the probability 
for the particle to be in the first excited state of the new box? 

6 . * Assume that <j>{p) = S(p — po). What is ijj(x)7 What is < p 2 >? What is < x 2 >? 

7. For a free particle, the Hamiltonian operator H is given by H = p 2 p /2m. Find the functions, 

x), which are eigenfunction of both the Hamiltonian and of p. Write the eigenfunction 
that has energy eigenvalue Eq and momentum eigenvalue po■ Now write the corresponding 
eigenfunctions in momentum space. 
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8 . * A particle of mass m is in a 1 dimensional box of length L. The particle is in the ground 
state. A measurement is made of the particle’s momentum. Find the probability that the 
value measured is between po and po + dp. 

9. A particle of mass m is in a constant potential V(x) = —Vo for all x. What two operators 
commute with the Hamiltonian and can therefore be made constants of the motion? Since these 
two operators do not commute with each other, there must be two ways to write the energy 
eigenfunctions, one corresponding to each commuting operator. Write down these two forms 
of the eigenfunctions of the Hamiltonian that are also eigenfunctions of these two operators. 

10. A particle is confined to a ’’box” in one dimension. That is the potential is zero for x between 
0 and L , and the potential is infinite for x less than zero or x greater than L. 

a) Give an expression for the eigenfunctions of the Hamiltonian operator. These are the 
time independent solutions of this problem. (Hint: Real functions will be simplest to use 
here.) 

b) Assume that a particle is in the ground state of this box. Now one wall of the box is 
suddenly moved from x = L to x = W where W > L. What is the probability that the 
particle is found in the ground state of the new potential? (You may leave your answer 
in the form containing a clearly specified integral.) 

11. A particle of mass m is in a 1 dimensional box of length L. The particle is in the ground state. 
The size of the box is suddenly expanded to length 3 L. Find the probability for the particle to 
be in the ground state of the new potential. (Your answer may include an integral which you 
need not evaluate.) Find the probability to be in the first excited state of the new potential. 


12. 
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9 One Dimensional Potentials 

9.1 Piecewise Constant Potentials in ID 


Several standard problems can be understood conceptually using two or three regions with constant 
potentials. We will find solutions in each region of the potential. These potentials have simple 
solutions to the Schrodinger equation. We must then match the solutions at the boundaries 
between the regions. Because of the multiple regions, these problems will require more work with 
boundary conditions than is usual. 


9.1.1 The General Solution for a Constant Potential 


We have found the general solution of the Schrodinger Equation in a region in which the potential 
is constant (See section 7.6.1). Assume the potential is equal to Vo and the total energy is equal to 
E. Assume further that we are solving the time independent equation. 

— h 2 d 2 u(x) rr 
d 2 u(x) 2 m(E — Vo) . 

~TET =- W -“ (I) 

For E > Vo, the general solution is 

u(x) = Ae +ikx + Be~ lkx 

with k = \J 2rn (fr^— positive and real. We could also use the linear combination of the above two 
solutions. 

u{x) = Asin{kx) + Bcos(kx) 

We should use one set of solutions or the other in a region, not both. There are only two linearly 
independent solutions. 

The solutions are also technically correct for E < Vo but k becomes imaginary. For simplicity, 
lets write the solutions in terms of k = ; which again is real and positive. The general 

solution is 

u(x) = Ae +KX + Be~ KX . 

These are not waves at all, but real exponentials. Note that these are solutions for regions where 
the particle is not allowed classically, due to energy conservation; the total energy is less than the 
potential energy. Nevertheless, we will need these solutions in Quantum Mechanics. 


9.1.2 The Potential Step 


We wish to study the physics of a potential step for the case E > Vq. 

V(x) = | 


0 x < 0 
+Vo x > 0 
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For this problem, both regions have E > V, so we will use the complex exponential solutions in both 
regions. This is essentially a ID scattering problem. Assume there is a beam of particles with 
definite momentum coming in from the left and assume there is no flux of particles coming from 
the right. 

For x < 0, the solution is 


u{ x) = e ikx + Re~ ikx 
k = 


2 mE 


Note we have assumed the coefficient of the incident beam is 1. (Multiplying by some number does 
not change the physics.) For x > 0 the solution is 


u'( x) =Te 


ikx 


k' = 


l2m(E-V 0 ) 


(Note that a beam coming from the right, would have given a e lk x term for x > 0.) 


ikx , t~, -ikx 

e + Re 


A 


Energy 


Te 


ik’x 


V 0 


incident wave 


reflected 


transmitted 

-O 


V(x) 


There are two unknown coefficients R and T which will be determined by matching boundary 
conditions. We will not require normalization to one particle, since we have a beam with definite 
momentum, which cannot be so normalized. (A more physical problem to solve would use an 
incoming wave packet with a spread in momentum.) 

Continuity of the wave function at x = 0 implies 

1 + R = T. 


The exponentials are all equal to 1 there so the equation is simple. 
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Continuity of the derivative of the wavefunction at x = 0 gives 

[ike lkx - ikRe ~ ikx ] x =o = [ik'Te ik ' x ] x = 0 
Evaluate and plug in T from the equation above. We can solve the problem. 

fc(l-.R) =k'(l + R) 

(k + k')R = (,k - k') 


The coefficients are 


T = 


R = 


1 + R = 


k-k' 
k + k' 
2k 

k + k r 


We now have the full solution, given our assumption of particles incident from the left. 


u( x) 


pikx k—k n —ikx 
e “ r k+k' e 
2 k ik x 
k+W e 


x < 0 
x > 0 


Classically, all of the particles would be transmitted, continuing on to infinity. 


In Quantum Mechanics, some probability is reflected. 


-^reflection |-^| 


k-k' 
k + k' 


(Note that we can simply use the coefficient of e lkx because the incoming term has a coefficient of 
1 and because the reflected particles are moving with the same velocity as the incoming beam.) 


If we wish to compute the transmission probability, the easy way to do it is to say that its 




transmission 


— 1 P reflection 


4 kk' 

(k + k ') 2 ' 


We’ll get the same answers for the reflection and transmission coefficients using the probability flux 
(See section 9.7.1) to solve the problem. 

The transmission probability goes to 1 one k = k! (since there is no step). The transmission 
probability goes to 0 for k! = 0 (since the kinetic energy is zero). 


9.1.3 The Potential Well with E > 0 * 


With positive energy, this is again a scattering type problem, now with three regions of the potential, 
all with E > V. 


x < —a 


V{x) = 


0 

■Vo 

0 


—a < x < a 
x > a 
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Numbering the three regions from left to right, 

ui(x) = e ikx + Re~ ikx 
u 2 {x) = Ae ik ' x +Be~ ik ' x 
u 3 (x) = Te ikx 


Again we have assumed a beam of definite momentum incident from the left and no wave 
incident from the right. 


* ik’x , T-, -ik'x 

Ae + Be 


ikx , T-, -ikx 

e + Re 


reflected 


I 


Energy 


rp I 

Te 


ikx 


transmitted 

- 1 > 


incident wav- 





- 1 > 

<]- 

V(x) 


-V , 


There are four unknown coefficients. We now match the wave function and its first derivative 
at the two boundaries yielding 4 equations. 

Some hard work yields reflection and transmission amplitudes (See section 9.7.2) 

j ( k ,2 — k 2 ) sin(2fc'a) 

2 kk' cos(2 k'a) — i(k' 2 + k 2 ) sin(2fc / a) 

2 kk! 

2kk’ cos(2k'a) — i(k' 2 + k 2 ) sin(2fc'a) 


R = 
T = 


The squares of these give the reflection and transmission probability, since the potential is 
the same in the two regions. 

Again, classically, everything would be transmitted because the energy is larger than the 
potential. Quantum mechanically, there is a probability to be transmitted and a probability to be 
reflected. The reflection probability will go to zero for certain energies: R —> 0 if 


2k'a = mr 
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k' 


E 


2 m{E - V 0 ) 


2 


-Vo + 


n 2 Tr 2 h 2 
8 ma 2 


There are analogs of this in 3D. The scattering cross section often goes to zero for certain particular 
energies. For example, electrons scattering off atoms may have nearly zero cross section at some 
particular energy. Again this is a wave property. 


9.1.4 Bound States in a Potential Well * 


We will work with the same potential well as in the previous section but assume that — Vo < E < 0, 
making this a bound state problem. Note that this potential has a Parity symmetry. In the left 
and right regions the general solution is 


u{x) = Ae KX + Be~ KX 


with 


n = 




—2 mE 

n 2 


The e KX term will not be acceptable at —oo and the e KX term will not be acceptable at +oo since 
they diverge and we could never normalize to one bound particle. 


Ul {x) = C\e KX 
u 3 (x ) = C 3 e~ KX 


In the center we’ll use the sine and cosine solutions anticipating parity eigenstates. 


U 2 {x) = Acos{kx) +Bsin(fcx) 
k = 


hm(E + V 0 ) 


Again we will have 4 equations in 4 unknown coefficients. 
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J 

l Energy 

Qe KX 

Ad 1 " + 

t-> -ikx 

Be 

C' ~ -KX 

C 3 e X 

-Vo 


V(x) 

E 





0 


The calculation (See section 9.7.3) shows that either A or B must be zero for a solution. This 
means that the solutions separate into even parity and odd parity states. We could have 
guessed this from the potential. 

The even states have the (quantization) constraint on the energy that 


k = tan(fca)fc 


—2mE 


= tan 


2m(E + Vo) 2 m(E + V 0 ) 


-E 
E + V 0 


= tan 



2 m(E + Vo) 


and the odd states have the constraint 




-E 
E + V 0 


= — cot 


k = — cot (ka)k 
( l2m(E + V 0 ) \ 


These are transcendental equations, so we will solve them graphically. The plot below compares 
the square root on the left hand side of the transcendental equations to the tangent on the right 
for the event states and to “-cotangent” on the right for odd states. Where the curves intersect 
(not including the asymptote), is an allowed energy. There is always one even solution for the ID 
potential well. In the graph shown, there are 2 even and one odd solution. The wider and deeper 
the well, the more solutions. 
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Potential Well Bound States 



E (hbar**2/2ma**2) 


Try this ID Potential Applet. It allows you to vary the potential and see the eigenstates. 


9.1.5 The Potential Barrier 


With an analysis of the Potential Barrier problem, we can understand the phenomenon of quantum 
tunneling. 


V{x) 


0 x < —a 
+Vo —a < x < a 
0 x > a 


Numbering the three regions from left to right, 

ui(x) = e ikx + Re~ ikx 
u 2 (x) = Ae KX + Be~ KX 
u 3 (x) = Te ikx 


Again we assume a beam of definite momentum incident from the left and no wave incident from 
the right. For the solutions outside the barrier, 


k = 


2 mE 
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Inside the barrier, 


k = 


l2m(V 0 ~ E ) 



i 

{Energy 


e ikx + Re 1 ' 

V 0 

reflected 

Ae“ 

V(x) 

+Be Kx 

np ikx 

Te 




transmitted 


incident wava 

1 - 



-O 



This is actually the same as the (unbound) potential well problem with the substitution 

k' —> in 

in the center region. 

The amplitude to be transmitted is 

2 kn 


T = e 


—2 ika 


2fc«;cosh(2Ka) — i(k 2 — k 2 ) sinh(2Ata) 
We can compute the probability to be transmitted. 


m 2 = 


(2 Uk ) 2 


( k 2 + k 2 ) 2 sinh 2 (2«;a) + (2 kn) 2 \ k 2 + k 


4/ck 


— A KCL 


An approximate probability is sometimes useful. 


-*f y/*gtmx)-E] 

\T \ 2 « e _2fc(2a) = e dx 


Classically the transmission probability would be zero. In Quantum Mechanics, the particle 
is allowed to violate energy conservation for a short time and so has a chance to tunnel 
through the barrier. 

Tunneling can be applied to cold emission of electrons from a metal, alpha decay of nuclei, semicon¬ 
ductors, and many other problems. 
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9.2 The ID Harmonic Oscillator 


The harmonic oscillator is an extremely important physics problem. Many potentials look 
like a harmonic oscillator near their minimum. This is the first non-constant potential for which we 
will solve the Schrodinger Equation. 


The harmonic oscillator Hamiltonian is given by 

H = |1 + W 

2 m 2 

which makes the Schrodinger Equation for energy eigenstates 

— h 2 d 2 u 1,2 El 
l^J^ + 2 kxU = Eu - 


Note that this potential also has a Parity symmetry. The potential is unphysical because it does 
not go to zero at infinity, however, it is often a very good approximation, and this potential can be 
solved exactly. 


It is standard to remove the spring constant k from the Hamiltonian, replacing it with the classical 
oscillator frequency. 



The Harmonic Oscillator Hamiltonian becomes. 


H = 


2m, 


-mui 2 x 2 


The differential equation to be solved is 


— h 2 d 2 u 
2m dx 2 


+ —mui 2 x 2 u = Eu. 


To solve the Harmonic Oscillator equation (See section 9.7.4), we will first change to dimensionless 
variables, then find the form of the solution for x —¥ ±oo, then multiply that solution by a polynomial, 
derive a recursion relation between the coefficients of the polynomial, show that the polynomial series 
must terminate if the solutions are to be normalizable, derive the energy eigenvalues, then finally 
derive the functions that are solutions. 

The energy eigenvalues are 



for n = 0,1, 2, .... There are a countably infinite number of solutions with equal energy spacing. 
We have been forced to have quantized energies by the requirement that the wave functions be 
normalizable. 


The ground state wave function is. 
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This is a Gaussian (minimum uncertainty) distribution. Since the HO potential has a parity sym¬ 
metry, the solutions either have even or odd parity. The ground state is even parity. 

The first excited state is an odd parity state, with a first order polynomial multiplying the same 
Gaussian. 



The second excited state is even parity, with a second order polynomial multiplying the same 
Gaussian. 


U2(x) = C ( 1 — 2 


, mu> x 


0 ~mujx 2 j2h 


Note that n is equal to the number of zeros of the wavefunction. This is a common trend. With 
more zeros, a wavefunction has more curvature and hence more kinetic energy. 

The general solution can be written as 


u n (x) = ^2 a k y k e y2/2 
_ fc=o _ 


with the coefficients determined by the recursion relation 


2 (k — n) 

Gk+2= (k+l)(k + 2) ak 


and the dimensionless variable y given by. 



The series terminates with the last nonzero term having k = n. 
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9.3 The Delta Function Potential * 


Take a simple, attractive delta function potential and look for the bound states. 


V (x) = — aVoS(x) 


These will have energy less than zero so the solutions are 




Ae KX x < 0 
Ae~ KX x>0 


where 



There are only two regions, above and below the delta function. We don’t need to worry about the 
one point at x = 0 - the two solutions will match there. We have already made the wave function 
continuous at x = 0 by using the same coefficient, A. for the solution in both regions. 



We now need to meet the boundary condition on the first derivative at x = 0. Recall that the delta 
function causes a known discontinuity in the first derivative (See section 8.7.2). 


di/j 

dx 


+e 


dip 

dx 


2 maVo 


r 


V’(O) 


— K — K = — - 


2 maVo 
h 2 
maVo 
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Putting in the formula for n in terms of the energy. 

—2mE m 2 a 2 VQ 
h 2 ~ ¥ 

E = rna 2 V£ 

2h 2 


There is only one energy for which we can satisfy the boundary conditions. There is only one 
bound state in an attractive delta function potential. 


9.4 The Delta Function Model of a Molecule * 


The use of two delta functions allows us to see, to some extent, how atoms bind into molecules. 
Our potential is 

V ( x ) = — aVo(5(x + d) + S(x — d)) 

with attractive delta functions at x = Ed. This is a parity symmetric potential, so we can assume 
that our solutions will be parity eigenstates. 


For even parity, our solution in the three regions is 


tp{x) 


e KX 

A (e KX + e~ KX ) 
e~ KX 


x < —d 
—d < x < d 
x > d 


K 






Since the solution is designed to be symmetric about x = 0, the boundary conditions at —d are the 
same as at d. The boundary conditions determine the constant A and constrain k. 


A little calculation gives (See section 9.7.5) 


= i + tanh («d) 
kTi 

This is a transcendental equation, but we can limit the energy. 


2maVo 

kTl 2 


maV o 
k > — 
h 


Since k = m ^° for the single delta function, this k = y 2 ^ h is larger than the one for the single 
delta function. This means that E is more negative and there is more binding energy. 

Emolecule A E a t om 

Basically, the electron doesn’t have to be a localized with two atoms as it does with just one. This 
allows the kinetic energy to be lower. 

The figure below shows the two solutions plotted on the same graph as the potential. 
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Two Hydrogen atoms bind together to form a molecule with a separation of 0.74 Angstroms, just 
larger than the Bohr radius of 0.53 Angstroms. The binding energy (for the two electrons) is about 4.5 
eV. If we approximate the Coulomb potential by with a delta function, setting aVo = (0.53)(2)(13.6) 
eV Angstroms, our very naive calculation would give 1.48 eV for one electron, which is at least the 
right order of magnitude. 


The odd parity solution has an energy that satisfies the equation 


2 maVo 
kTi 2 


1 + coth(red). 
2 maVo 


kTi 


k < 


> 2 
maVo 


This energy is larger 


than for one delta function. This state would be called anti-bonding. 


9.5 The Delta Function Model of a Crystal * 

The Kronig-Penny model of a solid crystal contains an infinite array of repulsive delta func¬ 
tions. 

OO 

V(x) = aVo S(x — na) 


71 =— OO 
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Our states will have positive energy. 

This potential has a new symmetry, that a translation by the lattice spacing a leaves the 
problem unchanged. The probability distributions must therefore have this symmetry 

\ip{x + a) | 2 = \ip{x)\ 2 , 

which means that the wave function differs by a phase at most. 

i/j(x + a) = e l< ^( x) 


The general solution in the region (n — l)a < x < na is 

ip n (x) = A n sin(/c[a; — na]) + B n cos(/c[a; 


k = 


2 mE 


no]) 


By matching the boundary conditions and requiring that the probability be periodic, we derive a 
constraint on k (See section 9.7.6) similar to the quantized energies for bound states. 


cos(4>) = cos (ka) 


maVo 

h 2 k 


sin (ka) 


Since cos (4>) can only take on values between -1 and 1, there are allowed bands of k and gaps 
between those bands. 


The graph below shows cos (ka) + sin (ka) as a function of k. If this is not between -1 and 1, 
there is no solution, that value of k and the corresponding energy are not allowed. 


Energy Bands 



k(/A) 


— cos(phi) 

— E 
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This energy band phenomenon is found in solids. Solids with partially filled bands are conductors. 
Solids with filled bands are insulators. Semiconductors have a small number of charge carriers (or 
holes) in a band. 


9.6 The Quantum Rotor 

It is useful to simply investigate angular momentum with just one free rotation angle. This 
might be the quantum plane propeller. We will do a good job of this in 3 dimensions later. 

Lets assume we have a mass m constrained to move in a circle of radius r. Assume the 
motion in the circle is free, so there is no potential. The kinetic energy is ^mv 2 = j— for p = mr 

If we measure distance around the circle, then x = r<f> and the one problem we have is that once I go 
completely around the circle, I am back to x = 0. Lets just go ahead and write our wavefunction. 

^i(px— Et)/h ^i(prc/)—Et)/h 

Remembering angular momentum, lets call the combination pr = L. Our wave is e l (, L <l > - Et )/ fi _ 

This must be single valued so we need to require that 

gi(2nL—Et)/h gi(0—Et)/h 

e i(2nL)/h _ i 

L = nh 
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n = 0,1,2,3... 


The angular momentum must be quantized in units of Ti. 

This will prove to be true for 3 dimensions too, however, the 3 components of angular momentum 
do not commute with each other, leading to all kinds of fun. 


9.7 Derivations and Computations 

9.7.1 Probability Flux for the Potential Step * 


The probability flux is given by 




2 mi dx dx 


We can save some effort by noticing that this contains an expression minus its complex conjugate. 
(This assures that term in brackets is imaginary and the flux is then real.) 


h 

t du 

du 

h 

*du _ 


u - 

- u 


u * - CC 

2 im 

dx 

dx 

2 im 

dx 


For x < 0 


j 

j 

j 


e~ ikx + R*e ikx )(ike ikx - ikRe~ ikx ) - CC\ 

2 inn 

^-[1 - Re~ 2ikx + R*e 2ikx - R*R] + CC 


[! - 1 R\‘ 


,hk 


The probability to be reflected is the reflected flux divided by the incident flux. In this case its easy 
to see that its |I?| 2 as we said. For x > 0 


3 = \Tf 


,hk' 


The probability to be transmitted is the transmitted flux divided by the incident flux. 


m 4 k 2 k' 
m hk (,k + k') 2 k 


4 kk! 

(k + k') 2 


again as we had calculated earlier. 


9.7.2 Scattering from a ID Potential Well * 


V{x) 


0 x < —a 
—Vo —a < x < a 
0 x > a 
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Numbering the three regions from left to right, 

tti(ar) = e ikx + Re~ ikx 
u 2 {x) = Ae ik ' x + Be~ ik ' x 
u 3 (x) = Te ikx 


Again we have assumed no wave incident from the right (but we could add that solution if we 
wanted). 

We now match the wave function and its first derivative at the two boundaries yielding 4 equations. 
That’s good since we have 4 constants to determine. At x = a we have 2 equations which we can 
use to eliminate A and B. 


Te lka = Ae 


ik' a 


Be 


—ik' a 


ikTe ika = ik!Ae ik ' a - ik'Be~ ik ' a 


Te lka = Ae ik ' a - Be 


— ik' a 


k' 


/I ( k 

Ak a _ rp ika 1 - 


Ae lk a = -Te 


1 + 


k! 


Be 


,1 f k 

—ik a _ rp ika 1 - 


= -Te : 


1 - 


k! 


At x = —a we have 2 equations which can now be written in terms of R and T by using the above. 

e~ ika + Re ika = Ae~ ik ' a + Be ik ' a 
ike~ ika - ikRe ika = ik!Ae~ ik ' a - ik'Be ik ' a 


—ika 


Re ika = lTe 


ika 


ke~ ika - kRe ika = -Te ika k' 
2 


- Re = —Te*' 


1 + —^ e~ 2ik ' a + (1 - — ) e 2ik ' a 
k') \ k! 

1 + e ~ 2ik ' a - (1 - — ) e 2ik ' a 
k' J V k' 


j + l) e~ 2lk ' a 


- 1) e 2ik '° 
k 


We can add equations to eliminate R. 


Re lKa = ^Te l ‘ 


—ika 


- Re ika = -Te 


ika 


1 + - ) e~ 2ik ' a 
j + 1 ) e~ 2ik '° 


1 - - ] e 2lk ' a 

k' 

- 1 ) e 2ik ’ a 
k 


2e~ lka = -Te 1 
2 


4 e - 2 ika _ R 4 C0S /2fc , a ) — 2 i (^- + \ sin(2 k'a) 

\k' k 


T = 


2e 


—2 ika 


T = 


2 cos( 2 k'a) — i (p- + p) sin( 2 k'a) 
2 kk'e~ 2ika 

2kk' cos( 2 fc'a) — i (k 2 + k' 2 ) sin( 2 fc , a) 
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We can subtract the same equations to most easily solve for R. 


2 Re ika = —Te ika 
2 


k' k 6 


— 2ik a 


k' k 

k k' 


Jlik a 


R=-T 


R = 


k k' 

—2 i— sin(2 k'a) + 2 i— sin(2 k'a) 
k k 


R = —T sin(2 k'a) 


k’ k 
T ~ V 


ikk'e~ 2ika 


sin(2fc'a) 


P __ k_ 
k k' 


R = 


2 kk' cos(2 k'a) — i (k 2 + k' 2 ) sin(2 k'a) 
i (k’ 2 - k 2 ) sin(2fc , a)e _2ifeo 
2 kk' cos(2 k'a) — i{k 2 + k’ 2 ) sin(2fc'a) 


We have solved the boundary condition equations to find the reflection and transmission amplitudes 

( k 12 — k 2 ) sin(2fc'a) 

2 kk' cos(2 k'a) — i{k' 2 + k 2 ) sin(2fc'a) 


2kk' cos(2fc , a) — i(k' 2 + k 2 ) sin(2 k'a) 

The squares of these give the reflection and transmission probability, since the potential is the same 
in the two regions. 


R = 
T = 


9.7.3 Bound States of a ID Potential Well * 


In the two outer regions we have solutions 

ui(x) = Cie* 
u 3 ( x) = C 3 e~* 


—2mE 


In the center we have the same solution as before. 

U 2 (x) = Acos(fca:) + Bsin(kx) 


k = 


l2m(E + V 0 ) 


(Note that we have switched from k' to k for economy.) We will have 4 equations in 4 unknown 
coefficients. 


At —a we get 


C\e Ka = A cos(ka) — B sin(fca) 
KCie~ Ka = A;Asin(/ca) + kB cos(fca). 
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At a we get 


C 3 e Ka = A cos (ka) + B sin(fca) 
—nC^e~ Ka = —kAsin(ka) + kB cos(ka). 


Divide these two pairs of equations to get two expressions for k. 

kA sin(fca) + kB cos (ka) 

A cos (ka) — B sin(fca) 

—fcAsin(fca) + kB cos(fca) 
Acos(fca) + £?sin(fca) 


Factoring out the k. we have two expressions for the same quantity. 

k A sin(fco) + B cos(fca) 

k Acos(ka) — Bsin(fca) 

k Asin(fca) — B cos (ka) 

k A cos (ka) + B sin(fca) 


If we equate the two expressions, 

A sin(fca) + B cos (ka) A sin(fca) — B cos (ka) 

A cos (ka) — B sin (A;a) A cos (ka) + B sin(fca) 

and cross multiply, we have 

(Asin(/co) + B cos(ka))(Acos(ka) + B sin(fca)) 
= (Acos(ka) — B sin(fca))(Asin(fca) — Bcos(ka)). 


The A 2 and B 2 terms show up on both sides of the equation and cancel. What’s left is 

A£?(sin 2 (fca) + cos 2 [ka)) = AB(— cos 2 (fca) — sin 2 (fca)) 

AB = -AB 


Either A or B , but not both, must be zero. We have parity eigenstates, again, derived from the 
solutions and boundary conditions. 

This means that the states separate into even parity and odd parity states. We could have guessed 
this from the potential. 


Now lets use one equation. 


A sin(fca) + B cos (ka) 

Acos(fca) — Bsin(ka) 

k If we set B = 0, the even states have the constraint on the energy that 

k = tan(fca)fc 

and, if we set A = 0, the odd states have the constraint 

k = — cot (ka)k. 
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9.7.4 Solving the HO Differential Equation * 


The differential equation for the ID Harmonic Oscillator is. 


— ft 2 d 2 u 
2to dx 2 


—mu) 2 x 2 u = Eu. 
2 


By working with dimensionless variables and constants, we can see the basic equation and minimize 
the clutter. We use the energy in terms of hui. 


We define a dimensionless coordinate. 


The equation becomes. 


2 E 
hui 



d 2 u 

~ch? 


2m (F 

~e IE 


-mu> 2 x 2 )u = 0 
2 ’ 


d 2 u 


(e 


y 2 )u = 0 


(Its probably easiest to just check the above equation by substituting as below. 


h d 2 u 
muj dx 2 


+ 


2 E 
hui 


a u 
dx 2 


2m ( 1 2 2 \ 

— 7r(E — -tow x )u 
h 2 2 ’ 


= 0 

= 0 


It works.) 

Now we want to find the solution for y —> oo. 

d 2 u 

dy 

becomes 


2 + (e- V )u = o 


d 2u 2 n 

ip- v '‘ = 0 


which has the solution (in the large y limit) 


u = e~y 2 / 2 . 


This exponential will dominate a polynomial as y —> oo so we can write our general solution as 

u(y) = h(y)e~ y2/2 


where h(y) is a polynomial. 
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Take the differential equation 

and plug 
into it to get 


d 2 u 

dy 


2 + (e- V )u = 0 


u(y) = Hv)e 


-y 2 /2 


—— 2 /i(y)e v /2 + eh{y)e v/2 - y 2 h(y)e v /2 = 0 
dy- 


dy 2 


22 / 


dfe(z/) 

dy 


+e/i(y)e v / 2 — y 2 h(y)e v / 2 
- %) + Z/ 2 %) + e%) - y 2 %) 


dy 2 


dy 


= 0 
= 0 

= 0 


This is our differential equation for the polynomial h(y). 

Write h(y) as a sum of terms. 

OO 

%) = E a ™y m 

m= 0 

Plug it into the differential equation. 

CO 

E [a m (ni)(m - l)y m_2 - 2 a m {m)y m + (e - l)a m y m ] = 0 

m —0 

We now want ot shift terms in the sum so that we see the coefficient of y m . To do this, we will shift the 
term a m (m)(m~- 1 )y m ~ 2 down two steps in the sum. It will now show up as a m + 2 (m + 2)(?n+ l)y m . 

CO 

E [a m+ 2 (m + 2) (to + 1) - 2 a m {m) + (e - l)a m ]y m = 0 

m= 0 

(Note that in doing this shift the first term for m = 0 and for m = 1 get shifted out of the sum. This 
is OK since a m (m)(m — l)y m_2 is zero for m = 0 or m = 1.) 


For the sum to be zero for all y, each coefficient of y m must be zero. 

a m+ 2 (m + 2) (to + 1) + (e — 1 — 2 m)a m = 0 


Solve for a m +2 


2 to + 1 — e 


am+2 (to + 1)(to + 2) 

and we have a recursion relation giving us our polynomial. 
But, lets see what we have. For large to, 

2 to + 1 — e 


Q j m -\-2 


(to + 1)(to + 2 ) a 


dm 


2 

dm 

m 
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The series for 


y 2 e y*/2 = Yl 

2 n n\ 

has the coefhcient of y 2n+2 equal to and the coefficient of y 2n equal to 2 ™-i( n -i)\ • ^ m = 2ra, 

1 _ 1 

^m+2 — 7» • 

zn m 

So our polynomial solution will approach y 2 e y / 2 and our overall solution will not be normalizable. 
(Remember u(y) = h{y)e~ v / 2 .) We must avoid this. 

We can avoid the problem if the series terminates and does not go on to infinite to. 

2m + 1 — e 

&m+2 = ~ ' 7TT ' ~dn 


2 n +2 


(to + l)(m + 2) 


The series will terminate if 


e = 2n + 1 

for some value of n. Then the last term in the series will be of order n. 

0 


d n +2 — 


{n + l)(n + 2) 


dm. — 0 


The acceptable solutions then satisfy the requirement 


2E „ 

e = —— = 2n + 1 
nu 

E = ( 2,t + 1 ) ^ a; = f n + I'j ^ 


Again, we get quantized energies when we satisfy the boundary conditions at infinity. 
The ground state wavefunction is particularly simple, having only one term. 


uq(x) = doe 2 = doe 


2 /2h 


Lets find do by normalizing the wavefunction. 

OO 

J \d 0 \ 2 e- mulx2/h dy = l 


l a o 


/TOWN: 

Uo{x) = \^n) 


|2 = 1 
muj 

—mujx 2 /2h 
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9.7.5 ID Model of a Molecule Derivation * 




e KX 

A(e KX + e~ KX ) 
e~ KX 


x < —d 
—d < x < d 
x > d 


k = 


\f 


—2 mE 

n 2 


Since the solution is designed to be symmetric about x = 0, the boundary conditions at —d are the 
same as at d. The boundary conditions determine the constant A and constrain k. 


Continuity of %l> gives. 


— Kd 


= A ( e Kd + e~ Kd ) 

e -K,d 

A = 


The discontinuity in the first derivative of ip at x = d is 

-Kd A , (Kd „-Kd\ 2maVo Kd 
—Ke — Ak [e — e ) = — 


—1 — A 


gAcd _ g—Kd 


?—K,d 


- 1 - 


_ g—K,d 


2maVo 
Kh 2 


= 1 + 


2maVo 
kTi 2 
2maVo 
kTl 2 

^K,d _ g—nd 


2maVo , . 

- 2 — = 1 + tanh(«a) 

nn 


We’ll need to study this transcendental equation to see what the allowed energies are. 


9.7.6 ID Model of a Crystal Derivation * 

We are working with the periodic potential 

OO 

V(x)—aVo 5{x — na). 

n =—co 

Our states have positive energy. This potential has the symmetry that a translation by the lattice 
spacing a leaves the problem unchanged. The probability distributions must therefore have this 
symmetry 

\ip(x + a)\ 2 = \ip(x)\ 2 , 

which means that the wave function differs by a phase at most. 

4>(x + a) = e l<l> 'ip(x) 
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The general solution in the region (n — l)a < x < na is 

ip n (x) = A n sin(fe[a; — na]) + B n cos(fc[ir — no]) 

2 mE 
k = sort —— 

H 2 

Now lets look at the boundary conditions at x = na. Continuity of the wave function gives 

4> n (na) = ip n+1 (na) 

A n sin(O) + B n cos(O) = A n+ i sin (—ha) + B n+ \ cos {—ka) 

B n = —A n+ 1 sin(fea) + B n+ 1 cos (ka) 

B n + A n+1 sin(fca) 


B 


n+l ~ 


cos (ka) 


The discontinuity in the first derivative is 


dip 


n+l 


dx 


dip n 

dx 


2 maV 0 

—^ 2 — 4> n {na) 


fi z 


k[A n+ i cos (—ka) — B n+1 sin(— ka)] — k[A n cos(O) — B n sin(O)] = 
k[A n+ 1 cos (ka) + B n+ 1 sin(fca) — A n ] = 


2maVo 


2maVo 


Br, 


Br, 


Substituting B n+ 1 from the first equation 


k[A n+ i cos (ka) + [B n + A n+ i sin(/ca)] tan(fca) — A n ] = 
A n+ 1 (cos (ka) + sin (ka) tan(fca)) + B n tan(fca) — A n = 


2 mo Vo 


2maVo 

h 2 k 


B ,, 


Bn 


cos 2 (ka) + sin 2 (fca) 
cos(fca) 


^4n+l — 


2 maVo 


2 , ~B n B n ^<m(ka) T A n 
n k 

A n+ 1 = -— n—~Bn cos (ka) — B n sin(fca) + A n cos (ka) 
h k 


Plugging this equation for A n+ i back into the equation above for B n+ 1 we get 

B n + A n+ 1 sin(fca) 
cos(fca) 

B n + ( 0 B n cos (ka) — B n sin (ka) + A n cos (ka)) sin(fca) 

cos (ka) 

B ” + I 
cos(fca) \ 


B n +i 
B n +1 
B n +1 
B „.+i 
B n +1 


(2maV 0 sin 2 (ka) . , , 

B n sm(ka) — B n ———- + sm(fca 


/i. 


cos 


(fca) + V 


h 2 k 

( 2maVo 
U 2 k 


B n sin (ka) — B r 


cos (ka) 
1 

cos (ka 


— cos (ka) ) + A n sin(/ca) 


-— 2 —B n sin (ka) + B n cos (ka) + A n sin (ka). 
h k 
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We now have two pairs of equations for the n + 1 coefficients in terms of the n coefficients. 

] -B n cos (ka) — B n sin(fca) + A n cos (ka) 

] -B n sin(fca) + B n cos (ka) + A n sin(fca) 


A n +i 

2 maVo 

h 2 k 

Bn+l 

2 maVo 

h 2 k 

A n +1 

= e^A n 

B n +i 

= e^B n 


Using the second pair of equations to eliminate the n + 1 coefficients, we have 

(e*^ — cos (ka))A n = f ~ ??? ,^ ° cos (ka) — sin(fca)') B n 
\ h k ) 

e u ^ — cos (ka) — " ?? V^ - sin(fca) ) B n = sin (ka)A n . 

H k J 


Now we can eliminate all the coefficients. 


(e 1 ^ — cos (ka))(e 1 ^ — cos (ka) — - sin(fca)) 


fi 2 k 


= cos (^ a ) — sin(fca)^ sin(fca) 

2l< t > — e 1 ^ s i n (^ a ) + cos {ka) + cos(fca)^ 

2muVo ./t\ /t\ 2/7\ 

■ sm(fca) cos (ka) + cos (ka) 


+ - 


U 2 k 


2 maVo ■ 2 n \ 

= — 2 — sin {ka) cos [ka) — sin [ka) 
fz k 

2 i(p _ e i<t> ^ s i n (k«) + 2 cos(fca)^ +1 = 0 


Multiply by e^. 


e + — ^ s i n (^ a ) + 2 cos(fca)^ = 0 

cos(</>) = cos(fca) H—^ 7 " sin(fca) 


This relation puts constraints on like the constraints that give us quantized energies for bound 
states. Since cos (<f>) can only take on values between -1 and 1, there are allowed bands of k and gaps 
between those bands. 


9.8 Examples 


This whole section is examples. 
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9.9 Sample Test Problems 

1 . A beam of 100 eV (kinetic energy) electrons is incident upon a potential step of height 
Vo = 10 eV. Calculate the probability to be transmitted. Get a numerical answer. 

2. * Find the energy eigenstates (and energy eigenvalues) of a particle of mass to bound in the 
ID potential V(x) = —Vq5{x). Assume Vo is a positive real number. (Don’t assume that Vo 
has the units of energy.) You need not normalize the state. 

Answer 


du 

dx 


du 

dx 


—2 mE 


—2mVo k0 

. o C 


— K — (+«) = 


E= — 


h 2 k 2 
2m 


h 2 m 2 


2m h 4 


—2m Vo 
TO Vo 


fl 2 
toVq 2 
2 Ti 2 


K = 


3. * A beam of particles of wave-number k (this means e lkx ) is incident upon a one dimensional 
potential V(x) = a6(x). Calculate the probability to be transmitted. Graph it as a function 
of k. 

Answer 

To the left of the origin the solution is e lkx + To the right of the origin the solution is 

Te lkx . Continuity of V’ at the origin implies 1 + R = T. The discontinuity in the first derivative 
is 


. dib 2ma 

A-- = —3- 

dx h 2 


m- 


ikT — (ik — ikR) = „ T 

h 

2ik{T-l) = ^T 


2ma\ 


2 ik 


T = 




2ik 


T = 2 ik 
2 ik 

2ma 
ti 2 


P T = \T\ 2 = 


4 k 2 


4 k 2 + 


Am 2 a 2 


Transmission probability starts at zero for k = 0 then approaches P = 1 asymptotically for 

k>W- 

4. * A beam of particles of energy E > 0 coming from —oo is incident upon a delta function 
potential in one dimension. That is V(x) = Ad(ir). 

a) Find the solution to the Schrodinger equation for this problem. 
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b) Determine the coefficients needed to satisfy the boundary conditions. 

c) Calculate the probability for a particle in the beam to be reflected by the potential and 
the probability to be transmitted. 


5. * The Schrodinger equation for the one dimensional harmonic ocillator is reduced to the 
following equation for the polynomial h(y): 

d 2 h(y) 


dy 2 


- - my) = 0 

dy a 


oo 

a) Assume h(y) = ^ dmU 171 and find the recursion relation for the coefficients a m - 

m —0 

b) Use the requirement that this polynomial series must terminate to find the allowed ener¬ 
gies in terms of a. 

c) Find h{y) for the ground state and second excited state. 


6 . A beam of particles of energy E > 0 coming from —oo is incident upon a potential step in one 
dimension. That is V(x) = 0 for x < 0 and V(x) = — Vo for x > 0 where Vo is a positive real 
number. 


a) Find the solution to the Schrodinger equation for this problem. 

b) Determine the coefficients needed to satisfy the boundary conditions. 

c) Calculate the probability for a particle in the beam to be reflected by the potential step 
and the probability to be transmitted. 

_! -mux 2 

7. * A particle is in the ground state {ip(x) = (^) 4 e .) of a harmonic oscillator potential. 
Suddenly the potential is removed without affecting the particle’s state. Find the probability 
distribution P(p) for the particle’s momentum after the potential has been removed. 

8 . * A particle is in the third excited state (n=3) of the one dimensional harmonic oscillator 
potential. 


a) Calculate this energy eigenfunction, up to a normalization factor, from the recursion 
relations given on the front of the exam. 

b) Give, but do not evaluate, the expression for the normalization factor. 

c) At t = 0 the potential is suddenly removed so that the particle is free. Assume that the 
wave function of the particle is unchanged by removing the potential. Write an expression 
for the probability that the particle has momentum in the range ( p,p + dp ) for t > 0. You 
need not evaluate the integral. 


9. * The Schrodinger equation for the one dimensional harmonic oscillator is reduced to the 
following equation for the polynomial h(y): 

d 2 h(y) 


dy 2 


- 2y d m + ( £ _ my) = o 

dy a 


oo 

a) Assume h(y) = amV 171 and find the recursion relation for the coefficients a m . 

m —0 

b) Use the requirement that this polynomial series must terminate to find the allowed ener¬ 
gies in terms of a. 

c) Find h{y) for the ground state and second excited state. 


10. * Find the energy eigenstates (and energy eigenvalues) of a particle of mass m bound in the 
ID potential V(x) = —A S(x). 


11 . 
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10 Harmonic Oscillator Solution using Operators 


Operator methods are very useful both for solving the Harmonic Oscillator problem and for any type 
of computation for the HO potential. The operators we develop will also be useful in quantizing the 
electromagnetic field. 


The Hamiltonian for the ID Harmonic Oscillator 


tt P , 1 2 2 

H = -1 —muj x 

2m 2 


looks like it could be written as the square of a operator. It can be rewritten in terms of the operator 
A (See section 10.1) 



and its Hermitian conjugate A^. 


H = Huj 


A* A- 


We will use the commutators (See section 10.2) between A, A 1 and H to solve the HO problem. 


[A,A'] = 1 


The commutators with the Hamiltonian are easily computed. 

[H,A] = —Till) A 
[H, A t] = huiA^ 


From these commutators we can show that A' is a raising operator (See section 10.3) for Harmonic 
Oscillator states 


A^u n = y/n + lu 


n+1 


Au n = y/nUn -1 


and that A is a lowering operator. 
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Because the lowering must stop at a ground state with positive energy, we can show that the allowed 
energies are 


E n 



Hu. 


The actual wavefunctions (See section 10.5) can be deduced by using the differential operators for 
A and A , but often it is more useful to define the n th eigenstate in terms of the ground state and 
raising operators. 


u n = -^=(A) n u 0 
vn! 


Almost any calculation of interest can be done without actual functions since we can express the 
operators for position and momentum. 



P = 


10.1 Introducing A and A t 

The Hamiltonian for the ID Harmonic Oscillator 


tt P , 1 2 2 

H = -|—tow x 

2m 2 


can be rewritten in terms of the operator A 


and its Hermitian conjugate 


A = 


A* = (\ i-A- 


\muj 

p 

V2 h x+l 

\j2mhw, 

1 muj 

, P 

\ 2h x 

\J 2mTiu: 


Both terms in the Harmonic Oscillator Hamiltonian are squares of operators. Note that A is chosen 
so that A' A is close to the Hamiltonian. First just compute the quantity 

J2 


A A 
A A 

hu(A*A) = A- + 


muj 

~2h“ 

muj 

Afi 

A 

2m 


P 


(xp — px) 


2mhoj 2 h 
P 2 _ J_r 1 
2mTiuj 2 h 


j 2 x 2 — —huj. 


From this we can see that the Hamiltonian can be written in terms of A 1 A and some constants. 

H = hio (A* A + i 
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10.2 Commutators of A, A t and H 

We will use the commutator between A and A f to solve the HO problem. The operators are defined 
to be 


A 

A* 


( f™™ , • P \ 

IvTsssJ 

/ / mw . p \ 


The commutator is 


[A 


mw , 1 . . * r i * r i 

~2h X ' X + WiA 1 “ 2h X,P + A’* 1 

X X 

— (-[a:,p] + \p,x}) = -[p,x] = 1. 


Lets use this simple commutator 

[A,A] = 1 

to compute commutators with the Hamiltonian. This is easy if H is written in terms of A and 

A. 


[H, A] = hbj[A^A,A\ = Tiui[A\ A] A = —huA 
[H,A*] = hui[A^A,A^] = huiA^[A,A^] = TiujA^ 


10.3 Use Commutators to Derive HO Energies 

We have computed the commutators 

[H,A] = —TiuA 

[H , A] = frw A 


Apply [H, A] to the energy eigenfunction u n . 

[H,A]u n = —hujAUn 
HAu n — AHu n = —TlOjAUn 
H(Au n ) - E n (Au n ) = -hujAu n 
H(Au n ) = (E n - hui)(Au n ) 

This equation shows that Au n is an eigenfunction of H with eigenvalue E n — huj. Therefore, A lowers 
the energy by Twj. 
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Now, apply [H,A^] to the energy eigenfunction u n . 

[H,A^]u n = TuoA^Un 
HA^Un — A*Hu n = hujA^Un 
H(A^u n ) - E n {A^u n ) = huj(A^u n ) 

H[A^u n ) = ( E n + Tiuj){A^ u n ) 

A'u n is an eigenfunction of H with eigenvalue E n + Tloj. A 1 raises the energy by huj. 
We cannot keep lowering the energy because the HO energy cannot go below zero. 



The only way to stop the lowering operator from taking the energy negative, is for the lowering to 
give zero for the wave function. Because this will be at the lowest energy, this must happen for the 
ground state. When we lower the ground state, we must get zero. 


Auq = 0 

Since the Hamiltonian contains A in a convenient place, we can deduce the ground state energy. 


Huo = hui(A' 1 A + -)uo = —hoju o 

The ground state energy is Eq = ^Tiuj and the states in general have energies 



since we have shown raising and lowering in steps of huj. Only a state with energy Eo = \Tilo can 
stop the lowering so the only energies allowed are 



It is interesting to note that we have a number operator for n 


H 



N op = A'A 
H = ( N op + — )hco 


10.3.1 Raising and Lowering Constants 


We know that A f raises the energy of an eigenstate but we do not know what coefficient it 
produces in front of the new state. 


A^u n = Cu n+ 1 
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We can compute the coefficient using our operators. 

\C\ 2 = (A*u n \A*u n ) = {AA ] u n \u n ) 

= ((-A* A + [A, A^])u n \u n ) = (n + l)(u n \u n ) =n + 1 


The effect of the raising operator is 

A^u n = y/n + lu n+ \. 

Similarly, the effect of the lowering operator is 

Au n — y/riUn— i- 

These are extremely important equations for any computation in the HO problem. 

We can also write any energy eigenstate in terms of the ground state and the raising 
operator. 

U n = —^=(A t ) rl Uo 


10.4 Expectation Values of p and x 


It is important to realize that we can just use the definition of A to write x and p in terms of the 
raising and lowering operators. 



P = 


This will allow 

* See Example 

* See Example 

* See Example 

* See Example 

* See Example 

* See Example 10.6.6: The expectation value of p as a function of time for the state il’(t = 0) = 
-^(ui + u 2 ) is —Vmhtx sin(wt).* 


for any computation. 

10.6.1: The expectation value of x for any energy eigenstate is zero.* 

10.6.2: The expectation value of p for any energy eigenstate is zero.* 

10.6.3: The expectation value of x in the state 775(^0 + u i)-* 

10.6.4: The expectation value of ^mto 2 x 2 for any energy eigenstate is 1 (n + i) ?ux A 

10.6.5: The expectation value of ^ for any energy eigenstate is ^ (n + i) hix.* 


10.5 The Wavefunction for the HO Ground State 

Auq = 0 


The equation 
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can be used to find the ground state wavefunction. Write A in terms of x and p and try it. 

P 


2 h ' \J2mhu} 


u 0 = 0 


mux + h— ) mq = 0 


duo mui x 


dx 


h 


-u 0 


This first order differential equation can be solved to get the wavefunction. 

s < —mu)x 2 / 2 h 

uq = Ge ' 


We could continue with the raising operator to get excited states. 


r- I I mu Ti d 

'* Ul = • s '^m x ~ V 2 ^di 


U 0 


Usually we will not need the actual wave functions for our calculations. 

10.6 Examples 

10.6.1 The expectation value of x in eigenstate 

We can compute the expectation value of x simply. 

(■ U n \x\u n ) = \j + A ^\ u n) = \A u n ) + (u n \A*U n }) 

= \J Vn(u n \un -1 ) + Vn + 1 ( m „| u „ + i }) = 0 


We should have seen that coming. Since each term in the x operator changes the eigenstate, the dot 
product with the original (orthogonal) state must give zero. 


10.6.2 The expectation value of p in eigenstate 


(See the previous example is you want to see all the steps.) The expectation value of p also gives 
zero. 


{‘Un\p\u n ) = -i\j - (u n \A - A^\u n ) = 0 
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10.6.3 The expectation value of x in the state + ui). 


^(u 0 + ui\x\u 0 + ui) = 2 ~( u ° + ui\A + A*\u 0 + ui> 

= \ - - {uq + ui\Auo + Au\ + Ahi 0 + A^u\) 

V 8 mui 

= \ - - (u 0 + ui \0 + Vluo + Vlui + V2.U2) 

V omuj 

= ^^^{Vl( u o\ u o) + V^iuolUi) 


+ V^<«o|U2> + VT< U i| U o > 
+ Vl{u\\ui) + v / 2 <ui|zt 2 )) 

(1 + 1 ) 


8 TOW 


2moj 


10.6.4 The expectation value of ar in eigenstate 


The expectation of x 2 will have some nonzero terms. 


(u n \x 2 \u n ) = 


2 raw 

h 

2 raw 


(u n |yL4 + ^4t + WU + AU* |u„) 

(u n |AAl + AlA|u n ) 


We could drop the A A term and the A'A' term since they will produce 0 when the dot product is 
taken. 


i n \x 2 \u n ) = ^ 3 — {(u„\Vn + lAu n+ i) + (u n \y/nA^ u n -i)) 

{{u„\Vn+ 1 Vn + 1 u n ) + {u„\y/ny/nu n )) 

1 \ h 


2 mu 

n 

2 mui 
h 


((n + l) + n) = [n + 

Zmuj V z / muj 


With this we can compute the expected value of the potential energy. 


/ I 1 2 2| 


-mUJX lUr, 


( n 

I k 

1 

/ i\ 

n+ - 



n+ - 

V 2) 

muj 

_ 2 1 

l 2 / 
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10.6.5 The expectation value of in eigenstate 


The expectation value of is 


(Un\^\ u n) 


— 1 mhuj 
2m 2 
Tiui 

T 

hu,, , , l 

— ((n + !) + n) = -E n 


(u n \ - AA* - A*A\u n ) 


-{u n \AA^ + 


(See the previous section for a more detailed computation of the same kind.) 


10.6.6 Time Development Example 


Start off in the state at t = 0. 


4>(t = 0) = -j={u 1 +u 2 ) 


Now put in the simple time dependence of the energy eigenstates, e iEt / n . 

= i(u 1 e- i i“ ( + u 2 e~ i i ut ) = + e~ iait u 2 ) 

v 2 \/2 


We can compute the expectation value of p. 

W'l pW) = - 


mhuj 1 


2 2 


^(tti + e~ iut u 2 \A - A*\ Ul + e~ iut u 2 ) 


({»,|yl|« 2 )e-“‘ - ( Uj |M'K>e“) 

— V mTiui sin(aA) 


10.7 Sample Test Problems 

1. A ID harmonic oscillator is in a linear combination of the energy eigenstates 



Find the expected value of p. 

Answer 
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V = 
(u n \p\u m ) = 


mhu! A — At 


i\J—?j—( u n\A - A t |w m ) 

^ ("\/w^n(m—1) Vm d - l^n(m+l)) 


3. Evaluate the “uncertainty” in x for the ID HO ground state \J (ito|(a: — aj) 2 |uo) where x = 
(uo|:e|ho). Similarly, evaluate the uncertainty in p for the ground state. What is the product 
ApAx ? 

Answer 

Its easy to see that x = 0 either from the integral or using operators. I’ll use operators to 
compute the rest. 


x 

(uola^K) 


P 

(u 0 \p 2 \uo) 


Ax 


A p 
ApAx 


h 


2 mui 
h 


(A + At) 


-<u 0 |AA + AAt + At A + AtAtjluo) 

2 muj 

h -(u 0 \AAi\u 0 ) = ^l= k 


2 mu 


2 moo 


2 raw 


1 mTwo 


2 

mfiu! 


(A-At) 


(w 0 1 - AAt|u 0 ) = 


mTux 


2 moo 
mhuj 


n 

2 


2 
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4. Use the commutator relation between A and to derive [if, A]. Now show that A is the 

lowering operator for the harmonic oscillator energy. 

5. At t = 0, a one dimensional harmonic oscillator is in the state ip(t = 0) 

Calculate the expected value of p as a function of time. 

6 . At t = 0, a harmonic oscillator is in a linear combination of the n = 1 and 


= \ jUo+i\/±u 1 . 


n = 2 states. 



Find ( x) and ( x 2 ) as a function of time. 

7. A ID harmonic oscillator is in a linear combination of the energy eigenstates 


ijj = 



Find ( x 2 ). 

8 . 
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11 More Fun with Operators 

11.1 Operators in a Vector Space 

11.1.1 Review of Operators 

First, a little review. Recall that the square integrable functions form a vector space, much 
like the familiar 3D vector space. 


f = av ! + &V2 


in 3D space becomes 


\i>) = AilV'i) + A 2 |'i/’2}- 


The scalar product is defined as 


OO 



—oo 


and many of its properties can be easily deduced from the integral. 


(</#)* = (</#) 





(V#) < Vii’Wifi \<t>) 


This is called the Schwartz inequality. 


Operators are associative but not commutative. 


AB\ip) = Am)) = (ABM) 


An operator transforms one vector into another vector. 

W) = 0\<P) 


Eigenfunctions of Hermitian operators 


H\i)=Ei\i) 


form an orthonormal 


(*|j) = $ij 


complete set 


IV>) = !*)(#)• 
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Note that we can simply describe the j th eigenstate at | j). 

Expanding the vectors \<j>) and \ip), 

\<t>) = J2 bi ^ 

i 

IV') = E Ci l 

i 

we can take the dot product by multiplying the components, as in 3D space. 

(M) = ^2 b *d 


The expansion in energy eigenfunctions is a very nice way to do the time development of a wave 
function. 


i m) = Y J mm’i)e- iE ' t/n 


% 


The basis of definite momentum states is not in the vector space, yet we can use this basis to 
form any state in the vector space. 


| 0 ) = 



dp<f>(p)\p) 


Any of these amplitudes can be used to define the state. 

d = (i\ip) 
i>(x) = (a#) 
<t>(l>) = <2#> 


11.1.2 Projection Operators \j)(j\ and Completeness 


Now we move on a little with our understanding of operators. A ket vector followed by a bra vector 
is an example of an operator. For example the operator which projects a vector onto the j th 
eigenstate is 

m\ 

First the bra vector dots into the state, giving the coefficient of | j) in the state, then its multiplied 
by the unit vector | j), turning it back into a vector, with the right length to be a projection. An 
operator maps one vector into another vector, so this is an operator. 

The sum of the projection operators is 1, if we sum over a complete set of states, like the 
eigenstates of a Hermitian operator. 


Ei*m = 1 
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This is an extremely useful identity for solving problems. We could already see this in the decom¬ 
position of | ip) above. 


W = M#>- 


1 


The same is true for definite momentum states. 


OO 

J \p){p\ dp= 1 

— OO 


We can form a projection operator into a subspace. 

P= E IWI 

subspace 

We could use this to project out the odd parity states, for example. 


11.1.3 Unitary Operators 


Unitary operators preserve a scalar product. 


(M) = (Um) = <0|£/t ui>) 

This means that 

U t t/= 1 . 


Unitary operators will be important for the matrix representation of operators. The will allow us to 
change from one orthonormal basis to another. 


11.2 A Complete Set of Mutually Commuting Operators 

If an operator commutes with H, we can make simultaneous eigenfunctions of energy and that 
operator. This is an important tool both for solving the problem and for labeling the eigenfunctions. 

A complete set of mutually commuting operators will allow us to define a state in terms of 
the quantum numbers of those operators. Usually, we will need one quantum number for each degree 
of freedom in the problem. 

For example, the Hydrogen atom in three dimensions has 3 coordinates for the internal problem, (the 
vector displacement between the proton and the electron). We will need three quantum numbers 
to describe the state. We will use an energy index, and two angular momentum quantum numbers 
to describe Hydrogen states. The operators will all commute with each other. The Hydrogen atom 
also has 3 coordinates for the position of the atom. We will might use p x , p y and p z to describe that 
state. The operators commute with each other. 
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If we also consider the spin of the electron in the Hydrogen atom, we find that we need to add one 
more commuting operator to label the states and to compute the energies accurately. If we also add 
the spin of the proton to the problem, the we need still one more quantum number to describe the 
state. 

If it is possible, identifying the commuting operators to be used before solving the problem will 
usually save time. 


11.3 Uncertainty Principle for Non-Commuting Operators 

Let us now derive the uncertainty relation for non-commuting operators A and B. First, 
given a state the Mean Square uncertainty in the physical quantity represented is defined as 

(AH) 2 = mA-{A)f^) = ^\U 2 4’) 

(AH) 2 = (4’\(B - (B)) 2 ^) = WV 2 ^} 


where we define (just to keep our expressions small) 


U = A-{il>\At/>) 
V = 


Since (H) and (B) are just constants, notice that 


[U,V] = [A,B] 


OK, so much for the definitions. 

Now we will dot Uif> + iXV'ip into itself to get some information about the uncertainties. The dot 
product must be greater than or equal to zero. 

(Uip + iWiplUip + iXVip) > 0 
{if>\u 2 ip) + \ 2 (ip\V 2 i/j) + i\{Ui/>\V4>) - i\{Vi4\U^) > 0 


This expression contains the uncertainties, so lets identify them. 

(AH) 2 + A 2 (AH) 2 + i\(ijj\[U, V]\4>) > 0 
Choose a A to minimize the expression, to get the strongest inequality. 



2 A(AH) 2 + i{i/j\[U, V]\ip) = 0 


2(A B) 2 
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Plug in that A. 

, a ^ 2 i {i>\[u,v}[ip ) 2 , (m,vM ) 2 

~ 4 (A BY + 2(A B)* ~ ° 

(aa) 2 (ab ) 2 > -\mu,vm 2 = w^[u,v]\^) 2 


This result is the uncertainty for non-commuting operators. 


(AA)(AB)>^{[A,B]) 


If the commutator is a constant, as in the case of [p, a:], the expectation values can be removed. 

(AA)(AB)> l -[A,B] 

For momentum and position, this agrees with the uncertainty principle we know. 


(Ap)(Ax) > ^{[p,x]) = | 


(Note that we could have simplified the proof by just stating that we choose to dot (U + V)ip 

into itself and require that its positive. It would not have been clear that this was the strongest 
condition we could get.) 


11.4 Time Derivative of Expectation Values * 


We wish to compute the time derivative of the expectation value of an operator A in the state ip. 
Thinking about the integral, this has three terms. 


dt 


{ip\A\^) = 


dip 

dt 

-1 


\A\ip 




dA 


dt 


ip 


ip\A\ 


(Hip\A\ip) + -{ip\A\Hip) + (ip 

L/L bib 


dip 

dt 

dA 


dt 


ip 


= t {tp\[H,A]\iP) + (ip 


dA 


dt 


ip 


This is an important general result for the time derivative of expectation values. 



dA 

\ 

j t {iP\A\iP)= l -{ip\[H,A]\iP) + (^ 

dt 

ip) 
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which becomes simple if the operator itself does not explicitly depend on time. 

Expectation values of operators that commute with the Hamiltonian are constants of the motion. 

We can apply this to verify that the expectation value of x behaves as we would expect for a classical 
particle. 


d (x) 
dt 




i 

n 




This is a good result. This is called the Ehrenfest Theorem. 
For momentum, 



which Mr. Newton told us a long time ago. 


11.5 The Time Development Operator * 


We can actually make an operator that does the time development of a wave function. We 

just make the simple exponential solution to the Schrodinger equation using operators. 



Hip 


= e~ lHt/h 4’{ 0) 

where H is the operator. We can expand this exponential to understand its meaning a bit. 

-iHt/n __ {—iHt/K) n 
~ ^ n! 

71=0 

This is an infinite series containing all powers of the Hamiltonian. In some cases, it can be easily 
computed. 

e -iHt/h ti me development operator. It takes a state from time 0 to time t. 
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11.6 The Heisenberg Picture * 


To begin, lets compute the expectation value of an operator B. 

mmm) = (e- iH ^m\B\e- iHt ' h m) 

= {iP(0)\e iHt/n Be- lHt / n W(0)) 


According to our rules, we can multiply operators together before using them. We can then define 
the operator that depends on time. 


B{t) = e iHt/h Be -iHt/n 


If we use this operator, we don’t need to do the time development of the wavefunctions! 

This is called the Heisenberg Picture. In it, the operators evolve with time and the wave- 
functions remain constant. 

The usual Schrodinger picture has the states evolving and the operators constant. 

We can now compute the time derivative of an operator. 

—B(t) = HL e iHt / n B e ~ iHt / n — e iHt / n B^-e~ iHt / h 

dt y 1 n h 

= ^e im/n [H,B]e- im/h = ^[H,B(t)\ 

It is governed by the commutator with the Hamiltonian. 

As an example, we may look at the HO operators A and Ah We have already computed the 
commutator. 

[ H , A] = —huiA 
dA i 

= ——riujA = —iujA 
dt h 


We can integrate this. 

Take the Hermitian conjugate. 


A(t) = e~ iuit A( 0) 
A\t) = e iujt A f ( 0) 


We can combine these to get the momentum and position operators in the Heisenberg picture. 

p[t) = p(0) cos (cot) — mu>x{ 0) sin(u;t) 

x{t) = s(0) cos {tot) + sin(wt) 


TOW 
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11.7 Examples 


11.7.1 Time Development Example 


Start off in the state. 


In the Schrodinger picture, 


*l>(t = 0) = -j=(u 1 +u 2 ) 


= -hfaie -4 *"* + u 2 e~ i ^ t ) = + e~ iut u 2 ) 

V2 v/2 


We can compute the expectation value of x. 


(tti+ e iut u 2 \A + tf\ Ul + e iut u 2 ) 


\\f^ {{n,\A\u 2 )e-^ + (U2\A^\ Ul )e^) 


i / h 


2 V 2moj 


2e~ iut + V2e iut 


-cos(wt) 

muj 


In the Heisenberg picture 

(mm = + 

This gives the same answer with about the same amount of work. 


11.8 Sample Test Problems 

1. Calculate the commutator [L Xl L z \ where L x = yp z — zp y and L z = xp y — yp x . State the 
uncertainty principle for L x and L z . 

Answer 


[Lx, L z ~\ — 


AL X AL Z > 


[yPz ~ ZPy, XPy ~ yp x \ = X[y,Py\p z + z\p y , 1 /]^ 

-(-xp z + zp x ) = ih(xp z - zp x ) = -ihLy 
l -([L X ,L Z ])= t -(-ih)(Ly) = ^(Ly) 


2. * A particle of mass m is in a 1 dimensional potential V(x). Calculate the rate of change 
of the expected values of x and p, (^r- and ^r). Your answer will obviously depend on the 
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state of the particle and on the potential. 

Answer 


d(A) 

dt 


ih 


([AH]) 


d(x) 

1 / 

P 2 ' 

dt 

ih \ 

2m 


1 A 

v (~h 


ih \ m \ i 

dijp) 

= U\p,V(x)}) 


= (p) 

m 

ih i ' l dx ’ 


dV 

dx 


3. Compute the commutators , A n ] and [A, e lHt ] for the ID harmonic oscillator. 

Answer 


[A\A n ] 
[A, e iHt ] 


**E 


(it) n ~ l huiAH n ~ 1 
( n — 1 )! 


n[A\ Ai\A n ~ l = -nA 71 - 1 

^ ’Z^ 71 ,! J ^ n! 




E 

n—0 


ithuiA 'y^ 


= it E 


n=l 


(it) n ~ 1 huiAH r 
(n — 1)! 


( if )”- 1 #"- 1 

(«-!)! 


71 — 1 
OO 


ithuiA 'y^ 


n—0 


{it) n H r 

{n)\ 


= ithi>jAe lHt 


4. * Assume that the states |m > are the eigenstates of the Hamiltonian with eigenvalues Ei , 
(H\ui >= Ei\ui >). 

a) Prove that < Ui\[H, A]\ui >= 0 for an arbitrary linear operator A. 

2 

b) For a particle of mass m moving in 1-dinrension, the Hamiltonian is given by H = + 

V(x). Compute the commutator [H,X] where X is the position operator. 

c) Compute < Ui\P\ui > the mean momentum in the state \ui >. 

5. * At t = 0, a particle of mass m is in the Harmonic Oscillator state i/j(t = 0) = -^(uo + u\). 
Use the Heisenberg picture to find the expected value of x as a function of time. 
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12 Extending QM to Two Particles and Three Dimensions 

12.1 Quantum Mechanics for Two Particles 

We can know the state of two particles at the same time. The positions and momenta of particle 2 
commute with the positions and momenta of particle 1. 

[Xi,X 2 ] = \P1,P2\ = [Xl ,p 2 \ = [X2,Pl] = 0 


The kinetic energy terms in the Hamiltonian are independent. There may be an interaction between 
the two particles in the potential. The Hamiltonian for two particles can be easily written. 


H = 



Pi 

2 to 2 


+ V(x 1 ,X 2 ) 


Often, the potential will only depend on the difference in the positions of the two particles. 

V(xi,x 2 ) = V{xi - x 2 ) 

This means that the overall Hamiltonian has a translational symmetry. Lets examine an 
infinitesimal translation in x. The original Schrodinger equation 


Hip(x\,x 2 ) = Eip(x !,X 2 ) 


transforms to 

Hip(x\ + dx, x 2 + dx) = Eip(x\ + dx, x 2 + dx) 
which can be Taylor expanded 


dip 


dip 


dxi 


dx 2 


H ip(xi,x 2 ) + ——dx + ——dx I = E I ip(xi,x 2 ) + ——dx + ——dx I . 


dip 


dip 


dxi 


dx 2 


We can write the derivatives in terms of the total momentum operator. 


P = Pi + P2 = - 


d 


d 


i \dx i dx 2 


2 2 

Hip(xi,x 2 ) + —Hp ip(xi,x 2 )dx = Eip(xi,x 2 ) + —Ep ip(x\,x 2 )dx 
n n 

Subtract of the initial Schrodinger equation and commute E through p. 

Hp ip(xi,x 2 ) = Ep ip{xi,x 2 ) = pHip{x\,x 2 ) 


We have proven that 


[H,p] = 0 


if the Hamiltonian has translational symmetry. The momentum is a constant of the motion. 
Momentum is conserved. We can have simultaneous eigenfunctions of the total momentum 
and of energy. 
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12.2 Quantum Mechanics in Three Dimensions 

We have generalized Quantum Mechanics to include more than one particle. We now wish to include 
more than one dimension too. 

Additional dimensions are essentially independent although they may be coupled through the po¬ 
tential. The coordinates and momenta from different dimensions commute. The fact that the 
commutators are zero can be calculated from the operators that we know. For example, 

h d 

F’Pvl = =0 - 


The kinetic energy can simply be added and the potential now depends on 3 coordinates. The 

Hamiltonian in 3D is 


H = £- + h- + g- + V{?) = Z 1 + F(f) = -Av s 
2 m 2 m 2 m 2m 2m 


m 


This extension is really very simple. 


12.3 Two Particles in Three Dimensions 


The generalization of the Hamiltonian to three dimensions is simple. 


We define the vector difference between the coordinates of the particles. 



We also define the vector position of the center of mass. 


R = 


mifi + m2?2 

m\ + m 2 


We will use the chain rule to transform our Hamiltonian. As a simple example, if we were working 
in one dimension we might use the chain rule like this. 

_d__dr^d_ OR d 
dri dri dr dr\ dR 


In three dimensions we would have. 


Vi — V r + 


mi 




mi + m 2 
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V 2 — —V r 


m 2 


mi + m 2 




Putting this into the Hamiltonian we get 


H = 


-r 

2 mi 


mi 


mi + m2 


2 mi ,4 4 * 

R --- V r ' V_R 

mi + m2 


Vl + 


2?T12 


V 2 + 


m 2 


mi + m 2 


V 2 — 
V R 


2 m 2 


mi + m 2 


V r • V_R 


P(r) 


if = -r 


1 


1 


2mi 2m2 


mi + m 2 , 
2 (mi + m 2) 2 


m 


Defining the reduced mass fi 


1 

1 

1 

— 

= - 

H- 

_ LL 

mi 

m 2 


and the total mass 


M = mi + m 2 


we get. 



2 M 


Vr + V(f) 


The Hamiltonian actually separates into two problems: the motion of the center of mass as a 
free particle 


H = 



and the interaction between the two particles. 



This is exactly the same separation that we would make in classical physics. 
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12.4 Identical Particles 

It is not possible to tell the difference between two electrons. They are identical in every way. Hence, 
there is a clear symmetry in nature under the interchange of any two electrons. 

We define the interchange operator P\ 2 . By our symmetry, this operator commutes with H so 
we can have simultaneous eigenfunctions of energy and interchange. 

If we interchange twice, we get back to the original state, 

Pi 2 ^{x i,x 2 ) = if>(x 2 ,x 1 ) 

Pi 2 Pi 2 i’{xi,x 2 ) = ip{x i,x 2 ) 

so the possible eigenvalues of the interchange operator are just +1 and -1. 

P\2lp± = ±1p 


It turns out that both possibilities exist in nature. Some particles like the electron, always have 
the -1 quantum number. The are spin one-half particles and are called fermions. The overall 
wavefunction changes sign whenever we interchange any pair of fermions. Some particles, like the 
photon, always have the +1 quantum number. They are integer spin particles, called bosons. 

There is an important distinction between fermions and bosons which we can derive from the in¬ 
terchange symmetry. If any two fermions are in the same state, the wave function must be zero in 
order to be odd under interchange. 

ip = Ui(xi)uj(x 2 ) ->• Ui(Xi)Uj(x 2 ) - Uj{x\)Ui{x 2 ) 

(Usually we write a state like Ui(xi)uj(x 2 ) when what we mean is the antisymmetrized version of 
that state Ui(xi)uj(x 2 ) — Uj(x\)u,i{x 2 ).) Thus, no two fermions can be in the same state. This is 
often called the Pauli exclusion principle. 

In fact, the interchange symmetry difference makes fermions behave like matter and bosons behave 
like energy. The fact that no two fermions can be in the same state means they take up space, 
unlike bosons. It is also related to the fact that fermions can only be created in conjunction with 
anti-fermions. They must be made in pairs. Bosons can be made singly and are their own 
anti-particle as can be seen from any light. 


12.5 Sample Test Problems 


1. * Calculate the Fermi energy for N particles of mass m in a 3D cubic “box” of side L. Ignore 
spin for this problem. 

Answer 

The energy levels are given in terms of three quantum numbers. 


E = 


- 2*2 


2 mL 2 


( n x +nl + nl) 


The number of states with inside some (n 2 + n 2 + n 2 ) m ax (| of a a sphere in n space) is 


N = \ +n v 
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So for N particles filling the levels, 

/ 2 2 2\ f 67V 

(j^x "F ~F Tl'z jmax — • 

a 7T 

(j^x "F ^y "I* ^ z)xnax 

The energy corresponding to this is the Fermi energy. 

7 t 2 Ti 2 / 67V \ 3 

F = 2^12 VV J 

2. * We put TV fermions of mass m into a (cold) one dimensional box of length L. The particles 
go into the lowest energy states possible. If the Fermi energy is defined as the energy of the 
highest energy particle, what is the Fermi energy of this system? You may assume that there 
are 2 spin states for these fermions. 
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13 3D Problems Separable in Cartesian Coordinates 


We will now look at the case of potentials that separate in Cartesian coordinates. These will 
be of the form. 

V(r) = Vi(x) + V 2 (y) + V 3 (z) 

In this case, we can solve the problem by separation of variables. 

H = H X + H y +H z 
(H x + Hy + H z )u{x)v{y)w{z) = Eu{x)v{y)w{z) 

[H x u(x)\ v{y)w(z) + u{x) (H y + H z ) v(y)w(z) = Eu(x)v(y)w(z) 

Hu{x) ^ {H y + H z )v{y)w{z) 
u{ x) v(y)w(z) x 

The left hand side of this equation depends only on x, while the right side depends on y and z. In 
order for the two sides to be equal everywhere, they must both be equal to a constant which 
we call e x . 

The x part of the solution satisfies the equation 

H x u(x) = e x u(x). 

Treating the other components similarly we get 

H v v(y) = e v v{y) 

H z w(z ) = e z w(z) 


and the total energy is 


E — e x + e y + e z . 


There are only a few problems which can be worked this way but they are important. 


13.1 Particle in a 3D Box 


An example of a problem which has a Hamiltonian of the separable form is the particle in a 3D 
box. The potential is zero inside the cube of side Land infinite outside. It can be written as a 
sum of terms. 


H = H X + H„ + H, 


The energies are 


E n 


r V 


/ 2 , 2 , 2 \ 
\ n x + n y + n z)- 


J nx,ny,nz ~ . 

They depend on three quantum numbers, (since there are 3 degrees of freedom). 


/_« . / n x nx \ . / riyTry \ . / n z irz\ 

Unx,ny,nz[r) = Sin ^ J Sin — J Sin — J 


For a cubic box like this one, there will often be degenerate states. 
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13.1.1 Filling the Box with Fermions 


If we fill a cold box with N fermions, they will all go into different low-energy states. In fact, if the 
temperature is low enough, they will go into the lowest energy N states. 


If we fill up all the states up to some energy, that energy is called the Fermi energy. All the states 
with energies lower than Ep are filled, and all the states with energies larger than Ep are empty. 
(Non zero temperature will put some particles in excited states, but, the idea of the Fermi energy is 
still valid.) 


7 r 2 h 2 
2 mL 2 


( 2 . 2 i 2\ 

\ n x + n v + n z ) 


7T 2 k 2 2 

2mA 2 


< Ep 


Since the energy goes like n 2 + ?r 2 + n 2 , it makes sense to define a radius r n in n-space out to which 
the states are filled. 



The number of states within the radius is 


N — (2 ) S pin g g 

where we have added a factor of 2 because fermions have two spin states. This is an approximate 
counting of the number of states based on the volume of a sphere in n-space. The factor of | 
indicates that we are just using one eighth of the sphere in n-space because all the quantum numbers 
must be positive. 
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We can now relate the Fermi energy to the number of particles in the box. 

7 r 2 h 2 2 TT 2 h 2 /3 IV\ 3 7 r 2 h 2 / 3N \ 3 7T 2 ?? 2 /3n\ 3 

F 2ml 2 2mL 2 \ 7 r / 2m \7rL 3 y 2m \ tt J 


We can also integrate to get the total energy of all the fermions. 


Etot. — 2 — 


2 r 2 TT 2 h 7T' 

47rr ——tit dr = 


3 h 2 


t 3 H 2 


2 mL 2 


2mi 2 5 10mi 2 


3AT 

7T 


7t 3 S 2 /3?r\ 3 3 
10m ) 


0 

where the last step shows how the total energy depends on the number of particles per unit volume 
n. It makes sense that this energy is proportional to the volume. 

The step in which Ep and E to t is related to N is often useful. 


Ep 


Etot 


n 2 h 2 / 3 N_y 
2 m \ nL 3 J 
7T 3 h 2 /3 N\i 
lOmL 2 1 tt ) 


13.1.2 Degeneracy Pressure in Stars 


The pressure exerted by fermions squeezed into a small box is what keeps cold stars from collapsing. 
White Dwarfs are held up by electrons and Neutron Stars are held up by neutrons in a much smaller 
box. 


We can compute the pressure from the dependence of the energy on the volume for a fixed 
number of fermions. 


dE 

P 


Etot 


P 

P 


F ■ ds = PAds = PdV 

dEtot 

dV 

10m \ 7r J 
15 m \ 7r J 

tt 3 h 2 ( 3 N\ 3 ^ _ 5 7r 3 H 2 ( 3 n\ 3 

15m \ tt J 15m \ 7 r / 


The last step verifies that the pressure only depends on the density, not the volume and the N 
independently, as it should. We will use. 


TT 3 H 2 

(3 N \ 

| f I- 5 ^ 2 | 

( m ) 

15m 

- 

! 15m 1 

n J 


v- 
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To understand the collapse of stars, we must compare this to the pressure of gravity. We compute 
this approximately, ignoring general relativity and, more significantly, the variation of gravitational 
pressure with radius. 


E 


J GM- inside Anr 2 p ^ 
o 


R 


G(^7rr 3 p)Aitr 2 p 

--- dr 


(47T) 2 

15 


Gp 2 R 5 = 


3 GM 2 
5 R 


The mass of the star is dominated by nucleons. 

M = NM n 

Putting this into our energy formula, we get. 


E = ~G{NM n ) 2 (yV V-i 


We can now compute the pressure. 


= -w = 4 G(ArM ~> 2 (f') 


The pressures must balance. For a white dwarf, the pressure from electrons is. 


We can solve for the radius. 


p, = (— Vr, 

15 m e V 7T 


. 3 \ 5 n 3 Ti 2 /3\ 5 N£ 
R= — 


47 t J 3Gm e M^ \n J N 2 


There are about two nucleons per electron 


N « 2 N„ 


so the radius becomes. 


'8l7T 2 \ 3 h 2 l 

i?= 


512 J Gm e M 2 N 


The radius decreases as we add mass. For one solar mass, N = 10 57 , we get a radius of 7200 km, 
the size of the earth. The Fermi energy is about 0.2 MeV. 


A white dwarf is the remnant of a normal star. It has used up its nuclear fuel, fusing light elements 
into heavier ones, until most of what is left is Fe 56 which is the most tightly bound nucleus. Now 
the star begins to cool and to shrink. It is stopped by the pressure of electrons. Since the pressure 
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from the electrons grows faster than the pressure of gravity, the star will stay at about 
earth size even when it cools. 

If the star is more massive, the Fermi energy goes up and it becomes possible to absorb the electrons 
into the nucleons, converting protons into neutrons. The Fermi energy needs to be above 1 MeV. 
If the electrons disappear this way, the star collapses suddenly down to a size for which the Fermi 
pressure of the neutrons stops the collapse (with quite a shock). Actually some white dwarfs stay 
at earth size for a long time as they suck in mass from their surroundings. When they have just 
enough, they collapse forming a neutron star and making a supernova. The supernovae are all nearly 
identical since the dwarfs are gaining mass very slowly. The brightness of this type of supernova has 
been used to measure the accelerating expansion of the universe. 

We can estimate the neutron star radius. 

R^ R M?L N i 2-s = 10 

m e 

Its about 10 kilometers. If the pressure at the center of a neutron star becomes too great, it collapses 
to become a black hole. This collapse is probably brought about by general relativistic effects, aided 
by strange quarks. 


13.2 The 3D Harmonic Oscillator 


The 3D harmonic oscillator can also be separated in Cartesian coordinates. For the case of a 
central potential, V = ^mu 2 r 2 , this problem can also be solved nicely in spherical coordinates using 
rotational symmetry. The cartesian solution is easier and better for counting states though. 


Lets assume the central potential so we can compare to our later solution. We could have three 
different spring constants and the solution would be as simple. The Hamiltonian is 


H 

P 2 . 1 22 

= --b -mu; r 


2m 

2 

H 

Pr 1 2 2 

= -2- + -mu x 


2m 

2 

H 

— H x + Hy + H z 


Pv_ 

2 in 


Pz 
2 TO 


I 2 2 

+ —mu z 


The problem separates nicely, giving us three independent harmonic oscillators. 


E = ^ n x + n v + n z + Pj fiu 

j’nx,ny,nz{x,y,z) = Unx{x)u ny (y)u nz {z) 

This was really easy. 

This problem has a different Fermi surface in n-space than did the particle in a box. The boundary 
between filled and unfilled energy levels is a plane defined by 

E f 3 

n x + n v + n z = - -- 

y hu 2 
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13.3 Sample Test Problems 

1. A particle of mass m in 3 dimensions is in a potential V(x,y,z) = \k(x 2 + 2 y 2 + 3 z 2 ). Find 
the energy eigenstates in terms of 3 quantum numbers. What is the energy of the ground 
state and first excited state? 

2. * N identical fermions are bound (at low temperature) in a potential V(r) = ^ moj 2 r 2 . Use 
separation in Cartesian coordinates to find the energy eigenvalues in terms of a set of three 
quantum numbers (which correspond to 3 mutually commuting operators). Find the Fermi 
energy of the system. If you are having trouble finding the number of states with energy less 
than Ep, you may assume that it is a(Ep/hui) 3 . 

3. A particle of mass m is in the potential V(r) = |mw 2 ( x 2 + y 2 ). Find operators that commute 
with the Hamiltonian and use them to simplify the Schrodinger equation. Solve this problem 
in the simplest way possible to find the eigen-energies in terms of a set of ” quantum numbers” 
that describe the system. 

4. A particle is in a cubic box. That is, the potential is zero inside a cube of side L and infinite 
outside the cube. Find the 3 lowest allowed energies. Find the number of states (level of 
degeneracy) at each of these 3 energies. 

5. A particle of mass m is bound in the 3 dimensional potential V(r) = kr 2 . 

a) Find the energy levels for this particle. 

b) Determine the number of degenerate states for the first three energy levels. 

6. A particle of mass m is in a cubic box. That is, the potential is zero inside a cube of side L 
and infinite outside. 

a) Find the three lowest allowed energies. 

b) Find the number of states (level of degeneracy) at each of these three energies. 

c) Find the Fermi Energy Ep for N particles in the box. (N is large.) 

7. A particle is confined in a rectangular box of length L, width W, and “tallness” T. Find 
the energy eigenvalues in terms of a set of three quantum numbers (which correspond to 3 
mutually commuting operators). What are the energies of the three lowest energy states if 
L = 2a, W = la, and T = 0.5a. 

8. A particle of mass m is bound in the 3 dimensional potential U(r) = kr 2 . 

9. a) Find the energy levels for this particle. 

10. b) Determine the number of degenerate states for the first three energy levels. 

11. In 3 dimensions, a particle of mass m is bound in a potential V(r) = T, ( + . 

a) The definite energy states will, of course, be eigenfunctions of H. What other operators 
can they be eigenfunctions of? 

b) Simplify the three dimensional Schrodinger equation by using these operators. 
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14 Angular Momentum 

14.1 Rotational Symmetry 

If the potential only depends on the distance between two particles, 

V{r) = V(r) 

the Hamiltonian has Rotational Symmetry. This is true for the coulomb (and gravitational) 
potential as well as many others. We know from classical mechanics that these are important 
problems. 

If a the Hamiltonian has rotational symmetry, we can show that the Angular Momentum operators 
commute with the Hamiltonian (See section 14.4.1). 


[H,Li]= 0 

We therefore expect each component of L to be conserved. 

We will not be able to label our states with the quantum numbers for the three components of 
angular momentum. Recall that we are looking for a set of mutually commuting operators 
to label our energy eigenstates. We actually want two operators plus H to give us three quantum 
numbers for states in three dimensions. 

The components of angular momentum do not commute (See section 14.4.2) with each other 

\E Xl Ly\ = ihL z 


12 . 


[I^ii I'j\ — L}- 


but the square of the angular momentum commutes with any of the components 


[L 2 ,Li] = 0 


These commutators lead us to choose the mutually commuting set of operators to be H . L 2 , 
and L z . We could have chosen any component, however, it is most convenient to choose L z given 
the standard definition of spherical coordinates. 


The Schrodinger equation can now be rewritten (See section 14.4.3) with only radial derivatives 
and L 2 . 


-r 

2/t 


-r 

2/i 


dr 


+ 


1 d 


r dr h 2 r 2 


\J 2 ue{t) + V(r)uE(r) = Eusir) 


u E (tO + V(r)u E {r) = 


Eu e (r) 
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This leads to a great simplification of the 3D problem. 

It is possible to separate the Schrodinger equation since r and L 2 appear separately. Write the 
solution as a product 


ue{t) = REt{r)Ye m (9, <f>) 


where £ labels the eigenvalue of the L 2 operator and m labels the eigenvalue of the L z operator. 
Since L z does not appear in the Schrodinger equation, we only label the radial solutions with the 
energy and the eigenvalues of £. 

We get the three equations. 



L 2 Y em (0,ct>) =£(£+l)h 2 Y em (0,<j>) 


L z Y em (e,cj> ) = 

mKY ern (6,(j>) 

-n 2 

2/r 

1 / d \ 2 Id £{£+l) 

r 2 \ dr )+ r dr r 2 

REt{r) + V(r)R E e{r) = ER E i{r) 


By assuming the eigenvalues of L 2 have the form £{£ + l)h 2 , we have anticipated the solution 
but not constrained it, since the units of angular momentum are those of h and since we expect 
L 2 to have positive eigenvalues. 

(Wm|-b 2 |Wm.) = {LxYe.m\L x Ye.m) + ( LyY(m\LyYg rn ) + (L z Yg m \L z Y( m ) > 0 

The assumption that the eigenvalues of L z are some (dimensionless) number times h does not 
constrain our solutions at all. 

We will use the algebra of the angular momentum operators to help us solve the angular part of 
the problem in general. 

For any given problem with rotational symmetry, we will need to solve a particular differential 
equation in one variable r. This radial equation can be simplified a bit. 


-h 2 

' d 2 2d' 

2 fj, 

dr 2 r dr 


REt(r) + ( V(r) 


£(£+l)h 2 

2/xr 2 


REi(r) = ER E i{r ) 


We have grouped the term due to angular momentum with the potential. It is often called a pseudo¬ 
potential. For t ^ 0, it is like a repulsive potential. 


14.2 Angular Momentum Algebra: Raising and Lowering Operators 

We have already derived the commutators of the angular momentum operators 


\E x ^Ly\ — zTxL 
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[U , Lj] — iTieijkLk 
\L 2 ,U] = 0 . 


We have shown that angular momentum is quantized for a rotor with a single angular variable. To 
progress toward the possible quantization of angular momentum variables in 3D, we define the 
operator L + and its Hermitian conjugate L_. 

L± = L x dz iLy. 

Since L 2 commutes with L x and L y , it commutes with these operators. 

[L 2 ,L ± \ = 0 


The commutator with L z is. 

[T-j-, Lz\ = [L x , L z \ dz i\L y , Lz\ = L y zh iL x ) = ^TiL- j-. 


From the commutators [L 2 1 L±] = 0 and [L ±, L z ] = =F TiL± , we can derive the effect of the operators 
(See section 14.4.5) L± on the eigenstates Y( m , and in so doing, show that l is an integer greater 
than or equal to 0, and that m is also an integer 


£ = 0 , 1 , 2 ,... 

—£ < m < £ 
m = —£, —£ + 1 ,..., £ 

— 7l\J£{£ + 1) Ul^TTl zh l)T)(r?i=bl) 


Therefore, L + raises the z component of angular momentum by one unit of h and L_ lowers it by 
one unit. The raising stops when m = £ and the operation gives zero, L + Yu = 0. Similarly, the 
lowering stops because L-Y^-e = 0. 


1=0 1=1 1=2 1=3 


L 



Solution to radial equation depends on 1. 



Angular momentum is quantized. Any measurement of a component of angular momentum will 
give some integer times h. Any measurement of the total angular momentum gives the somewhat 
curious result 


\L\ = x /£{£ + l)h 
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where £ is an integer. 

Note that we can easily write the components of angular momentum in terms of the raising and 
lowering operators. 

Lx = 2 (L+ + L-) 

Ly = 2i.( L+ ~ L ~^ 


We will also find the following equations useful (and easy to compute). 

[L~\~t L — j = i\Ly : L x \ i\L X) Ly\ = Ti(L z -1- T z ) = 2 hL z 
L 2 = L + L_ + L 2 — hL z . 


* See Example 14.5.1: What is the expectation value of L z in the state il’(r) = R(r)(-\J^Y\i(6,<t>) — 


* See Example 14.5.2: What is the expectation value of L x in the state V’(r) = -R(r 

y/lY lo (0, </>))?* 




14.3 The Angular Momentum Eigenfunctions 

The angular momentum eigenstates are eigenstates of two operators. 


L z Y em (9,4 1 ) = mhYtm^d, (f>) 
L 2 Y tm (e, 0) = £(£ +1 )h 2 Y tm (e, (j)) 


All we know about the states are the two quantum numbers £ and m. We have no additional 
knowledge about L x and L y since these operators don’t commute with L z . The raising and 
lowering operators L± = L x ± iL y raise or lower m, leaving £ unchanged. 


L±Y em = hy/e(e + i) — m(m =b l)l}( m= fci) 


The differential operators take some work to derive (See section 14.4.4). 
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Its easy to find functions that give the eigenvalue of L z . 

Y tm {e,<t>) = e(0)$(0) = e(o)e im * 

L z Yi m {e,<t>) = = -im&(9)e im * = rnhY^A) 

l 0(p i 


To find the 9 dependence, we will use the fact that there are limits on to. The state with maximum 
to must give zero when raised. 


L+Y u = He** (Jfi + i cot^) 0*(0)e"* = 0 


This gives us a differential equation for that state. 

d0(0) 


d9 


+ i0(0) cot 9(i£) = 0 


d0(0) 

d9 


= £ cot 00(0) 


The solution is 
Check the solution. 

Its correct. 


dB 

~d9 


0 ( 0 ) = Csm e 0. 

Cl cos 0 sin^ -1 9 = 1 cot 00 


Here we should note that only the integer value of £ work for these solutions. If we were to use 
half-integers, the wave functions would not be single valued, for example at <f> = 0 and </> = 2i r. Even 
though the probability may be single valued, discontinuities in the amplitude would lead to infinities 
in the Schrodinger equation. We will find later that the half-integer angular momentum states 
are used for internal angular momentum (spin), for which no 0 or <j> coordinates exist. 

Therefore, the eigenstate Yu is. 


Y a = C Bm l (e)e it ^ 

We can compute the next state down by operating with L_. 

%_!) = CL-Yu 

We can continue to lower to to get all of the eigenfunctions. 

We call these eigenstates the Spherical Harmonics. The spherical harmonics are normalized. 

1 27T 

J d( cos 0) J d(j) Yf* n Ye m = 1 

-1 o 

J dn Yp* n Yun = 1 


Since they are eigenfunctions of Hermitian operators, they are orthogonal. 
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cm Yt m Y Vm . = SwSr, 


We will use the actual function in some problems. 

1 


Yoo = 


'/An 


Y n = e**sin t 


8n 


Y w = 
Y 22 = 


COS0 


15 

327T 


e 2i4> sin 2 9 


Y 21 = — \l — e"' 1 ' smtfcosf 

87 r 


I 20 = 


167T 


(3 cos 2 0 — 1) 


The spherical harmonics with negative m can be easily compute from those with positive m. 


Y u _ m) = (-1 ) m Y e 


£m 


Any function of 6 and </> can be expanded in the spherical harmonics. 

OO £ 

/(M) = E E C lm Y im {d^) 

£=0 m=—£ 

The spherical harmonics form a complete set. 

00 £ 00 £ 

E E ( Y e™\ = E E i £m ) = 1 

£=0 m——£ £=0 m=—£ 

When using bra-ket notation, \lm) is sufficient to identify the state. 

The spherical harmonics are related to the Legendre polynomials which are functions of 9. 

f OP 4-1 \ 2 

Yto(9,<f>) = { ^ A _ ) Pe{cosd) 


47T 


Y em = (-l) r 


21 + 1 (£ — m)l 


47t (£ + m)l 


PP(c os9)e im * 
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14.3.1 Parity of the Spherical Harmonics 

In spherical coordinates, the parity operation is 

r —> r 

0 —> 7T — 6 

<p —> <p + 7T. 


The radial part of the wavefunction, therefore, is unchanged and the 

R{r ) —>■ R(r) 

parity of the state is determined from the angular part. We know the state Y/t in general. 
A parity transformation gives. 

Y u {0, (p) -»■ Y u {tt -6,<P + tt) = e ie *e u ” sin e {6) = e u ”Y u = (-1 ) e Y u 
The states are either even or odd parity depending on the quantum number L 

parity = (— l) e 

The angular momentum operators are axial vectors and do not change sign under a parity transfor¬ 
mation. Therefore, L_ does not change under parity and all the Y( m with have the same parity as 

Yu 

L-Yu -»• (-1 ) l LJY u 

Yem(ir - e, <p + 7r) = (-1 ) e Y tm {0, <p) 


14.4 Derivations and Computations 

14.4.1 Rotational Symmetry Implies Angular Momentum Conservation 


In three dimensions, this means that we can change our coordinates by rotating about any one of 
the axes and the equations should not change. Lets try and infinitesimal rotation about the z axis. 
The x and y coordinates will change. 

x' = x + dOy 
y' = y — d9x 


The original Schrodinger Equation is 


Hip{x,y,z) = Eip(x,y,z) 


and the transformed equation is 


Hip[x + d9y, y — ddx, z) = Eip(x + dOy, y — dOx, z). 
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Now we Taylor expand this equation. 

H ^{x, y, z) + HdO = E^x, y, z ) + Ed6 (^y - ^x'j 

Subtract off the original equation. 

H (lk V ~ Ty X ) * = (i V - Ty T ) H * 

We find an operator that commutes with the Hamiltonian. 


H 1 


X dy V dx 


= 0 


Note that we have inserted the constant j in anticipation of identifying this operator as the z 
component of angular momentum. 

L = r x p 


L, = 


d 


d 


X d-y- y Tx 


= xp y - yp x 


We could have done infinitesimal rotations about the x or y axes and shown that all the components 
of the angular momentum operator commute with the Hamiltonian. 

[H,L Z \ = [H, L x \ = [H, L y ] = 0 


Remember that operators that commute with the Hamiltonian imply physical quantities that are 
conserved. 


14.4.2 The Commutators of the Angular Momentum Operators 


[L X ,Ly\ ^ 0, 

however, the square of the angular momentum vector commutes with all the components. 

[L 2 1 L z } = 0 

This will give us the operators we need to label states in 3D central potentials. 

Lets just compute the commutator. 

[L x , Ly] = [yp z - zp y , zpx - xp z ] = y[p z , z]p x + [z,p z ]p y x 
= —[ypx — xp y ] = ihL z 

Since there is no difference between x , y and z, we can generalize this to 


[Z/2, Lj\ — iheijkLk 
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where e^fc 


is the completely antisymmetric tensor and we assume a sum over repeated indices. 

^ijk — €jik — ^ikj — ^kji 


The tensor is equal to 1 for cyclic permutations of 123, equal to -1 for anti-cyclic permutations, and 
equal to zero if any index is repeated. It is commonly used for a cross product. For example, if 


L = f x p 

then 

Li = TjPk^ijk 

where we again assume a sum over repeated indices. 
Now lets compute commutators of the L 2 operator. 

L 2 = Ll + Ll+L 2 z 


[L Z ,L 2 ] = [L z , L 2 \ + [L z , L 2 \ 

= \Lz-> L/x\L x + L X [L Z: L x ] + \L Z: Ly\Ly H- Ly[L z , Ly\ 

= ih(L y L x L x Ly L x Ly LyL x ) = 0 


We can generalize this to 


L 2 commutes with every component of L. 


[Li, L 2 ] = 0. 


14.4.3 Rewriting Using L 2 


We wish to use the L 2 and L z operators to help us solve the central potential problem. If we can 
rewrite H in terms of these operators, and remove all the angular derivatives, problems will be greatly 
simplified. We will work in Cartesian coordinates for a while, where we know the commutators. 


First, write out L 2 . 

L 2 = 


(r x p ) 2 


= -r 


y Tz - Z Ty 


z dx x dz 


X d-y- y d- X 


Group the terms. 


L = - 


- 2 xy 


d 2 d 2 
d^ + d^ 
d 2 

dxdy 


d 2 d 2 

dx 2 + d^ 

d 2 d 2 

2yz -^—^—b 2a :z 


dydz 


dxdz 


d 2 d 2 

\dx 2 + dy 2 

d d d 

2x ——b 2 y ——b 2z— 
ox oy oz 
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We expect to need to keep the radial derivatives so lets identify those by dotting r into p. This will 
also make the units match L 2 . 


( r-p ) 2 


= -r 


= -r 


-^ 

ox 


d 

dx 2 

a 


a a 

y-z- + z 
dy 

od 2 


dz 


y dy 2 

a 

y d^ + z Yz 


dz 2 


2a:y 


a 2 

a^ay 


+ 2 yz 


a 2 

dydz 


■ 2xz 


a 2 

dxdz 


By adding these two expressions, things simplify a lot. 

L 2 + (r • p) 2 = r 2 p 2 + ih f ■ p 


We can now solve for p 2 and we have something we can use in the Schrodinger equation. 

p 2 = (L 2 + (f ■ p) 2 - iTir ■ p) 

It 2 - — ( —Y-h 2 - — 

r 2 r 2 \ dr) r dr 


The Schrodinger equation now can be written with only radial derivatives and L 2 . 


-r 

2 y 


T I Ttt- | + '-l- 


dr 


r dr 


h 2 r 2 


ue{t) + V(r)uE{r) = Eue{t) 


14.4.4 Spherical Coordinates and the Angular Momentum Operators 


The transformation from spherical coordinates to Cartesian coordinate is. 


x = r sin 9 cos <fi 
y = r sin 9 sin </> 
z = r cos 9 


The transformation from Cartesian coordinates to spherical coordinates is. 


r 


COS0 

tan cf) 


\J x 2 + y 2 + z 2 
z 

V x 2 +y 2 + z 2 

y_ 

x 
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We now proceed to calculate the angular momentum operators in spherical coordinates. The first 
step is to write the in spherical coordinates. We use the chain rule and the above transformation 
from Cartesian to spherical. We have used d cos 8 = — sin Odd and dtan0 = ros 1 2 ^ dip. Ultimately 
all of these should be written in the sperical cooridnates but its convenient to use x for example in 
intermediate steps of the calculation. 


_9_ 

dx 


d_ 

dy 


d_ 

dz 


dr d 
dx dr 
x d 
r dr ^ 

sin 8 cos 


d cos 8 d d tan 0 d 


+ 


dx 9 cos 8 dx 9tan0 


-xz —19 y 2 , 9 

-- cos % 
1 


r 3 sin 8 dd x 2 

,9 1 , 

6——I— sm 8 cos 0 cos 
dr r sm 


9 


sin 8 cos 

dr d dcosd d 9 tan 0 d 


d8 
1 sin 0 d 


1 sin 8 sin 0 2 9 

-o--— cos 0— 

r sin 8 cos 2 0 dtp 


9 1 9 

— + -cos0cos6»— - . 

or r od r smd ocp 


dy dr 

yd_ + ^ 

r dr 

sin 8 sin (j> 

sin 8 sin 

dr 9 
dz dr 
2 9 
r dr 


+ 


dy d cos 8 
yz —1 9 1 


dy d tan (j) 


d 


cos2 
x dcp 


9 1 19 

— + - sm 8 sm 0 cos 0 ——- — 
dr r sm 8 d8 


1 1 2,3 

—- 2 C0S 

r sm 8 cos <p dcp 


d 1 . 
)-r- + - sm ( 
dr r 


„ 9 1 cos 0 9 

,cos(9 7m + — 

dO r smtl 90 


dcosd d 9tan0 9 


+ 


dz 9cos0 dz 9 tan 0 
-1 9 


r 3 / sin 8 d8 


n d 1 , 

COS0— + - (l — 

9r r 

3 1 . 3 

cos6>--sm6»— 

ar r oO 


cos 2 0) 


-1 9 
sin 8 dd 
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Bringing together the above results, we have. 


d_ 

dx 

d_ 

dy 

d_ 

dz 


, 0 1 0 
sin 0 cos ( p— —I— cos p cos 0— — 
or r 09 

. . , d 1 . , d 

sin 0 sin p— —I— sm p cos 0 — + 
or r 00 


1 sin p d 
r sin# dp 
1 cos p d 
r sin# dp 


p d 1 • a d 

cos#--sme¬ 
ar r 00 


Now simply plug these into the angular momentum formulae. 


d 


d 


L z = - x- - y— = - — 


dy 


dx 

n 


h d 


i dp 


d 


d 


i \ dz dy 


d 


d 


L ± = L x ±iL v =- =- -z — =F 


d 


= h(T(.x±iy)—±z(—±i— 


dz 


d 


d 


= hr I - F sin 0e ±l<p p— ± cos 8 ( —- ± * 7 — 


d 


dx dy 


d 


dz 


dx dz 


d 


d 


dz 


d 


d 


dy dx 


dx dy 


( / a p\ \ / r\ rj Q \ 

=F sin#e ±l ^ ( rcosd— -sin 0 — ) ± cos 9 \ r svcide ^——|- cos 9e ±l ^ — ± — — 7 - 7 — ) 

\ Or 00 J \ dr 00 sm 0 dtp J 


d 


= he*** ± sin 2 9— ± cos 2 8— ± 


08 


d . i cos 9 d 


08 sin# dip 


= he ±l< ^ I ±777 + zcot #-77 


08 


dp 


We will use these results to find the actual eigenfunctions of angular momentum. 


h d 

i dp 

n ‘ ± ' t ( ± ^ +icot8 ^) 


14.4.5 The Operators L± 


L z = 

L± = 


The next step is to figure out how the L± operators change the eigenstate 7< m . What eigenstates 
of L 2 are generated when we operate with L + or L_? 

L 2 {L ± Y tm ) = L ± L 2 Y im = £{£ + l)h 2 {L ± Y im ) 

Because L 2 commutes with L ±, we see that we have the same £{£ + 1) after operation. This is also 
true for operations with L z . 

L 2 {L z Y (m ) = L z L 2 Y lm = £{£ + l)h 2 {L z Y im ) 
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The operators L + , L_ and Lz do not change £. That is, after we operate, the new state is still an 
eigenstate of L 2 with the same eigenvalue, £{£ +1). 

The eigenvalue of L z is changed when we operate with L + or L_. 

LziL^Ycm) = L±L z \z rn T [L Z: L±]Yg m 

= mh(L±Yem ) ± hL±Y im = (to ± 1 )h{L±Yt m ) 


(This should remind you of the raising and lowering operators in the HO solution.) 
From the above equation we can see that ( L±Ye m ) is an eigenstate of L z . 

^=b {£•> 

These operators raise or lower the z component of angular momentum by one unit of h. 
Since = L^, its easy to show that the following is greater than zero. 

( L±Yem\L±Yt m ) > 0 

{Y(m \L^L±Ylm) > 0 


Writing L + L_ in terms of our chosen operators, 

TrpT-j- — {Lx ~F zb iLy) — L x -t- Ly it iL x Ly q 1 iLyL x 

= L 2 x + L 2 y ± i[L x ,L y \ = L 2 - L 2 z =f hL z 

we can derive limits on the quantum numbers. 

(Y em \(L 2 -L 2 z ThL z )Y em ) >0 
{£{£ + 1) - m 2 =F m)h 2 > 0 
£(l + 1 ) > m(m ± 1 ) 


We know that the eigenvalue £{£ + 1 )h 2 is greater than zero. We can assume that 

£ > 0 

because negative values just repeat the same eigenvalues of £{£ + l)h 2 . 

The condition that £{£ + 1) > m{m zb 1) then becomes a limit on to. 

—£ < to < £ 

Now, L + raises to by one and L_ lowers to by one, and does not change £. Since to is limited to be 
in the range — £ < m < £, the raising and lowering must stop for to = zb£, 

L-Y^_n' ) = 0 
L+Y u = 0 
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The raising and lowering operators change m in integer steps, so, starting from m = —£, there will 
be states in integer steps up to l. 


to = — £, —£ + 1,..., £ — 1,1 

Having the minimum at — £ and the maximum at +£ with integer steps only works if £ is an integer 
or a half-integer. There are 2£ + 1 states with the same £ and different values of to. We now know 
what eigenstates are allowed. 

The eigenstates of L 2 and L z should be normalized 

(Y lm \Y tm ) = 1. 

The raising and lowering operators acting on Y give 

= (^, 7?r) Y£( m -j-1) 


The coefficient C±(£,m) can be computed. 

Y^m\L±Y£rn) = 


\C(£,m)\ 2 = 

C±(l,m) = 


\C{£,m)\ 2 (Y i{m±1) \Y e{m±1) ) 

I C(£,m)\ 2 

(Ye m | L T L±Y e m) 

(Y tm \(L 2 - L 2 zT nL z )Y em ) 
(£(£ + 1) - to 2 =F rn)h 2 
{£{£ + 1) - to 2 =F to) h 2 
hs/l(t + 1) — m(m ± 1) 


We now have the effect of the raising and lowering operators in terms of the normalized eigenstates. 

Ygm — £(£ T 1) to(? 77- it l)W(m±l) 

14.5 Examples 

14.5.1 The Expectation Value of L z 

What is the expectation value of L z in the state 4>(r) = l?(r)(^|ln(6 ) , </>) — iJ^Yi-x{6, 4>))7 
The radial part plays no role. The angular part is properly normalized. 

(Vi l z \ i / j ) = 
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14.5.2 The Expectation Value of L x 


What is the expectation value of L x in the state = R(r)(J |Y L1 (0, <j>) — J iF lo (0, </>))? 


We need L x = (L + + L_)/2. 


l Yn - \ll Yi °\ L++l -\\I l Yi1 - \!\ Yi \ 


\ 

1 

h 

2 

) = - 2 -n 

2 3 V 3 


l Yu -\ll Yw \v l L - Fn -\ll L+Yl °, 


l Y 11 - v^‘ o| v!^° - v 


14.6 Sample Test Problems 

1. Derive the commutators [L 2 ,L + ] and [L z ,L + \. Now show that L + Yz m = CY^ m+ p, that is, 
L + raises the L z eigenvalue but does not change the L 2 eigenvalue. 

Answer 


L+ - Lx + iLy 

Since L 2 commutes with both L x and L y , 


[L\L+} = 0. 


\Lzi -^+] — \Lzi L x + — [-^21} L x \ + z[Z/2;, — iHLy iLx) — L(L X H - iLy ) — fiL~ |_ 

We have the commutators. Now we apply them to a Y^ m . 

[L 2 , L+]y /m = L 2 L + Y im - L+L 2 Y em = 0 

L 2 {L+Y em ) = + 1 )h 2 (L + Y em ) 

So, L + Y( m is also an eigenfunction of L 2 with the same eigenvalue. L + does not change L 


\L Z i — -lz-1+l^m L+L z Yg m — 


L Z {L+Ye m ) mTi(L + Y( m ) — 7i(Z/_j_y^ m ) 

L Z (L + Y lm ) = (m + l)h(L+Y tm ) 

So, L + raises the eigenvalue of L z . 

2. Write the (normalized) state which is an eigenstate of L 2 with eigenvalue £(£ + l)h 2 = 2h 2 and 
also an eigenstate of L x with eigenvalue Oh in terms of the usual Yg m . 

Answer 
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An eigenvalue of l{l + 1 )h 2 = 2h 2 implies t = 1. We will need a linear combination of the Y\ m 
to get the eigenstate of L x = L+ + L -> . 


+ ^ -(AYn + -B^io + CYi_i) — 0 


■j=(A Y w + BY U + BYi_i + CY 10 ) = 0 
{BY n + (A + C)Y W + BY^) = 0 


Since this is true for all 9 and </>, each term must be zero. 


B = 0 


A = -C 

The state is 

The trivial solution that A = B = C = Ois just a zero state, not normalizable to 1. 

3. Write the (normalized) state which is an eigenstate of L 2 with eigenvalue £(£ + l)h 2 = 2 h 2 and 
also an eigenstate of L y with eigenvalue lh in terms of the usual Yj> m . 

4. Calculate the commutators [p z ,L x \ and [L 2 ,L Z ]. 

5. Derive the relation L + Y^ m = Uy/£(£ + 1) — m(m + l)W( m+ i). 

6. A particle is in a l = 1 state and is known to have angular momentum in the x direction equal 
to +h. That is L x ip = Uil>. Since we know l = 1, iji must have the form iji = i?(r)(aYi j i + 
bY \,o + cY\-i). Find the coefficients a, b, and c for ip normalized. 

7. Calculate the following commutators: [x,L z \, [L + ,L 2 ], [^muj 2 r 2 ,p x ]. 

8. Prove that, if the Hamiltonian is symmetric under rotations, then [H,L Z \ = 0. 

9. In 3 dimensions, a particle is in the state: 

ip( r) = C{iY 3 3 - 2Y 30 + 3Y 3 i) R(r) 

where R(r) is some arbitrary radial wave function normalized such that 

R* {r)R{r)r 2 dr = 1. 

a) Find the value of C that will normalize this wave function. 

b) If a measurement of L z is made, what are the possible measured values and what are 
probabilities for each. 

c) Find the expected value of < L x > in the above state. 

10. Two (different) atoms of masses M\ and M 2 are bound together into the ground state of a 
diatomic molecule. The binding is such that radial excitations can be neglected at low energy 
and that the atoms can be assumed to be a constant distance a = 3A apart. (We will ignore 
the small spread around r = a.) 

a) What is the energy spectrum due to rotations of the molecule? 
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b) Assuming that R(r) is given, write down the energy eigenfunctions for the ground state 
and the first excited state. 

c) Assuming that both masses are about 1000 MeV, how does the excitation energy of the 
first excited state compare to thermal energies at 300°K. 


15 The Radial Equation and Constant Potentials * 

15.1 The Radial Equation * 


After separation of variables, the radial equation depends on i. 


-Ti 

2/i 


dr 


id_ 

r dr 


1) 


Rei{t) + V(r)R E e(r) = ER E t{r) 


It can be simplified a bit. 


-r 

2 fi 


d 2 2d £(£ + 1) 


dr 2 


dr 


Rec (r) + V(r)R E e(r) = ER Ee (r) 


The term due to angular momentum is often included with the potential. 


—h 2 

[ d 2 2 51 

, . ( 

2 fj, 

dr 2 r dr 

Rni{ r ) + f 


11 . 


1 ( 1+1 )h 2 

2 fj,r 2 


Rnt{r) = ER ne (r) 


This pseudo-potential repels the particle from the origin. 

15.2 Behavior at the Origin * 


The pseudo-potential dominates the behavior of the wavefunction at the origin if the 

potential is less singular than . 


-r 


d 2 2 d_ 

2/x [dr 2 ^ r dr 
For small r, the equation becomes 


Rui{r) + ( V(r) + ) Rni{r) = ER n ,{r) 


d 2 2d_ 
dr 2 ^ r dr 


RnAr) - l) RnAr) = 0 


The dominant term at the origin will be given by some power of r 

R(r) = r s . 
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Higher powers of r are OK, but are not dominant. Plugging this into the equation we get 

[s(s - l)r s " 2 + 2sr s " 2 ] - £(t + l)r s " 2 = 0. 

s(s — 1) + 2s = £(£ + 1) 
s(s + 1) = £[£ + 1) 

There are actually two solutions to this equation, s = l and s = — t — 1. The first solution, s = t, is 
well behaved at the origin (regular solution). The second solution, s = —1, causes normalization 
problems at the origin (irregular solution). 


15.3 Spherical Bessel Functions * 

We will now give the full solutions in terms of 

p = kr. 

These are written for E > V but can be are also valid for E < V where k becomes imaginary. 

p = kr —> inr 


The full regular solution of the radial equation for a constant potential for a given i is 


*(„) = (-„)'(I-P 


j Pdp) p 

the spherical Bessel function. For small r, the Bessel function has the following behavior. 


Mp) -t 


P 


1 • 3 • 5 • ...(2i + 1) 


The full irregular solution of the radial equation for a constant potential for a given l is 

t fld\ e cos p 

Mp) = -(-p) --r - 

\pdpj p 

the spherical Neumann function. For small r, the Neumann function has the following behavior. 

1 • 3 • 5 • ...(2£ + 1) 


ni(p) -)• 


P 


,i+i 


The lowest £ Bessel functions (regular at the origin) solutions are listed below. 
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The lowest £ Neumann functions (irregular at the origin) solutions are listed below. 



The most general solution is a linear combination of the Bessel and Neumann functions. 
The Neumann function should not be used in a region containing the origin. The Bessel and 
Neumann functions are analogous the sine and cosine functions of the ID free particle solutions. 
The linear combinations analogous to the complex exponentials of the ID free particle solutions are 

the spherical Hankel functions. 

, m, , . , . . , . , f 1 d\ £ sin p — icosp i iln _±^ 

K (p) = 3tip) + m e (p) = (~p) e ( - — ) — - 

\pdpj p p 

h< f\p) = Mp ) - in dp ) = hf ] *(p) 

The functional for for large r is given. The Hankel functions of the first type are the ones that 
will decay exponentially as r goes to infinity if E < V, so it is right for bound state solutions. 

The lowest £ Hankel functions of the first type are shown below. 



We should also give the limits for large r, (p » f),of the Bessel and Neumann functions. 

sin (p - 


3e(p) -t 


Mp) 


COS 


p 

(p- e f) 


Decomposing the sine in the Bessel function at large r, we see that the Bessel function is composed 
of an incoming spherical wave and an outgoing spherical wave of the same magnitude. 


Mp) 


1 

2 ikr 


^ e -i{kr-e 71-/2) _ e i(fcr-&r/2)^ 


This is important. If the fluxes were not equal, probability would build up at the origin. All our 
solutions must have equal flux in and out. 
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15.4 Particle in a Sphere * 

This is like the particle in a box except now the particle is confined to the inside of a sphere of 
radius a. Inside the sphere, the solution is a Bessel function. Outside the sphere, the wavefunction 
is zero. The boundary condition is that the wave function go to zero on the sphere. 

ji{ka) = 0 


There are an infinite number of solutions for each £. We only need to find the zeros of the Bessel 
functions. The table below gives the lowest values of ka = \J h which satisfy the boundary 
condition. 


£ 

n = 1 n = 2 n = 3 

0 

3.14 6.28 9.42 

1 

4.49 7.73 

2 

5.72 9.10 

3 

6.99 10.42 

4 

8.18 

5 

9.32 


We can see both angular and radial excitations. 


15.5 Bound States in a Spherical Potential Well * 

We now wish to find the energy eigenstates for a spherical potential well of radius a and potential 

-V 0 . 


V(r) 

Rnl(r) 


Spherical Potential Well (Bound States) 


Aji{kr 


Rni = Bh^ 


inr 


fc = v 

l2n(E+V n ) 

h 2 

« = V / 




-E 


-V„ 


We must use the Bessel function near the origin. 

R n e{r) = Ajt(kr) 
k = 


l2n(E + V 0 ) 


n z 
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We must use the Hankel function of the first type for large r. 

p = kr —> inr 



R n i = Bh^\iKr) 


To solve the problem, we have to match the solutions at the boundary. First match the wavefunction. 

A [M} p =ka = B [M/>)]p=i*a 

Then match the first derivative. 


Ak 


dje(p) 

dp 


= B(in) 


p=ka 


dh e (p) 

dp 


We can divide the two equations to eliminate the constants to get a condition on the energies. 


r d u (p) i 



r dh e (p) 1 

dp 


= {in) 

dp 

Jdp) 

p—ka 

ht(p) 


J p—iKa 


This is often called matching the logarithmic derivative. 

Often, the l = 0 term will be sufficient to describe scattering. For £ = 0, the boundary condition is 


~ cos p sin p ' 


r ie'f e'P 1 


p p 2 

II 

-Sfi 

II 

ip ip 2 

p=in,a 

sin p 

P 

e i P 

i-P 


Dividing and substituting for p, we get 

k (cot (ka) — -— ) = in (i— -—] . 
\ ka J \ ma J 

kacot(ka) — 1 = —na — 1 

k cot (ka) = —k 


This is the same transcendental equation that we had for the odd solution in one dimen¬ 
sion. 


— cot 


l2p{E+V 0 ) 


-E 

V 0 + E 


The number of solutions depends on the depth and radius of the well. There can even be no solution. 
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15.6 Partial Wave Analysis of Scattering * 

We can take a quick look at scattering from a potential in 3D We assume that V = 0 far from 
the origin so the incoming and outgoing waves can be written in terms of our solutions for a constant 
potential. 

In fact, an incoming plane wave along the z direction can be expanded in Bessel functions. 


,ikz = e ikrco S 8 = yj 47r(2£ + l)i e jc(kr)Y(o 

_ e=o _ 


Each angular momentum (£) term is called a partial wave. The scattering for each partial wave 
can be computed independently. 


For large r the Bessel function becomes 


je(p) -t 


1 

2 ikr 


^ e -i(kr-ei r/2) _ ^(kr-tv/ 2)^ 


so our plane wave becomes 


e ikz 


CXJ 

V JAtt(2£ + 1 )i e - f e -i(kr-en/ 2) _ jtkr-t*/2)\ 

z -—' 2 ikr V 1 

£=0 


The scattering potential will modify the plane wave, particularly the outgoing part. To maintain 
the outgoing flux equal to the incoming flux, the most the scattering can do is change the relative 
phase of the incoming an outgoing waves. 


Rt(r) -> 


1 

2 ikr 


^ g -i(kr-£n/2) 


g2W (k) e i(kr-eir/2)'j 


sin(fcr — £7r/2 + Si(k)) 


e ifie(k) 


kr 
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The S((k) is called the phase shift for the partial wave of angular momentum L We can compute 
the differential cross section for scattering 

dcr _ scattered flux into dfl 
dfl incident flux 

in terms of the phase shifts. 


da 

dfl 


1 


^(2£ + l)e lS * sm(6e)Pe(cosd) 
t=o 


The phase shifts must be computed by actually solving the problem for the particular potential. 

In fact, for low energy scattering and short range potentials, the first term i = 0 is often enough to 
solve the problem. 


e 



oY 


4 

3 

1 

0 

1 

3 

4 


Only the low £ partial waves get close enough to the origin to be affected by the potential. 


15.7 Scattering from a Spherical Well * 


For the scattering problem, the energy is greater than zero. We must choose the Bessel function in 
the region containing the origin. 

Re = Aje(k'r) 

t ,= /2MEH-V,) 


For large r, we can have a linear combination of functions. 

Re = Bje(kr) + Cne(kr ) 
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V(r) 


Scattering from a Spherical Well 


E 


R e = Ajt(k'r) R i = Bj t {kr) + Cn e {kr) 



Matching the logarithmic derivative, we get 

k! 


[ dj e (p) "I 
dp 

— h 

V£jdj e (p) . ^dnt{p) I 
dp dp 


p—k' a 

Bjt(p) + Cne(p) 


p—ka 


Recalling that for r —> oo, 


Je 


ne 


sin (p- t") 


-cos(p- ?f) 


and that our formula with the phase shift is 

sin (p - + <^(fc)) 


R(r) 


^7T ^77 

coscfe sin(p-—) + sin 5( cos(p-—) 


we can identify the phase shift easily. 


C 

tan 5 1 = — — 
B 


We need to use the boundary condition to get this phase shift. 

For t = 0, we get 

, cos (k'a) B cos(fca) + C sin(fca) 

sin(fc'a) Bsm(ka) — C cos(ka) 
k ' 

— cot(fc'a) (Bsin(ka) — C cos(fca)) = Bcos(ka) + C'sin(fca) 
k 

k' \ ( k! \ 

— cot (k'a) sin(fca) — cos (ka) ) B = ( sin(fca) + — cot(k'a) cos (ka) ) C 


We can now get the phase shift. 

^ C k cos (ka) sin (k'a) — k! cos (k'a) sin (ka) 

B k sin(fca) sin(fc'a) + k' cos (A:'a) cos (ka) 
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With just the £ = 0 term, the differential scattering cross section is. 


da 
di 2 


sin 2 (#i) 

k 2 


The cross section will have zeros when 

k' 

— = cot(fco) tan(fe'o) 
k 

k' cot(k'a) = kcot(ka). 


There will be many solutions to this and the cross section will look like diffraction. 



15.8 The Radial Equation for u(r) = rR(r ) * 


It is sometimes useful to use 


u n e(r) = rR n e(r) 


to solve a radial equation problem. We can rewrite the equation for u. 


d 2 2d' 

\ v 

(r) 

d f l du 

u\ 2 

du 

2u 

dr 2 r dr 

)- 

r 

dr \r dr 

r 2 ) r 2 dr 

r 3 

1 d 2 u 1 

du 

1 du 2 u 

2 du 2u 1 

d 2 u 

r dr 2 r 2 

dr 

r 

2 dr r 3 

r 2 dr r s 

r 

He 2 

1 d?u(r ) 

+ 

2/i 

E - V{r) - 


u(r) 

= 0 

r dr 2 


n 2 


2 [ir 2 

r 

d 2 u(r] 
dr 2 

+ 

2/r 

w 

E - V(r) - 

£(£+l)h 2 
2 nr 2 

u(r) 

= 0 


This now looks just like the one dimensional equation except the pseudo potential due to angular 
momentum has been added. 

We do get the additional condition that 


to keep R normalizable. 


u(0) = 0 
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For the case of a constant potential Vo, we define k = y ^ and p = kr , and the radial equation 
becomes. 


d 2 u(r) 
dr 2 


2/r 


E-Vn- 


£(£ + i)h 2 


2 p,r 2 


d 2 u(r ) 
dr 2 


+ k 2 u{r) — 


£(£ + 1 ) 


i(r) = 0 


i(r) = 0 


d 2 u(p) £(£+1) 

“^2-u(p)+«(*>) = 0 


For (. = 0, its easy to see that sin/? and cos p are solutions. Dividing by r to get R(p), we see that 
these are jo and uq. The solutions can be checked for other E, with some work. 


15.9 Sample Test Problems 

1. A particle has orbital angular momentum quantum number l = 1 and is bound in the potential 
well V(r) = —Vo for r < a and V(r) =0 elsewhere. Write down the form of the solution (in 
terms of known functions) in the two regions. Your solution should satisfy constraints at the 
origin and at infinity. Be sure to include angular dependence. Now use the boundary condition 
at r = a to get one equation, the solution of which will quantize the energies. Do not bother 
to solve the equation. 

2. A particle of mass in with 0 total angular momentum is in a 3 dimensional potential well 
V(r) = —Vo for r < a (otherwise V(r) = 0). 

a) Write down the form of the (l = 0) solution, to the time independent Schrodinger equa¬ 
tion, inside the well, which is well behaved at at r = 0. Specify the relationship between 
the particles energy and any parameters in your solution. 

b) Write down the form of the solution to the time independent Schrodinger equation, outside 
the well, which has the right behavior as r —> oo. Again specify how the parameters 
depend on energy. 

c) Write down the boundary conditions that must be satisfied to match the two regions. 
Use u(r ) = rR(r) to simplify the calculation. 

d) Find the transcendental equation which will determine the energy eigenvalues. 

3. A particle has orbital angular momentum quantum number l = 1 and is bound in the potential 
well V(r) = — Vo for r < a and V(r) =0 elsewhere. Write down the form of the solution (in 
terms of known functions) in the two regions. Your solution should satisfy constraints at the 
origin and at infinity. Be sure to include angular dependence. Now use the boundary condition 
at r = a to get one equation, the solution of which will quantize the energies. Do not bother 
to solve the equation. 

4. A particle is confined to the inside of a sphere of radius a. Find the energies of the two lowest 
energy states for i = 0. Write down (but do not solve) the equation for the energies for i = 1. 


5 . 
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16 Hydrogen 


The Hydrogen atom consists of an electron bound to a proton by the Coulomb potential. 



We can generalize the potential to a nucleus of charge Ze without complication of the problem. 



Since the potential is spherically symmetric, the problem separates and the solutions will be a 
product of a radial wavefunction and one of the spherical harmonics. 

We have already studied the spherical harmonics. 


The radial wavefunction satisfies the differential equation that depends on the angular momentum 
quantum number £, 


2 d 


2[j, 


U + R Ee{r) + -2 E +— - 


Ze 2 £(£ +l)ti 


v dr 2 ' r dr J 

where p, is the reduced mass of the nucleus and electron. 

m e rriN 


2 nr 2 


REt{r) = 0 


H = 


m e 


m N 


The differential equation can be solved (See section 16.3.1) using techniques similar to those 
used to solve the ID harmonic oscillator equation. We find the eigen-energies 



and the radial wavefunctions 


Rru(p) = P e ^2a k p k e p/2 

_fc=0_ 


where the coefficients of the polynomials can be found from the recursion relation 


k +1 + 1 — n 

Qfc+1 = (fc + l)(fc + 2f + 2) afc 
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and 



The principle quantum number n is an integer from 1 to infinity. 

n = 1,2,3,... 

This principle quantum number is actually the sum of the radial quantum number plus £ plus 1. 

n = n r + £ + 1 

and therefore, the total angular momentum quantum number £ must be less than n. 

£ = 0,l,2,...,n-l 


This unusual way of labeling the states comes about because a radial excitation has the same energy 
as an angular excitation for Hydrogen. This is often referred to as an accidental degeneracy. 


16.1 The Radial Wavefunction Solutions 


Defining the Bohr radius 


n 


ao — -, 

amc 

we can compute the radial wave functions (See section 16.3.2) Here is a list of the first several radial 
wave functions R n e{r). 


Rw 

R21 

R20 

R32 

R31 

R30 



e ~Zr/a 0 


1 

7! 





2y/2 / Z 
27^5 V3oo 
4V2 f_Z_\ 
3 V 3ao ) 




1 


2 Zr 
3ao 


e ~Zr/2a 0 


| e ~Zr/2a 0 
2 

\ e -Zr/3a 0 

V 6 doj 

■ 2 (Zrf \ 

27 al ) 


g — Zr/3ao 


e ~Zr/3a 0 


For a given principle quantum number n,the largest £ radial wavefunction is given by 

Rn,n-l OC r"- 1 e~ Zr / na ° 
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The radial wavefunctions should be normalized as below. 


J r 2 R^R n £ dr = 1 

o 


* See Example 16.4.2: Compute the expected values of E, L 2 , L z , and L y in the Hydrogen state 
g (40100 + 30211 — *0210 + \/lO021-l)-* 


The pictures below depict the probability distributions in space for the Hydrogen wavefunctions. 



The graphs below show the radial wave functions. Again, for a given n the maximum £ state has no 
radial excitation, and hence no nodes in the radial wavefunction. As ell gets smaller for a fixed n, 
we see more radial excitation. 
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Mfrj; J 




(b) 
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<rR(r )> 2 





A useful integral for Hydrogen atom calculations is. 


J dxx n e~ ax 

o 


,ra+l 


* See Example 16.4.2: What is the expectation value of y in the state i/’ioo?* 


* See Example 16.4.3: What is the expectation value of r in the state 'i/’ioo?* 


* See Example 16.4.4: What is the expectation value of the radial component of velocity in the state 
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V^ioo?* 


16.2 The Hydrogen Spectrum 

The figure shows the transitions between Hydrogen atom states. 



The ground state of Hydrogen has n = 1 and t = 0. This is conventionally called the Is state. The 
convention is to name l = 0 states “s”, 1=1 states “p”, t = 2 states “d”, and £ = 3 states “f”. 
From there on follow the alphabet with g, h, i, ... 

The first excited state of Hydrogen has n = 2. There are actually four degenerate states (not 
counting different spin states) for n = 2. In terms of ipntm, these are ^2001 1 P 211 , V^iOi and ^ 21-1 ■ 
These would be called the 2s and 2p states. Remember, all values of l < n are allowed. 

The second excited state has n = 3 with the 3s, 3p and 3d states being degenerate. This totals 9 
states with the different allowed m values. 

In general there are n 2 degenerate states, again not counting different spin states. 

The Hydrogen spectrum was primarily investigated by measuring the energy of photons emitted in 
transitions between the states, as depicted in the figures above and below. 
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t 


Transitions which change £ by one unit are strongly preferred, as we will later learn. 


16.3 Derivations and Calculations 

16.3.1 Solution of Hydrogen Radial Equation * 


The differential equation we wish to solve is. 


2 d 


2 fi 


^2 + -^) Re ^) + T2 ( E + — ~ 


Ze 2 £{£ + 1 )ti 2 


2 pr 2 


REt{r) = 0 


First we change to a dimensionless variable p, 


P = 




—8 pE 

h 2 


r, 


giving the differential equation 


d 2 R 2 dR 
dp 2 ^ p dp 


£{£+!) 


R + 


R = 0, 



where the constant 
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Next we look at the equation for large r. 


crR 1 


-~R = 0 
dp 2 4 

This can be solved by R = e - ^, so we explicitly include this. 

R{p) = G(p)e? 

We should also pick of the small r behavior. 

d 2 R 2 dR t(t + 1) 


dp 2 p dp p 2 


R = 0 


Assuming R = p s , we get 


s(s - 1)4 + 2 s 4 - W + 1)4 = 0 - 

p Z p Z P Z 

s 2 - s + 2s = t(J> + 1) 
s(s + 1) = £(£ + 1) 


So either s = £ or s = — £ — 1. The second is not well normalizable. We write G as a sum. 


G{p) = p e Y^ a k p k = 


CLkP 


k+e 


fc=o 


fc=o 


The differential equation for G{p) is 




We plug the sum into the differential equation. 

OO 

Y (( fc + + *■ - 1 )p k+t ~ 2 -(k + i)p k+i ~ x + 2 {k + £)p k+t ~ 2 

+(A - 1 )p k+( ~ 1 - t[t + 1 )p h+t ~ 2 ) = 0 

CO 

Y (( fc + £){k + i - 1) + 2 (k + £)- £{t + 1)) p k+e ~ 2 

CO 

= Y a k((k + t)-(\-l))p k+ *~ 1 


k =0 


k—0 


k—0 


Now we shift the sum so that each term contains p k+e 1 . 

CO OO 

Y “fc+1 (( fc + 1 + !)( fc + 1) + 2(fc + £ + 1) - £(£ + 1)) p k+e - x =Y ak (( k +*) - ( A - !)) P k+i ~ l 


k =-1 


k—0 
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The coefficient of each power of p must be zero, so we can derive the recursion relation for 

the constants a*. 

ctk+i k + £ + 1 — A 

flfe (fc + £ + l)(fc + £) + 2(fc + £ + 1) — £(£ + 1) 

k + £ + 1 — A fc + £ + 1 — A 

fc(fc + 2£+l) + 2(fc + £+1) = fc(fc + 2£ + 2) + (fc + 2£ + 2) 
fc + £ + 1 — A 1 
(fc + l)(fc + 2£ + 2) ^ fc 


This is then the power series for 

G(p) -+ pV 

unless it somehow terminates. We can terminate the series if for some value of k = n r , 


A — Tl r T £ T 1 = 71. 


The number of nodes in G will be n r . We will call n the principal quantum number, since the energy 
will depend only on n. 

Plugging in for A we get the energy eigenvalues. 


za 'FS- =n ' 

ip 1 v 2 2 2 

E = -—Z a pc 


The solutions are 


Rne(p) = P e ^2 a k p k e p/2 . 


fc=o 


The recursion relation is 


k + £ + 1 — n 

Uk+1 = (fc + l)(fc + 2£ + 2) afc ' 


We can rewrite p, substituting the energy eigenvalue. 


P = 


-8 pE Up 2 c 2 Z 2 a 2 2pcZa 2 Z 

" • / —-- t * = - r =- r 

h 2 n 2 fin na 0 


16.3.2 Computing the Radial Wavefunctions * 


The radial wavefunctions are given by 


n—i— 1 


R(p) = p e J2 ^P k e~ p/2 

k =0 
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where 


2 Z 

p =- r 

nao 


and the coefficients come from the recursion relation 


afc+i — 

The series terminates for k = n — t — f. 
Lets start with f?io- 


k + i + f — n 
(k+l){k + 2£+2) 


a k . 


-Rio W = P° X! ak P ke P/2 

k =0 

Rio(r) = Ce~ Zr/a ° 


We determine C from the normalization condition. 


r 2 R^iRnt dr = 1 


o 

OO 


\C\ 2 J r 2 e~ 2Zr/a ° dr = 1 


This can be integrated by parts twice. 

OO 

2 (S)V |2 / e~ 2Zr / a ° dr = l 


2 (S) I c ' 2=1 


c 2 = l(™ 


2 \ ao 
v2 V a o 


. j 

Rio(r) = 2 ( 2 e~ Zr / a ° 


R 21 can be computed in a similar way. No recursion is needed. 


1 

R 20 O') = p° ^2 akP k e~ p/2 

k—0 

R- 2 o(r) = (a 0 + a 1 p)e~ p/2 


Lets try i? 20 - 
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k + £ + 1 — n 

ak+1 = {k + l)(k + 2£ + 2) ak 
0 + 0 + 1-2 _ -1 

ai ~ (0 + 1)(0 + 2 ( 0 ) + 2 ) a ° ~ T a ° 

R2o(r) = e ~ Zr / 2a ° 

We again normalize to determine the constant. 


16.4 Examples 

16.4.1 Expectation Values in Hydrogen States 

An electron in the Coulomb field of a proton is in the state described by the wave function 
+ 3^211 — *^210 + VWihi-i)- Find the expected value of the Energy, L 2 , L z , and L y . 

First check the normalization. 

|4| 2 + |3| 2 + | — i| 2 + |\/T0| 2 36 

36 “ 36 " 

The terms are eigenstates of E, L 2 , and L z , so we can easily compute expectation values of those 
operators. 

E n = 

(E) = 


1 2 2 1 

2, a » C V 2 


a 2 [ic 


2 


9 5? 


+ 


10^r 


1 2 2 21 


1 . 2 ,, 2 7 


36 


—a uc — = —a uc 
2 P 36 2 P 12 


Similarly, we can just square probability amplitudes to compute the expectation value of L 2 . The 
eigenvalues are £(£ + l)Ti 2 . 

2 = 2 16(0)+ 9(2)+ 1(2)+ 10(2) = 10 2 
' ' 36 9 

The Eigenvalues of L z are mh. 

= 16(0) + 9(1) + 1(0) + 1 Q(-1) = -l 
x ' 36 36 

Computing the expectation value of L y is harder because the states are not eigenstates of L y . We 
must write L y = (L + — L_)/2i and compute. 

(Ly) = ^7^(4^100 + 3^211 ~ *^210 + VT 0 ^ 21 -l\L+ ~ L_\4lpi 00 + 3^211 — ilp2W + VlO^l-l) 

= ■=ttt(4V , ioo + 3^2li — *^210 + VlO^i-il — 3L_%1>2 n — i(L+ ~ L_)xj>2 10 + \/lOT+V , 2i-i) 

7 h 
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72 i 

V2h 

~T2A 

V2Ti 

~72T 


(4^ioo + 3^211 - #210 + VWihi-i\ - 3^210 - iV2ijj2 11 + iV2ip2 1-1 + v / 10 \/ 2 ^ 2 io) 


(4^100 + 3 ^ 2 ii - #210 + Vl 0 fci-i| - 3^210 - #211 + #21-1 + VToV>2io) 
(-3* - 3i + v^Oi + v'iOi) = — 6 + 2v / 10)!v / 2fi _ (2i/5 - 3v/2)» 


72i 


36 


16.4.2 The Expectation of 4 in the Ground State 


-Rio 


W’iooMV’ioo) 

r 


OO 

= J rR* 10 R w dr 



We can compute the expectation value of the potential energy. 


Ze 2 72 - 2 

(^ 100 1-IV’ioo) = ~ 

r a 0 


Z e ry 2 2 amC r/2 2„, 2 r, ZP 

-= Z e—-— = —Z ex me = 2E 


100 


16.4.3 The Expectation Value of r in the Ground State 


(VhooMV’ioo) 


OO 

J r 3 R* w R w dr = 4 
0 




2Zr/ao d = 3 ll^ 

4 Z 


3 Qp 

2l 


16.4.4 The Expectation Value of v r in the Ground State 


For £ = 0, there is no angular dependence to the wavefunction so no velocity except in the radial 
direction. So it makes sense to compute the radial component of the velocity which is the full 
velocity. 


We can find the term for -P- in the radial equation. 


(V , 10 o|(^r) 2 |V’lOo) 


r 2 R 


-r 

10 m 2 


o 



2 d 
r dr 


Rio dr 
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Since a o = 
For Z = 1, 


—2—, we get 

(t^ioo I (^V ) 2 3 l^ioo) = Z 2 a 2 c 2 
the RMS velocity is ac or 


/3 = a = 


1 

137 


We can compute the expected value of the kinetic energy. 

1 9 h 2 Z 2 1 9 o o 

K.E. = -mv 2 = -- 9 - = -Z a me 2 = -E wo 

2 2m Og 2 

This is what we expect from the Virial theorem. 


16.5 Sample Test Problems 

1. A Hydrogen atom is in its 4D state (n = 4, £ = 2). The atom decays to a lower state by emitting 
a photon. Find the possible photon energies that may be observed. Give your answers in eV. 

Answer 

The n = 4 state can decay into states with n = 1,2,3. (Really the n = 1 state will be 
suppressed due to selection rules but this is supposed to be a simple question.) The energies 
of the states are 


The photon energy is given by the energy difference between the states. 

= 13.6 (T - 4) 

For the n = 1 final state, E = ip-13.6 = 12.8 eV. 

For the n = 2 final state, E = A, 13.6 = 2.6 eV. 

For the n = 3 final state, E = 13.6 = 0.7 eV. 


2. Using the if) n e m notation, list all the n = 1,2,3 hydrogen states. (Neglect the existence of 
spin.) 

Answer 

The states are, Vioo, ^ 200 , ^ 211 , V^io, Vtn-i, V’soo, ^ 311 , V’sio, V^i-i, V 1 322 , ^ 321 , ^ 320 , 1 P 32 - 1 , 

^32-2- 

3. Find the difference in wavelength between light emitted from the 3 P —> 2 S transition in 
Hydrogen and light from the same transition in Deuterium. (Deuterium is an isotope of 
Hydrogen with a proton and a neutron in the nucleus.) Get a numerical answer. 
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4. 


5. 

6 . 

7. 


9. 


10 . 

11 . 


12 . 

13. 


14. 


15 . 


An electron in the Coulomb field of a proton is in the state described by the wave 
function g(4i/>ioo + 3^211 ~ f/> 2 io + VTCh/^i-i). Find the expected value of the Energy, L 2 and 
L z . Now find the expected value of L v . 

* Write out the (normalized) hydrogen energy eigenstate ip 3 u (r, 0, (j>). 

Calculate the expected value of r in the Hydrogen state ^200 ■ 

Write down the wave function of the hydrogen atom state ^321 (r). 

A Hydrogen atom is in its 4 D state (n = 4, l = 2). The atom decays to a lower state by emitting 
a photon. Find the possible photon energies that may be observed. Give your answers in eV. 


A Hydrogen atom is in the state: 

tH r ) = ^=(^100 + 2 ^ 211 ~ ^ 322 “ 

For the Hydrogen eigenstates, (Vw|~|f/w) = 
energy for this state. Find the expected value of L x . 


2iip3io + 2^3 00 — 4 ^ 433 ) 

. Find the expected value of the potential 


A Hydrogen atom is in its 3 D state (n = 3,1 = 2). The atom decays to a lower state by emitting 
a photon. Find the possible photon energies that may be observed. Give your answers in eV. 


The hydrogen atom is made up of a proton and an electron bound together by the Coulomb 
force. The electron has a mass of 0.51 MeV/c 2 . It is possible to make a hydrogen-like atom 
from a proton and a muon. The force binding the muon to the proton is identical to that for 
the electron but the muon has a mass of 106 MeV/c 2 . 

a) What is the ground state energy of muonic hydrogen (in eV). 

b) What is the “Bohr Radius” of the ground state of muonic hydrogen. 

A hydrogen atom is in the state: ip(r) = -2=(ip 32 2 + 2ip 2 2i + 2iip 220 + f/'n-i) Find the possible 
measured energies and the probabilities of each. Find the expected value of L z . 


Find the difference in frequency between light emitted from the 2 P —> IS 1 transition in Hydro¬ 
gen and light from the same transition in Deuterium. (Deuterium is an isotope of Hydrogen 
with a proton and a neutron in the nucleus.) 

Tritium is an isotope of hydrogen having 1 proton and 2 neutrons in the nucleus. The nucleus 
is unstable and decays by changing one of the neutrons into a proton with the emission of 
a positron and a neutrino. The atomic electron is undisturbed by this decay process and 
therefore finds itself in exactly the same state immediately after the decay as before it. If the 
electron started off in the ip 200 (n = 2 , l = 0 ) state of tritium, compute the probability to find 
the electron in the ground state of the new atom with Z=2. 

At t = 0 a hydrogen atom is in the state ip(t = 0) = -^{ipioo — ip 2 oo)- Calculate the expected 
value of r as a function of time. 

Answer 


ip(t) = 


ooe~ iElt/R - iP 2 ooe- lE2tln ) = e-^ R ^=(ip W0 - ip 200 e i{E ^ E ^ t/n ) 
(iP\r\iP) = 00 - V’sooe^-^MVhoo - ihooe**-*™) 
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The angular part of the integral can be done. All the terms of the wavefunction contain a Too 
and r does not depend on angles, so the angular integral just gives 1. 

OO 

WW = \j( R 10 - R 2 0 e- i{E2 - El)t/n )*r(R w - R 2 oe~ i(E2 - El)t/n )r 2 dr 
0 

The cross terms are not zero because of the r. 

OO 

(1>\r\i/>) =\j (Rio + Rio - R 10 R 20 [e^ E2 ~ E ^ n + r 3 dr 

0 


00 

(%/j\r\-i/j) = \ j (Rio + R io - 2 f?i 0 i? 2 ocos ^ 


E2 — Ei 

h 


r 3 dr 


Now we will need to put in the actual radial wavefunctions. 


Rio — 


2 ( — )' e~ r / ao 
ao. 




= T [ ( 4e" 2r/a ° + l (l - — + e~ r/a ° 


2oq 


ao 4a 2 




2oq 


o —1 o —L 1 A —L 1 r —L 

4 r e a ° 4 —r e a ° - re a o 4-e 

2 2a 0 8og 


+ (—2\/2 r 3 e 2a o + ^^r 4 e 2o o'j cos 


E 2 — Ei 

h 


t I ] dr 


2oq 


24 


(?) 


+ 3ag — ^^24ag + ^2 120ao 


+ (-2^6 (^2) +XA 2 4(^ 


V2 /2ao 


ao 


cos 


E 2 — Ei 

h 


ao 

T 

ao 

2 


3 f y~16 V2 32 

- + 3 - 12 + 15 + I — 12y/2— 4-24—— 

2 \ 81 ao 243 


cos 


E 2 — Ei 


— + 3 — 12 4- 15 4- I —^^2—— + 


64 256 V / 2 N \ (E 2 -E 1 


27 


81 / 


cos 


15 32V2 (E 2 -E 1 


4 + 81 


COS 


ao 
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17 3D Symmetric HO in Spherical Coordinates * 


We have already solved the problem of a 3D harmonic oscillator by separation of variables in Carte¬ 
sian coordinates (See section 13.2). It is instructive to solve the same problem in spherical 
coordinates and compare the results. The potential is 

V(r) = \pui 2 r 2 . 

Our radial equation is 

0 

0 

Write the equation in terms of the dimensionless variable 


(~ 

\dr 2 


2 d 
r dr 


REi{r) + 4 ^ 

d?R 2 dR 
dr 2 r dr 


E - V(r) - 


2 2 

M 2 

— 7T~ r R — 


t[t + l)tf 

2 fir 2 
’+ 1 ) 


R 


Ree{t) = 
2^E 

——it — 


r 



r = py 

d dy d Id 

dr dr dy p dy 

d 2 Id 

dd 2 = ^dy 2 


Plugging these into the radial equation, we get 


1 d 2 R l 2 dR 1 2 lf« + l) n 

4—-—;-t p y R — n-^— R 


p 2 dy 2 p 2 y dy p A 


Now find the behavior for large y. 


y 


d?R 

~df 


R 


o~V 2 /2 


2 pE 


y ay y 2 


d 2 R , 
-d^- yR = ° 


R 


Huj 


0 

0. 


Also, find the behavior for small y. 

d?R 2 dR i(t +1) _ 

dy 2 + y dy y 2 

R~y s 

s(s - 1 )y s ~ 2 + 2 sy s ~ 2 = 1(1 + 1 )y s ~ 2 
s(s + 1) = t(i + 1) 
R~ y e 
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Explicitly put in this behavior and use a power series expansion to solve the full equation. 

oo oo 

,/+k -y 2 /2 


R = y e T. aky k e v /2 = Y a kV~' " e 


k—0 


k =0 


We’ll need to compute the derivatives. 

dR 


dy 


= Ofc[(£ + k)^- 1 - y e+k+1 ]e~ y /2 


k—0 


d 2 R 


— = J2 a k[(i + m + k- l )y e+k ~ 2 - (£ + k)y t+k 


k =0 


-{£ + k + 1 )y e+k + y E+k+2 }e~ y2/2 

j2 td °° 

— = Y a k [{i + k){l + k- 1 )y e+k ~ 2 

y k—0 

-{21 + 2 k+ 1 )y e+k + y e+k+2 ]e~ y2/2 


We can now plug these into the radial equation. 

d 2 R 2 dR n m + 1) „ 2 K 

-T2 + —r-y R - 2 R+-j^R = o 

ai/ z y dy y z riuj 

Each term will contain the exponential e~ v / 2 , so we can factor that out. We can also run a single 
sum over all the terms. 

OO 

[(* + k){e + k- 1 )y e+k ~ 2 - {21 + 2k + 1 )y t+k + y E+k+2 


k—0 


2 E 


+2{i + k)y e+k ~ 2 - 2y e+k - y l+k+2 - £{£ + 1 )y t+k ~ 2 + —y* +fc 

Too 


= 0 


The terms for large y which go like y i+k+2 and some of the terms for small y which go like y E+k 2 
should cancel if we did our job right. 


Y «fc [[(* + k)(£ + k-l)-£{£+l) + 2{£ + k)\y e+k ~ 2 
2 E 


k—0 


+ 


Tiuj 


-2-{2£ + 2k + l) 


„l+k 


= 0 


Y a k [W -0 + k{2£ + k- 1 ) - i{t + 1 ) + 2 £ + 2k\y e+k ~ 2 

2 E 


k—0 


Tiuj 


-2-{2£ + 2k+l) 


OO 

Y ak 

k =0 


[k{ 21 + k +1 )]y 


t+k-2 


2 E 

TlljJ 


- {2£ + 2k + 3) 


„e+k 


,/+k 


= 0 

= 0 














245 


Now as usual, the coefficient for each power of y must be zero for this sum to be zero for all y. Before 
shifting terms, we must examine the first few terms of this sum to learn about conditions on ao and 
ai. The first term in the sum runs the risk of giving us a power of y which cannot be canceled by 
the second term if k < 2. For k = 0, there is no problem because the term is zero. For k = 1 the 
term is {21 + 2 )y i ~ 1 which cannot be made zero unless 

a\ = 0. 

This indicates that all the odd terms in the sum will be zero, as we will see from the recursion 
relation. 


Now we will do the usual shift of the first term of the sum so that everything has a y t+k in it. 

k —} k ~f- 2 


E 

k—0 L 


au+2{k + 2)(2£ + k + 3)y^ k + ak 

ak+2{k T 2)(2£ + k -f- 3) T 
a,k+2{k + 2) {2£ + k + 3) = —dk 


2E 

- - {21 + 2k + 3) 

Tied 


l+k 


2 E 

-— m + 2k + 3) 

riuj 


= 0 


= 0 


2 E 
hid 


- {21 + 2fc + 3) 


a-k+2 — 


2 E 
huj 


- {21 + 2k + 3) 


{k + 2){2i + k + 3) 


Ofc 


For large k. 


2 

a-k +2 ~ 


Which will cause the wave function to diverge. We must terminate the series for some k = n r = 
0, 2,4..., by requiring 


2 E 
hid 


{21 + 2 n r + 3) = 0 


E = 


n r — 


hid 


These are the same energies as we found in Cartesian coordinates. Lets plug this back into the 
recursion relation. 


Ofe+2 — 


(2 i + 2 n r + 3) - {21 + 2k + 3) __ 
{k + 2){2£ + k + 3) ak 

2{k — n r ) 

Uk+2 = {k + 2){2£ + k + 3) Uk 


To rewrite the series in terms of y 2 and let k take on every integer value, we make the substitutions 
n r —> 2n r and k -+ 2k in the recursion relation for ak+i in terms of ak- 
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The table shows the quantum numbers for the states of each energy for our separation in spherical 
coordinates, and for separation in Cartesian coordinates. Remember that there are 2£ + 1 states 
with different 2 components of angular momentum for the spherical coordinate states. 


E 

n r i 

'ft'x'fl'y'R'z 

N Spherical 

N C artesian 

±huj 

00 

000 

1 

1 

huj 

01 

001(3 perm) 

3 

3 

a W 

10, 02 

002(3 perm), 011(3 perm) 

6 

6 

Uuj 

11, 03 

003(3 perm), 210(6 perm), 111 

10 

10 

-hu 

20, 12, 04 

004(3), 310(6), 220(3), 211(3) 

15 

15 


The number of states at each energy matches exactly. The parities of the states also match. Remem¬ 
ber that the parity is (—1)^ for the angular momentum states and that it is (— l) n *+ n «+ n z for the 
Cartesian states. If we were more industrious, we could verify that the wavefunctions in spherical 
coordinates are just linear combinations of the solutions in Cartesian coordinates. 
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18 Operators Matrices and Spin 


We have already solved many problems in Quantum Mechanics using wavefunctions and differential 
operators. Since the eigenfunctions of Hernritian operators are orthogonal (and we normalize them) 
we can now use the standard linear algebra to solve quantum problems with vectors and matrices. 
To include the spin of electrons and nuclei in our discussion of atomic energy levels, we will need 
the matrix representation. 

These topics are covered at very different levels in Gasiorowicz Chapter 14, Griffiths Chapters 
3, 4 and, more rigorously, in Cohen-Tannoudji et al. Chapters II, IV and IX. 


18.1 The Matrix Representation of Operators and Wavefunctions 

We will define our vectors and matrices using a complete set of, orthonormal basis states (See 
Section8.1) iq, usually the set of eigenfunctions of a Hermitian operator. These basis states are 
analogous to the orthonormal unit vectors in Euclidean space ij. 

(Ui\ Uj ) = Sij 

Define the components of a state vector (analogous to Xj). 

ipi = ( Ui\lp) I l/j) = ^2lpi\Ui) 

i 

The wavefunctions are therefore represented as vectors. Define the matrix element 

Oij = {u z \0\uj). 

We know that an operator acting on a wavefunction gives a wavefunction. 

I Oij}) = 0\ip) = oX>|ty> = Yl^°\uj) 

3 3 

If we dot (ui | into this equation from the left, we get 

{Oij))i = (ui\Oip) = = Y Oij4>j 

3 3 

This is exactly the formula for a state vector equals a matrix operator times a state vector. 


/m) i\ 
mh 


(On 

O21 

0\2 

022 

... Oij 
... 0 2 j 

:::) 


/M 

^ W)i > 


On 

Oi2 

Oij 



V’i 

\.U 


Similarly, we can look at the product of two operators (using the identity ^ \uk)(uk\ = 1). 

k 

( OP)ij = ( Ui\OP\uj) = ^ ~2(ui\0\uk){uk\P\uj) = Y, OjkPkj 

k k 
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This is exactly the formula for the product of two matrices. 


/(OP) 11 

(OP) 12 

... (OP) lj 

■\ 

(OP) 21 

(OP) 2 2 

... (OP) 2j 

(' OP)n 

0 OP)i2 

... (OP) i0 

z) 

V ... 




(On 

Cl 2 

... Cl, 

:::) 


( p n 

Pl2 

... P l3 

A 

o 2 1 

o 22 

... o 2j 


Pn 

P 22 

... P 2J 

On 

Oi2 

Oij 



Pa 

P i2 

P ij 

...J 

V ... 



\ ... 



So, wave functions are represented by vectors and operators by matrices, all in the space 
of orthonormal functions. 

* See Example 18.10.1: The Harmonic Oscillator Hamiltonian Matrix.* 

* See Example 18.10.2: The harmonic oscillator raising operator.* 

* See Example 18.10.3: The harmonic oscillator lowering operator.* 


Now compute the matrix for the Hermitian Conjugate (See Section8.2) of an operator. 

= {ui\0 ] \uj) = ( Oui\uj) = ( Uj\Oui)* = Oji 
The Hermitian Conjugate matrix is the (complex) conjugate transpose. 

Check that this is true for A and A'. 


We know that there is a difference between a bra vector and a ket vector. This becomes explicit 
in the matrix representation. If V 7 = S an d 4> = 4>kUk then, the dot product is 

i k 


(V#) = = 


j,k 


3,k 


k 


We can write this in dot product in matrix notation as 




(Vl ^2 ^3 


...) 


/M 

02 I 


The bra vector is the conjugate transpose of the ket vector. The both represent the same state but 
are different mathematical objects. 


18.2 The Angular Momentum Matrices* 

An important case of the use of the matrix form of operators is that of Angular Momentum (See 
Sectionl4.1) Assume we have an atomic state with £ = 1 (fixed) but m free. We may use the 
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eigenstates of L z as a basis for our states and operators. Ignoring the (fixed) radial part of the 
wavefunction, our state vectors for i = 1 must be a linear combination of the Y\ m 

0 = tp+Yu + V’o^'io + ip-Yu 

where ip+, for example, is just the numerical coefficient of the eigenstate. 

We will write our 3 component vectors like 


0 = 



The angular momentum operators are therefore 3X3 matrices. We can easily derive (see section 
18.11.1) the matrices representing the angular momentum operators for £ = 1. 


L 


X 


t /0 1 

A i o 
72 \0 1 




/! 0 
l z = n o o 
\o o 



(i) 


The matrices must satisfy the same commutation relations as the differential operators. 


\L X , Ly\ — ihL z 

We verify this with an explicit computation of the commutator, (see section 18.11.2) 


Since these matrices represent physical variables, we expect them to be Hermitian. That is, they 
are equal to their conjugate transpose. Note that they are also traceless. 

As an example of the use of these matrices, let’s compute an expectation value of L x in the matrix 
representation for the general state ip. 


{ip\L x \ip) 


T (° 1 °\ 

(0; n n )-* 1 o 1 

V 2 \0 1 0/ 


h 

71 

h 

71 


(ri 


{lpllp2 


( ^ \ 

V>2 03 ) 01 + 03 

V 02 7 

+ 02(01 +03) + 0302) 


( 01 
02 
\ 03 


18.3 Eigenvalue Problems with Matrices 

It is often convenient to solve eigenvalue problems like Aip = aip using matrices. Many problems 
in Quantum Mechanics are solved by limiting the calculation to a finite, manageable, number of 
states, then finding the linear combinations which are the energy eigenstates. The calculation is 
simple in principle but large dimension matrices are difficult to work with by hand. Standard 
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computer utilities are readily available to help solve this problem. 


Mu 

Al2 

^13 -A 

Mr\ 

Mr\ 

A 21 

^22 

^23 I 

V* 1 

4>2 

^31 

^32 

^33 1 

^3 

4>3 

V ... 


./ 

K...J 

{...) 


Subtracting the right hand side of the equation, we have 


/ din — a 

dll 2 

A13 ...\ 


Ma 

dhi 

A22 — CL 

A23 


4’2 

A31 

A32 

A 33 — a ... 


4 ’ 3 

V ... 


. ) 


\...J 


For the product to be zero, the determinant of the matrix must be zero. We solve this equation 
to get the eigenvalues. 



An — a 

A 12 

A 13 


A 21 

A 22 — a 

A 23 


^31 

dl32 

A 33 — a 

* See Example 18.10.4: Eigenvectors of 

L x * 



= 0 


The eigenvectors computed in the above example show that the x axis is not really any different than 
the z axis. The eigenvalues are +h, 0, and —h, the same as for z. The normalized eigenvectors 
of L x are 


A = I 


ib {x) - 
Von ~ 


f 

l 

V 2 , 


A = I 73 I ■ 


These vectors, and any i = 1 vectors, can be written in terms of the eigenvectors of S z . 
We can check whether the eigenvectors are orthogonal, as they must be. 


(V’ofilV’+fi) - ( V2 0 ^2 ) ( V2 ] - 0 


The others will also prove orthogonal. 

Should and be orthogonal? 

NO. They are eigenvectors of different hermitian operators. 


The eigenvectors may be used to compute the probability or amplitude of a particular measurement. 
For example, if a particle is in a angular momentum state x and the angular momentum in the x 
direction is measured, the probability to measure +% is 


P+n 



2 
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18.4 An i = 1 System in a Magnetic Field* 

We will derive the Hamiltonian terms added when an atom is put in a magnetic field in section 20. 
For now, we can be satisfied with the classical explanation that the circulating current associated 
with nonzero angular momentum generates a magnetic moment, as does a classical current loop. 
This magnetic moment has the same interaction as in classical EM, 

H = —jl ■ B. 


For the orbital angular momentum in a normal atom, the magnetic moment is 


M = 


—e 
2 me 


L. 


For the electron mass, in normal atoms, the magnitude of fl is one Bohr magneton, 


Ms 


eh 

2 m e c 


If we choose the direction of B to be the z direction, then the magnetic moment term in the 
Hamiltonian becomes 


H = 



( 1 0 
HbB I 0 0 

\0 0 



So the eigenstates of this magnetic interaction are the eigenstates of L z and the energy eigenvalues 
are 0, and —/ibB. 


* See Example 18.10.6: The energy eigenstates of an i = 1 system in a B-ficld.* 

* See Example 18.10.8: Time development of a state in a B field.* 


18.5 Splitting the Eigenstates with Stern-Gerlach 


A beam of atoms can be split into the eigenstates of L z with a Stern-Gerlach apparatus. A 
magnetic moment is associated with angular momentum. 

-e r L 

M = o- L = VB-r 

Zmc n 

This magnetic moment interacts with an external field, adding a term to the Hamiltonian. 

H = —/t • B 

If the magnetic field has a gradient in the z direction, there is a force exerted (classically). 

„ dU dB 


A magnet with a strong gradient to the field is shown below. 
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Gradient 
in B-field 



Lets assume the field gradient is in the z direction. 

In the Stern-Gerlach experiment, a beam of atoms (assume l = 1) is sent into a magnet with a 
strong field gradient. The atoms come from an oven through some collimator to form a beam. The 
beam is said to be unpolarized since the three m states are equally likely no particular state has 
been prepared. An unpolarized, £ = 1 beam of atoms will be split into the three beams (of equal 
intensity) corresponding to the different eigenvalues of L z . 


1=1 

atomic 

beam 



m=l 

m-0 

m=-l 


The atoms in the top beam are in the m = 1 state. If we put them through another Stern-Gerlach 
apparatus, they will all go into the top beam again. Similarly for the middle beam in the m = 0 
state and the lower beam in the m = — 1 state. 

We can make a fancy Stern-Gerlach apparatus which puts the beam back together as shown 
below. 



We can represent the apparatus by the symbol to the right. 
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We can use this apparatus to prepare an eigenstate. The apparatus below picks out the m = 1 
state 





+ 

0 | 


—> 


again representing the apparatus by the symbol at the right. We could also represent our apparatus 
plus blocking by an operator 

O = |+) (+| 

where we are writing the states according to the m value, either +, or 0. This is a projection 
operator onto the + state. 

An apparatus which blocks both the + and - beams 


s 

N 

s 


1 

— 1 

N 

S 

N 




would be represented by the projection operator 

O = | 0 > < 0 | 


Similarly, an apparatus with no blocking could be written as the sum of the three projection oper¬ 
ators. 

| 0 | ->■= |+) (+| + | 0 ) ( 0 | + |—) (—| = ^2 \ Zm ) ( z ™\ = 1 






























254 


If we block only the m = 1 beam, the apparatus would be represented by 


+1 1 

0 \ —| 0 ) ( 0 | + |-}(-|. 


* See Example 18.10.7: A series of Stern-Gerlachs.* 


18.6 Rotation operators for l = 1 * 


We have chosen the z axis arbitrarily. We could choose any other direction to define our basis states. 
We wish to know how to transform from one coordinate system to another. Experience has 
shown that knowing how an object transforms under rotations is important in classifying the object: 
scalars, vectors, tensors... 

We can derive (see section 18.11.3) the operator for rotations about the z-axis. This operator 
transforms an angular momentum state vector into an angular momentum state vector in the rotated 
system. 

Rz(0z) = e ie * L *' n 

%!)' = R z {9 z )tp 


Since there is nothing special about the z-axis, rotations about the other axes follow the same form. 

R X (9 X ) = e i6xLx / n 
R y (9 y ) = e i6 y L y/ h 


The above formulas for the rotation operators must apply in both the matrix representation and 
in the differential operator representation. 


Redefining the coordinate axes cannot change any scalars, like dot products of state vectors. Oper¬ 
ators which preserve dot products are called unitary. We proved that operators of the above form, 
(with hermitian matrices in the exponent) are unitary. 


A computation (see section 18.11.4) of the operator for rotations about the z-axis gives 

z ie * 0 0 


Rz{0z) = 


1 

0 e 


0 

-iO z 


A computation (see section 18.11.5) of the operator for rotations about the y-axis yields 

( +cos( 6 y) ^sin (9y) |(1 - cos {6 y ))' 

Ry(0y)= — 7f sin < 'fiv) COS (0y) 75 SI n(9 y ) 

^1(1-cos (9y)) -75 sin (9y) i(l + cos {9 y )) ^ 

Try calculating the rotation operator for the x-axis yourself. 
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Note that both of the above rotation matrices reduce to the identity matrix for rotations of 27t 
radians. For a rotation of 7 r radians, R y interchanges the plus and minus components (and changes 
the sign of the zero component), which is consistent with what we expect. Note also that the above 
rotation matrices are quite different than the ones used to transform vectors and tensors in normal 
Euclidean space. Hence, the states here are of a new type and are referred to as spinors. 

* See Example 18.10.5: A 90 degree rotation about the z axis.* 


18.7 A Rotated Stern-Gerlach Apparatus* 


Imagine a Stern-Gerlach apparatus that first separates an t = 1 atomic beam with a strong 13- 
field gradient in the z-direction. Let’s assume the beam has atoms moving in the y-direction. The 
apparatus blocks two separated beams, leaving only the eigenstate of L z with eigenvalue +fr. We 
follow this with an apparatus which separates in the u-direction, which is at an angle 9 from the 
z-direction, but still perpendicular to the direction of travel of the beam, y. What fraction of the 
(remaining) beam will go into each of the three beams which are split in the u-direction? 


We could represent this problem with the following diagram. 


Oven —> 



+ D+) 

0 D 0 \ 

-D-) 


We put a detector in each of the beams split in u to determine the intensity. 


To solve this with the rotation matrices, we first determine the state after the first apparatus. 

(l\ 

It is just '0+ ■* = I 0 I with the usual basis. Now we rotate to a new (primed) set of basis 

w 

states with the z' along the u direction. This means a rotation through an angle 9 about the y 
direction. The problem didn’t clearly define whether it is +9 or —0, but, if we only need to know 
the intensities, it doesn’t matter. So the state coming out of the second apparatus is 


R v m { : ] = 


(\(l + cos(6g) ^75 Sin (9 y ) 

-75 sin ( 0 v) cos(9 y ) 


5(1 “cos ( 0 y )) 
73 sin(6g 



\i(l-cos( 6 » !/ )) “ 7 f sin(#y) |(1 +cos (9 y )) I \0 

i(i + cos (e y )y 
“71 sin (9y) 

.|(1 “ cos ( 0 y ))< 

The 3 amplitudes in this vector just need to be (absolute) squared to get the 3 intensities. 


1+ = i(l + cos( 6» y )) 2 


io = 77 sin 2 ( 0 y ) 


/_ = ^(1 -cos(9 y )) 2 


These add up to 1. 


An alternate solution would be to use the L u = u ■ L = cos 9L Z + sin 9L X operator. Find the 
eigenvectors of this operator, like ■ The intensity in the + beam is then I + = |('0+ |'0+ )| 2 - 
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18.8 Spin \ 


Earlier, we showed that both integer and half integer angular momentum could satisfy (See section 
14.4.5) the commutation relations for angular momentum operators but that there is no single 
valued functional representation for the half integer type. 


Some particles, like electrons, neutrinos, and quarks have half integer internal angular momen¬ 
tum, also called spin. We will now develop a spinor representation for spin 1. There are no 
coordinates 6 and <f> associated with internal angular momentum so the only thing we have is our 
spinor representation. 


Electrons, for example, have total spin one half. There are no spin 3/2 electrons so there are only 
two possible spin states for an electron. The usual basis states are the eigenstates of S z . We know 
from our study of angular momentum, that the eigenvalues of S z are +\h and —^h. We will simply 
represent the +^h eigenstate as the upper component of a 2-component vector. The — eigenstate 
amplitude is in the lower component. So the pure eigenstates are. 



An arbitrary spin one half state can be represented by a spinor. 



with the normalization condition that |a| 2 + \b\ 2 = 1. 


It is easy to derive (see section 18.11.6) the matrix operators for spin. 


S x = - 
2 


0 1 
1 0 


n ( 0 ~i 

" - - 1 • 0 


“ 2 


1 0 
0 -1 


These satisfy the usual commutation relations from which we derived the properties of angular 
momentum operators. For example lets calculate the basic commutator. 


[Sx,Sy] = ^ 


0 1 
1 0 
i 0 
0 -i 


0 -i 
i 0 
-i 0 
0 i 


0 -i 
i 0 


0 1 
1 0 
i 0 
0 -i 


= ih- 


1 0 
0 -1 


= ihS x 


The spin operators are an (axial) vector of matrices. To form the spin operator for an arbitrary 
direction u, we simply dot the unit vector into the vector of matrices. 

S u = u - S 


The Pauli Spin Matrices, cr,, are simply defined and have the following properties. 
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They also anti-commute. 


ft X ft y — ftllft. 


y u x 


s = 

9- _ 
2° 



ft y 

(' 

o') 

ftz 

' = 

2 it-ij 

k®k 


= 

1 



ftxftz 

_ 

— O’zO'x 

ft. 


{fTj, ftj | — 2 Sj- 


1 0 
0 -1 


ft z ft y — ft i/ft. 


y u z 


The cr matrices are the Hermitian, Traceless matrices of dimension 2. Any 2 by 2 matrix can 
be written as a linear combination of the u matrices and the identity. 


* See Example 18.10.9: The expectation value of S x * 

* See Example 18.10.10: The eigenvectors of S x * 

* See Example 18.10.11: The eigenvectors of S y * 


The (passive) rotation operators, for rotations of the coordinate axes can be computed (see 
section 18.11.7) from the formula Ri(9i) = 


Rz{&) 


(e if> ' 2 0 \ 

V 0 e~ ie I 2 ) 


R x {0) = 


f cos f 

\ i sin | 


i sin | \ 
cosf ) 


R y {6) 


( cos I sin | \ 

V - ^n f cos f J 


Note that the operator for a rotation through 2 - 7 r radians is minus the identity matrix for any of the 
axes (because f appears everywhere). The surprising result is that the sign of the wave function 
of all fermions is changed if we rotate through 360 degrees. 


* See Example 18.10.12: The eigenvectors of S v * 


As for orbital angular momentum (Z), there is also a magnetic moment associated with internal 
angular momentum (S). 

eg * 

^ spm ~ 2 me 

This formula has an additional factor of g, the gyromagnetic ratio, compared to the formula 
for orbital angular momenta. For point-like particles, like the electron, g has been computed in 
Quantum ElectroDynamics to be a bit over 2, g = 2 + — + .... For particles with structure, like the 
proton or neutron, g is hard to compute, but has been measured. Because the factor of 2 from g 
cancels the factor of 2 from s = f, the magnetic moment due to the spin of an electron is almost 
exactly equal to the magnetic moment due to the orbital angular momentum in an i = 1 state. Both 
are 1 Bohr Magneton, g,B = 

H = —ll ■ B = 9 ft ■ B = usft ■ B 
4 me 

If we choose the z axis to be in the direction of B, then this reduces to 

H = g B Bft z . 

* See Example 18.10.13: The time development of an arbitrary electron state in a magnetic field.* 

* See Example 18.10.14: Nuclear Magnetic Resonance (NMR and MRI).* 
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A beam of spin one-half particles can also be separated by a Stern-Gerlach apparatus (See section 
18.5) which uses a large gradient in the magnetic field to exert a force on particles proprtional 
to the component of spin along the field gradient. Thus, we can measure the component of spin 
along a direction we choose. A field gradient will separate a beam of spin one-half particles into two 
beams. The particles in each of those beams will be in a definite spin state, the eigenstate with the 
component of spin along the field gradient direction either up or down, depending on which beam 
the particle is in. 


We may represent a Stern-Gerlach appartatus which blocks the lower beam by the symbol below. 


This apparatus is equivalent to the operator that projects out the +-| eigenstate. 

I + ) (+ l = (o) (1 * °* ) = fo 0 


We can perform several thought experiments. The appartus below starts with an unpolarized beam. 
In such a beam we don’t know the state of any of the particles. For a really unpolarized beam, half 
of the particles will go into each of the separated beams. (Note that an unpolarized beam cannot 
be simply represented by a state vector.) In the apparatus below, we block the upper beam so that 
only half of the particles come out of the first part of the apparatus and all of those particles are in 
the definite state having spin down along the z axis. The second part of the apparatus blocks the 
lower separated beam. All of the particles are in the lower beam so nothing is left coming out of the 
apparatus. 


Unpolarized Beam (N particles) —> 



0 


The result is unaffected if we insert an additional apparatus that separates in the x direction in the 
middle of the apparatus above. While the apparatus separates, neither beam is blocked (and we 
assume we cannot observe which particles go into which beam). This apparatus does not change 
the state of the beam! 


(N particles) —> 


+1 


N ( 0 , 
1 


N f 0 
1 


-»• 


+ 


-> 0 


Now if we block one of the beams separated according to the x direction, particles can get through 
the whole apparatus. The middle part of the apparatus projects the state onto the positive eigenstate 
of S x ■ This state has equal amplitudes to have spin up and spin down along the z direction. So 
now, 1/8 of the particles come out of the apparatus. By blocking one beam, the number of particles 
coming out increased from 0 to N/8. This seems a bit strange but the simple explanation is that the 
upper and lower beams of the middle part of the apparatus were interfering to give zero particles. 
With one beam blocked, the inteference is gone. 



Note that we can compute the number of particles coming out of the second (and third) part by 
squaring the amplitude to go from the input state to the output state 


(J- 


( 0 ) 

l V2 

V2 ) 



N 

T 


N 

T 


2 
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or we can just use the projection operator ( ^ ) ( 775 775 ) = 

V 73 y 



18.9 Other Two State Systems* 

18.9.1 The Ammonia Molecule (Maser) 


The Feynman Lectures (Volume III, chapters 8 and 9) makes a complete study of the two ground 
states of the Ammonia Molecule. Feynman’s discussion is very instructive. Feynman starts with two 
states, one with the Nitrogen atom above the plane defined by the three Hydrogen atoms, and the 
other with the Nitrogen below the plane. There is clearly symmetry between these two states. They 
have identical properties. This is an example of an SU(2) symmetry, like that in angular momentum 
(and the weak interactions). We just have two states which are different but completely symmetric. 

Since the Nitrogen atom can tunnel from one side of the molecule to the other, there are cross terms 
in the Hamiltonian (limiting ourselves to the two symmetric ground states). 

(iftabove \ H\lpabove') — {^below\H\lpbelow') — ^0 


{^above\H\'lpbelow) — A 

H = 

We can adjust the phases of the above and below states to make A real. 


E 0 -A 
-A E 0 


The energy eigenvalues can be found from the usual equation. 

E 0 — E -A _ 

-A E 0 -E 

(E 0 -E) 2 = A 2 
E-E 0 = ±A 
E = E 0 ± A 

Now find the eigenvectors. 

Hif) = Eip 

{-a ^)(:)=<^>(;) 

( E 0 a-Ab\ _ ( (Eq ± A)a \ 
\E 0 b-Aa) ~ V( E 0 ±A)b) 

These are solved if b = ya. Substituting auspiciously, we get. 

/ -Eoai^lciA _ f (£o±A)a\ 

V E 0 b ± Ab J ~ {(E 0 ±A)b J 




260 


So the eigenstates are 


E = E 0 - A 


E = E 0 +A 


The states are split by the interaction term. 



Feynman goes on to further split the states by putting the molecules in an electric field. This makes 
the diagonal terms of the Hamiltonian slightly different, like a magnetic field does in the case of 
spin. 


Finally, Feynman studies the effect of Ammonia in an oscillating Electric field, the Ammonia Maser. 


18.9.2 The Neutral Kaon System* 


The neutral Kaons, K° and K° form a very interesting two state system. As in the Ammonia 
molecule, there is a small amplitude to make a transition form one to the other. The Energy (mass) 
eigenstates are similar to those in the example above, but the CP (Charge conjugation times Parity) 
eigenstates are important because they determine how the particles can decay. A violation of CP 
symmetry is seen in the decays of these particles. 


18.10 Examples 

18.10.1 Harmonic Oscillator Hamiltonian Matrix 


We wish to find the matrix form of the Hamiltonian for a ID harmonic oscillator. 

The basis states are the harmonic oscillator energy eigenstates. We know the eigenvalues of H. 

Huj = EjUj 


(i\ H \j) = Ejdij = (j + 0 hujSij 

The Kronecker delta gives us a diagonal matrix. 


(\ 

0 

0 

0 

;;;\ 

0 

3 

2 

0 

0 

0 

0 

5 

2 

0 


0 

0 

0 

7 


V... 



2 

"7 


18.10.2 Harmonic Oscillator Raising Operator 

We wish to find the matrix representing the ID harmonic oscillator raising operator. 
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We use the raising operator (See section 10) equation for an energy eigenstate. 




n 


Now simply compute the matrix element. 

4 = (*l At b') = Vi + is iu+ 1) 

Now this Kronecker delta puts us one off the diagonal. As we have it set up, i gives the row and j 
gives the column. Remember that in the Harmonic Oscillator we start counting at 0. For i=0, there 
is no allowed value of j so the first row is all 0. For i=l, j=0, so we have an entry for A\ 0 in the 
second row and first column. All he entries will be on a diagonal from that one. 

/ 0 0 0 0 ...\ 

Vi o o o ... 

A \ = o V2 0 0 ... 

0 0 o ... 

0 0 0 ... 

V. 


18.10.3 Harmonic Oscillator Lowering Operator 


We wish to find the matrix representing the ID harmonic oscillator lowering operator. This is similar 
to the last section. 

The lowering operator (See section 10) equation is. 

Au„ = y/nu n -1 


Now we compute the matrix element from the definition. 


Aij 

= mj) = 

1) 

/° 

Vi 

0 

0 0 

0 

0 

V2 

0 0 

0 

0 

0 

0 

0 

0 

0 

0 yfl 

V... 




This should be the Hermitian conjugate of A'. 


18.10.4 Eigenvectors of L x 


We will do it as if we don’t already know that the eigenvalues are rrih. 

L x if> = aip 

0 1 °\ M\ />i 

1 0 1 U 

0 10 J \i >3 J \i >3 J \^3 
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-b 1 
1 -b 
0 1 


0 

1 

-b 


= 0 


where a = -^b. 

—b{b 2 — 1 ) — 1(—6 — 0 ) = 0 
b(b 2 - 2) = 0 

There are three solutions to this equation: b = 0, b = +V2, and b = —y/2 or a = 0, a = +h, and 
a = —h. These are the eigenvalues we expected for l = 1. For each of these three eigenvalues, we 
should go back and find the corresponding eigenvector by using the matrix equation. 


/o i o\ /M 

1 0 1 Ua = b U 2 

V° 1 °/ VW Vv’s/ 


i>2 \ 

V’l + ^3 

^2 / 



Up to a normalization constant, the solutions are: 


ip+n, = c 



4>o h = c 




We should normalize these eigenvectors to represent one particle. For example: 


( v/2 


(i’+nH+h) 



c = 


1 


2 |c | 2 = 1 


1 


Try calculating the eigenvectors of L y . 

You already know what the eigenvalues are. 


18.10.5 A 90 degree rotation about the z axis. 


If we rotate our coordinate system by 90 degrees about the z axis, the old x axis becomes the new 

(x) 

-y axis. So we would expect that the state with angular momentum +h in the x direction, ip\ , will 
(v) 

rotate into tl>_ within a phase factor. Lets do the rotation. 


/ e i9z 0 0 \ 

Rz{0 z ) =01 0 

\ 0 0 e~ ie *) 


i 

0 

0 


0 

0 


Rz{9 z = 90) = 


0 

1 

0 


—i 
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Before rotation the state is 



The rotated state is. 


V>' 





\/2 

—i 

2 


(v) 

Now, what remains is to check whether this state is the one we expect. What is ip _? We find that 
state by solving the eigenvalue problem. 

L„V>-' 1 = -H { - 



Setting b = 1, we get the unnormalized result. 



Normalizing, we get. 



This is exactly the same as the rotated state. A 90 degree rotation about the z axis changes ip^ 
into ip^p\ 


18.10.6 Energy Eigenstates of an i = 1 System in a B-field 


Recall that the Hamiltonian for a magnetic moment in an external B-field is 


H = 


HbB 
h 


As usual, we find the eigenstates (eigenvectors) and eigenvalues of a system by solving the time- 
independent Schrodinger equation Hip = Eip. We see that everything in the Hamiltonian above is 
a (scalar) constant except the operator L z . so that 


Hip = 


A* bB 

h 


L z ip = constant * (L z ip). 
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Now if i/j m is an eigenstate of L z , then = mfiipm, thus 


Hlp m 


HbB 

Tl 


* (rnhi/jm) = {mn B B)4> m 


Hence the normalized eigenstates must be just those of the operator L z itself, i.e., for the three 
values of m (eigenvalues of L z ), we have 



and the energy eigenvalues are just the values that E = uiubB takes on for the three values of m 
i.e., 


Em=-\-1 — ~\~[^bB E m= o — 0 


Ejn=— 1 — M bB . 


18.10.7 A series of Stern-Gerlachs 


Now that we have the shorthand notation for a Stern-Gerlach apparatus, we can put some 
together and think about what happens. The following is a simple example in which three successive 
apparati separate the atomic beam using a field gradient along the z direction. 


Oven(/ 0 ) —> 


0 1 1 (h) -> { 01 1 (i 2 ) ^ { 0 1 1 (Is) 


If the intensity coming out of the oven is /o, what are the intensities at positions 1, 

2, and 3? We assume an unpolarized beam coming out of the oven so that 1/3 of the atoms will 
go into each initial beam in apparatus 1. This is essentially a classical calculation since we don’t 
know the exact state of the particles coming from the oven. Now apparatus 1 removes the m = 1 
component of the beam, leaving a state with a mixture of m = 0 and m = —1. 


h 



We still don’t know the relative phase of those two components and, in fact, different atoms in the 
beam will have different phases. 


The beam will split into only two parts in the second apparatus since there is no m = 1 component 
left. Apparatus 2 blocks the m = 0 part, now leaving us with a state that we can write. 

h = |/o 

All the particles in the beam are in the same state. 


ijj = 
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The beam in apparatus 3 all goes along the same path, the lower one. Apparatus 3 blocks that path. 


h= o 


The following is a more complex example using a field gradients in the z and x directions (assuming 
the beam is moving in y). 


Oven(/„) ^ 0| } (h) 0| (/ 2 )-> 0 (/ 3 ) 


If the intensity coming out of the oven is Iq, what are the intensities at positions 1, 2, 
and 3? 


Now we have a Quantum Mechanics problem. After the first apparatus, we have an intensity as 
before 

h = 3 J o 


and all the particles are in the state 


= | 0 | . 


The second apparatus is oriented to separate the beam in the x direction. The beam separates into 
3 parts. We can compute the intensity of each but lets concentrate on the bottom one because we 
block the other two. 


h = 


<^ X W> 


h 


(z) 

We have written the probability that one particle, initially in the the state ip\ , goes into the state 
when measured in the x direction (times the intensity coming into the apparatus). Lets 
compute that probability. 


1 


<^W) = H 75 "I) 


1 


SI-5 


So the probability is 


I2 — —I\ = — Iq 
4 12 ° 


The third apparatus goes back to a separation in z and blocks the m = 1 component. The incoming 
state is 


^= 75 

V-l 

Remember that the components of this vector are just the amplitudes to be in the different m states 
(using the z axis). The probability to get through this apparatus is just the probability to be in the 
m = 0 beam plus the probability to be in the m = — 1 beam. 


P = 


1 

‘Vi 


3 

4 
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Now lets see what happens if we remove the blocking in apparatus 2. 


Oven (io) —> 


+ 

0 | 


(h)^ 


0 1 (J 2 ) 


+1 ] 

0 } 


Assuming there are no bright lights in apparatus 2, the beam splits into 3 parts then recombines 

(z) 

yielding the same state as was coming in, ip+- The intensity coming out of apparatus 2 is / 2 = A. 

r z \ 

Now with the pure state going into apparatus 3 and the top beam being blocked there, no 
particles come out of apparatus 3. 

h = 0 

By removing the blocking in apparatus 2, the intensity dropped from to zero. How 
could this happen? 


What would happen if there were bright lights in apparatus 2? 


18.10.8 Time Development of an £ = 1 System in a B-field: Version I 


We wish to determine how an angular momentum 1 state develops with time (See Section 7.4), 
develops with time, in an applied B field. In particular, if an atom is in the state with x component 

(x) 

of angular momentum equal to +h, 'ijr + , what is the state at a later time f? What is the expected 
value of L x as a function of time? 


We will choose the z axis so that the B field is in the z direction. Then we know the energy eigenstates 
are the eigenstates of L z and are the basis states for our vector representation of the wave function. 
Assume that we start with a general state which is known at t = 0. 

( v>+ 

4’{t = o) = ip 0 

\ 4 >- 

But we know how each of the energy eigenfunctions develops with time so its easy to write 



4>(t) 


ip + e~ iE+t / n \ 

( 4 >- .e-VB-Bi/R 


= ( V'o 

i/)_e~ iE ~ t / n J 



As a concrete example, let’s assume we start out in the eigenstate of L x with eigenvalue +K. 


4>{t = 0) = V>x+ = I 75 

4>(t) = 4 } x+ = 


72 
2 


V 


72 

jj.g Bt/h 
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(V'WI L x \ip(t)) 


p+i^B Bt /K 


1 


-i/igBt/R 


h f e +i^BBt/n 11 ^ 

71 V 2 71 + 71 V 

ft/. i^sBt .[isBt 

— (4 cos(———)) = 7icos(—^—) 



Note that this agrees with what we expect at t = 0 and is consistent with the angular momentum 
precessing about the z axis. If we checked ('!^|L y |^}, we would see a sine instead of a cosine, 
confirming the precession. 


18.10.9 Expectation of S x in General Spin tj State 


Let x = ^ a+ J i be some arbitrary spin ^ state. Then the expectation value of the operator 
(Sx) = (xl-Sxlx) 

2 


= (< 


* A k 

at ) t: 


0 1 
1 0 


a+ 

cn_ 


at) ( a a~ + ) = ^ a >- +a ~ a+) - 


18.10.10 Eigenvectors of S x for Spin 4 


First the quick solution. Since there is no difference between x and z, we know the eigenvalues of 
S x must be ±^. So, factoring out the constant, we have 



These are the eigenvectors of S x . We see that if we are in an eigenstate of S x the spin measured in 
the z direction is equally likely to be up and down since the absolute square of either amplitude is 

1 

2 ■ 

The remainder of this section goes into more detail on this calculation but is currently notationally 
challenged. 
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Recall the standard method of finding eigenvectors and eigenvalues: 

Aif) = aip 
(A — a) ip = 0 

For spin ^ system we have, in matrix notation, 



For a matrix times a nonzero vector to give zero, the determinant of the matrix must be zero. This 
gives the “characteristic equation” which for spin ^ systems will be a quadratic equation in the 
eigenvalue a: 


ai — a a 2 

03 04 — 0 


(ai — a) (04 — a) — 020.3 = 0 


a 2 — (ai + 04)0: + (0404 — 0203) = 0 


whose solution is 


a± 


' + 04) / (ai + 04) 


- (0104 - 0203 ) 


To find the eigenvectors, we simply replace (one at a time) each of the eigenvalues above into the 
equation 

fa!-a o 2 \ fxi \ = 0 

V °3 a 4 - a) \X2 ) 

and solve for xi and X2- 


Now specifically, for the operator A = S x = | ^ the eigenvalue equation (S x — a)x = 0 

becomes, in matrix notation, 


h ( 0 

2 \1 






= 0 







= 0 


The characteristic equation is det\S x — a\ = 0 , or 


a 


2 






These are the two eigenvalues (we knew this, of course). Now, substituting a+ back into the 
eigenvalue equation, we obtain 


(-a + h /2 \ fxi\ 
V h / 2 ~ a +) \X2j 


(-W n/2\(xi\ 

\n/2 —Ti/2J \X2/ 




= 0 
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The last equality is satisfied only if xi = X‘2 (just write out the two component equations to see 
this). Hence the normalized eigenvector corresponding to the eigenvalue a = -\-Ti/2 is 


( X) 

X+ 


1 

71 



Similarly, we find for the eigenvalue a = —%/ 2, 


(x) 

X- = 


V2 



18.10.11 Eigenvectors of S y for Spin | 


To find the eigenvectors of the operator S y we follow precisely the same procedure as we did for S x 
(see previous example for details). The steps are: 

1. Write the eigenvalue equation ( S y — a)\ = 0 

2. Solve the characteristic equation for the eigenvalues a± 

3. Substitute the eigenvalues back into the original equation 

4. Solve this equation for the eigenvectors 

Here we go! The operator S y = | ^ ^ ^, so that, in matrix notation the eigenvalue equation 

becomes 


/ —a —ih/2\ 
\ih/2 —a J 

The characteristic equation is det\S y — a\ =0, or 




= 0 



These are the same eigenvalues we found for S x (no surprise!) Plugging a+ back into the equation, 
we obtain 



Writing this out in components gives the pair of equations 

—Xi - = 0 and i \l - X 2 = 0 


which are both equivalent to X 2 = *Xi- Repeating the process for a_, we find that X 2 = — ixi- 
Hence the two eigenvalues and their corresponding normalized eigenvectors are 


a_(_ — +Ti/2 


( y ) 

x+ = 


— ( l 
V2V 


a- = - H/2 


iv) _ 

V2 
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18.10.12 Eigenvectors of S u 


As an example, lets take the u direction to be in the xz plane, between the positive x and 2 axes, 
30 degrees from the x axis. The unit vector is then u = (cos(30), 0, sin(30)) = (-y/f, 0, |). We may 
simply calculate the matrix S u = u ■ S. 



We expect the eigenvalues to be ±| as for all axes. 


Factoring out the |, the equation for the eigenvectors is. 



For the positive eigenvalue, we have a = \/3b, giving the eigenvector = 

negative eigenvalue, we have a = giving the eigenvector = 

these could be multiplied by an arbitrary phase factor. 




For the 


Of course each of 


(z) 

There is an alternate way to solve the problem using rotation matrices. We take the states x± and 
rotate the axes so that the u axis is where the 2 axis was. We must think carefully about exacty 
what rotation to do. Clearly we need a rotation about the y axis. Thinking about the signs carefully, 
we see that a rotation of -60 degrees moves the u axis to the old 2 axis. 


Ry(-60) = 


( cos(30) 
y sin(30) 


— sin(30) \ 
cos(30) J 







1 

2 



This gives the same answer. By using the rotation operator, the phase of the eigenvectors is consistent 

(z) 

with the choice made for . For most problems, this is not important but it is for some. 
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18.10.13 Time Development of a Spin ^ State in a B field 


Assume that we are in an arbitrary spin state y(f = 0) = j an( i we have chosen the z axis to 

be in the held direction. The upper component of the vector (a) is the amplitude to have spin up 
along the z direction, and the lower component (b) is the amplitude to have spin down. Because 
of our choice of axes, the spin up and spin down states are also the energy eigenstates with energy 
eigenvalues of \i bB and -/jbB respectively. We know that the energy eigenstates evolve with time 
quite simply (recall the separation of the Sclirodinger equation where T(t) = e~ lEt ^ n ). So its simple 
to write down the time evolved state vector. 


/ ae -ifi B Bt/H\ _ 

^ be ifJ - BBt / R ) ~ V be iut ) 


where w = 


So let’s say we start out in the state with spin up along the x axis, \(0) = ( ^ ]. We then have 

\73 / 

/ 1 r —iu)t \ 

' 


1 piujt 

Vl 6 


x(t) = 


1 „—iujt ' 
icot 


h 

2 V7I 


1 r -\-iLot 1 r —iujt ' 
6 x/ 2 6 


1 r -\-iu)t ' 
1 r —iu)t 

V 2 6 


“ (e +2iwt + e 2lut ) = cos(2 y, B Bt/%) 


So again the spin precesses around the magnetic field. Because g = 2 the rate is twice as high as for 

1 = 1. 


18.10.14 Nuclear Magnetic Resonance (NMR and MRI) 


Nuclear Magnetic Resonance is an important tool in chemical analysis. As the name implies, 
it uses the spin magnetic moments of nuclei (particularly hydrogen) and resonant excitation. Mag¬ 
netic Resonance Imaging uses the same principle to get an image (of the inside of the body for 
example). 

In basic NMR, a strong static B field is applied. A spin i proton in a hydrogen nucleus then has 
two energy eigenstates. After some time, most of the protons fall into the lower of the two states. 
We now use an electromagnetic wave (RF pulse) to excite some of the protons back into the higher 
energy state. Surprisingly, we can calculate this process already. The proton’s magnetic moment 
interacts with the oscillating B field of the EM wave. 
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m=-l/2 


E=(lB 

1 

1 

As excited state 
decays back to 

Pulse of oscillating 


ground state, 

B field excites spin 


EM radiation is 

state if hv=2pB 


emittted 

m=+l/2 

' 

1 jiE 


As we derived, the Hamiltonian is 


H = —jl ■ B = — 


9p e B S 9 P eh * 9p.. = ,5 

O-^ — 1- CT ' -O — ■ -D 

2m 0 c 4 to 0 c 2 


Note that the gyromagnetic ratio of the proton is about +5.6. The magnetic moment is 2.79 hn 
(Nuclear Magnetons). Different nuclei will have different gyromagnetic ratios, giving us more tools 
to work with. Let’s choose our strong static B field to be in the z direction and the polarization on 
our oscillating EM wave so that the B field points in the x direction. The EM wave has (angular) 
frequency to. 


H = -y/xjv (B z cr z + B x cos (ut)a x ) 


9 p f B z B x cos tot \ 
2 11N ^ B x cos Lot -B z ) 


Now we apply the time dependent Schrodinger equation. 


ih 


d\ 

dt 

= H X 

a\ 

9 P 

i>) 

= y 9n 


;9p9N 1 

b 

1 2 h ' 


f B z 

B x cos tot \ 

( a ) 

l B x cos tot 

~B Z ) 

\b 


f B z 

B x cos tot \ 

( “l 

l B x cos tot 

~B Z ) 

\b 


= i 


LO 0 Ul 1 COS Lot 

LO\ COS lot —LOq 


The solution (see section 18.11.8) of these equations represents and early example of time 
dependent perturbation theory. 

— (be iuiot ) = ^—!-( e i ( < *'+ 2< *'o)t q_ e -i(w- 2 w 0 t)) 


Terms that oscillate rapidly will average to zero. The first term oscillates very rapidly. The second 
term will only cause significant transitions if to ~ 2 loq. Note that this is exactly the condition that 
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requires the energy of the photons in the EM field E = huj to be equal to the energy difference 
between the two spin states A E = 2Tluio- The conservation of energy condition must be satisfied 
well enough to get a significant transition rate. Actually we will find later that for rapid transitions, 
energy conservation does not have to be exact. 

So we have proven that we should set the frequency oj of our EM wave according to the energy 
difference between the two spin states. This allows us to cause transitions to the higher energy 
state. In NMR, we observe the transitions back to the lower energy state. These emit EM radiation 
at the same frequency and we can detect it after the stronger input pulse ends (or by more complex 
methods). We don’t yet know why the higher energy state will spontaneously decay to the lower 
energy state. To calculate this, we will have to quantize the field. But we already see that the energy 
terms e~ lEt ^ h of standard wave mechanics will require energy conservation with photon energies of 
E = Tiu>. 

NMR is a powerful tool in chemical analysis because the molecular field adds to the external B field 
so that the resonant frequency depends on the molecule as well as the nucleus. We can learn about 
molecular fields or just use NMR to see what molecules are present in a sample. 

In MRI, we typically concentrate on one nucleus like hydrogen. We can put a gradient in B z so that 
only a thin slice of the material has ui tuned to the resonant frequency. Therefore we can excite 
transitions to the higher energy state in only a slice of the sample. If we vary (in the orthogonal 
direction!) the B field during the decay of the excited state, we can get a two dimensional picture. 
If we vary B as a function of time during the decay, we can get to 3D. While there are more complex 
methods used in MRI, we now understand the basis of the technique. MRIs are a very safe way to 
examine the inside of the body. All the field variation takes some time though. Ultimately, a very 
powerful tool for scanning materials (a la Star Trek) is possible. 


18.11 Derivations and Computations 

18.11.1 The £ = 1 Angular Momentum Operators* 


We will use states of definite L z , the Y\ m . 


(£m'\L z \£m) 



— ffihS rn / rn 

0 0 \ 

0 0 
0 — 1 ) 


(£m'\L±\£m} = \J£{£ + 1) — m{m ± l)M m /( m ±!) 

/0 V2 0 \ 
l + = n o o V 2 
\0 0 0 ) 

/ 0 0 o\ 

L_ = h | v^2 0 0 

V 0 V2 o) 
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0 

1 

0 


L 


X 


Ly 


-(L + + L_) — 





What is the dimension of the matrices for t = 2? 
Dimension 5. Derive the matrix operators for i — 2. 
Just do it. 


18.11.2 Compute [L x ,L y ] Using Matrices * 


[L x , 


Ly\ ~ 


Y 


Y 







/ o 1 o\ /o 1 o\\ 

- 1 0 1101 

\ o -i o/ \o i 0/ / 

o o\ /i o o \ 

0 0 = ihh 0 0 0 = ihL z 

0 2 / \0 0 - 1 / 


The other relations will prove to be correct too, as they must. Its a reassuring check and a calcula- 
tional example. 


18.11.3 Derive the Expression for Rotation Operator R z * 


The laws of physics do not depend on what axes we choose for our coordinate system- There is 
rotational symmetry. If we make an infinitesimal rotation (through and angle dtf) about the z-axis, 
we get the transformed coordinates 

x' = x — d(j>y 
y’ = y + dcf> x. 

We can Taylor expand any function /, 

r) f r) f i 

fix', y') = fix, y) - + -7^d(j)X = (1 + -d(fL z )fix, y). 

So the rotation operator for the function is 

R z (d(j)) = (1 + jrd(f>L z ) 

A finite rotation can be made by applying the operator for an infinitesimal rotation over and over. 
Let 9 Z = nd(f>. Then 

R Z (0 Z ) = lim (1 + l -r—L z ) n = e i6 * L */ n . 
n -¥oo a n 

The last step, converting the limit to an exponential is a known identity. We can verify it by using 
the log of the quantity. First we expand ln{x) about x = 1: ln{x ) = ln( 1) + (y) T _ 1 (a;— 1) = (x— 1). 

lim ln{\ + —— L z ) =n(-— L z ) = -9 Z L Z 
n-¥ oo h n nn n 

So exponentiating, we get the identity. 
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18.11.4 Compute the 1 = 1 Rotation Operator R Z {9 Z ) 


oo (WL^y 
o i0L z /h _ \ ^ V h ) 

~ ^ n\ 

n —0 

o / 1 0 O' 
= 10 10 
0 0 1 


L : 


1 0 0 

= I 0 0 0 

0 0-1 


l 2 


1 0 0 


—^ = 0 0 0 

h J \ o o i 


1 0 0 

f) = 1 “" .v -1 * 7 * 


All the odd powers are the same. All the nonzero even powers are the same. The hs all cancel out. 
We now must look at the sums for each term in the matrix and identify the function it represents. 
If we look at the sum for the upper left term of the matrix, we get a 1 times . This is just e ie . 
There is only one contribution to the middle term, that is a one from n = 0. The lower right term 
is like the upper left except the odd terms have a minus sign. We get term n. This is just 


„-i0 


The rest of the terms are zero. 


(e ie * 0 0 \ 

Rztfz) =01 0 

\ 0 0 e~ ie *) 


18.11.5 Compute the 1=1 Rotation Operator R y (9 y ) * 


oo ,^V 
i6L v /h ST' \ h J 


/ i8L y ' 




n\ 


Lr 


n —0 

o / 1 0 O' 

= 10 10 
0 0 1 


L, 


1 


0 1 O' 

-1 0 1 
0 - 10 , 


L\ 2 1 1 0 - 1 

-l -J = - 0 2 0 

n ) 2 l -1 0 1 
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3 


1 1 
V5i 2 




All the odd powers are the same. All the nonzero even powers are the same. The hs all cancel out. 
We now must look at the sums for each term in the matrix and identify the function it represents. 


• The n = 0 term contributes 1 on the diagonals. 

• The n = 1,3, 5,... terms sum to sin(0) ■ 

• The n = 2,4,6,... terms (with a -1 in the matrix) are nearly the series for - cos(0). The n = 0 
term is is missing so subtract 1. The middle matrix element is twice the other even terms. 


10 0 


1 0 


e i6L y /n = [ 0 ! o ) +sin(0)-L ( -! 0 1 )+!(«»(*)-1)[ 0 2 


1 0 -1 


0 0 1 


0-10 


-10 1 


Putting this all together, we get 

(\(1 +cos(6g) ^ sin(0„) |(1 - c 

Ry(0 y ) = --J5 sin ( e v) cos(dy) 7f sin (^ 

l/i \\ 1 \ l/i i ^ 


yi(l-cos (By)) 


-^sm{6 v ) |( 1 - 



18.11.6 Derive Spin \ Operators 


We will again use eigenstates of S z , as the basis states. 

X+ 

X- 

SzX ± 

S z 

Its easy to see that this is the only matrix that works. It must be diagonal since the basis states are 
eigenvectors of the matrix. The correct eigenvalues appear on the diagonal. 

Now we do the raising and lowering operators. 

S+X+ = o 

S+X- = \Js{s + 1) - m{m + l)%x+ = hx+ 





277 


s + = fi (o o) 

S-x- = 0 

S-X+ = \Js(s + 1) - m(m - 1 )%x~ = hX- 



We can now calculate S x and S y . 

S X = ^(S + +S.) 

s y = h {s+ ~ s - ) 

These are again Hermitian, Traceless matrices. 


h ( 0 1 
2 \ 1 0 

n (o -i\ 
2 0 ) 


18.11.7 Derive Spin i Rotation Matrices * 


In section 18.11.3, we derived the expression for the rotation operator for orbital angular momentum 
vectors. The rotation operators for internal angular momentum will follow the same formula. 


Rz(6) 

iOS z 

= e n 

Rx{9) 

= 

Ry{6) 

_ g i f cr y 

g 

= E- 

71=0 


f r 


We now can compute the series by looking at the behavior of er”. 




1 0 
0 -1 


—i 

0 


0 1 
1 0 


o? = 


o 

1 0 
0 1 

2 / 1 0 

y l o i 




1 0 
0 1 


Doing the sums 

R z (6) 


/f (fr 


E 

n —0 


Ry(9) = 


E 

n=0,2,4... 

oo 

\ i E 

\ n=l,3,5. 


(IT 

7l! 

m 


£ ( i?T 

71=0 7 

g ( tn 

to 



/ 

e 

• 0 

71=1,3,5... 


COS 2 

sm 2 

oo fie\ n 

Sp l 2 j 

71! i 

71=0,2,4... / 

“V 

-sin 1 

cos | 
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/ oo 

[ E 

(fr 

oo 

E 

m n \ 

77 ,! 

/ 0 

■ • e \ 

n=0,2,4.- 


71=1,3,5.. 


( COS 2 

i sm | \ 

oo 

l E 

\ 71=1,3,5.. 

(fr 

n! 

oo 

E 

71=0,2,4.. 

(fr 

7 l! J 

\ i sin | 

cos 17 


Note that all of these rotation matrices become the identity matrix for rotations through 720 degrees 
and are minus the identity for rotations through 360 degrees. 


18.11.8 NMR Transition Rate in a Oscillating B Field 

We have the time dependent Schrodinger equation for a proton in a static field in the z direction 
plus an oscillating field in the x direction. 


iTi 


ih 


dx 

dt 

= HX 

a\ 

9p 

b) 

~~2 m 


■ 9p^N I 

b 

2 h ' 


f B z 

B x COS ldt \ 

( a\ 

V B x COS (dt 

-B z ) 

\b 


B z 


B x cos cot 
-B z 


Id o Id 1 COS Ldt 

LOiCOSLOt —(do 


So far all we have done is plugged things into the Schrodinger equation. Now we have to solve this 
system of two equations. This could be hard but we will do it only near t = 0, when the EM wave 
starts. Assume that at t = 0, a = 1 and 6 = 0, that is, the nucleus is in the lower energy state. 
Then we have 

a = iidoa 

a = le iuiot 

b = i(d± cos iota — iidob = iidi cos (dte lulot — iuoob 

b = l -^{e i{ - u+u>o)t + e- i{u ~ Uo)t ) - iidob 


Now comes the one tricky part of the calculation. The diagonal terms in the Hamiltonian cause a 
very rapid time dependence to the amplitudes. To get b to grow, we need to keep adding b in phase 
with b. To see that clearly, let’s compute the time derivative of be lulot . 




—!-(e *( w + 2w o)t 


+ e 


—i(uj—2u)Q 


]t ) 


— iid 0 be lulot + i(d 0 be lulot 


Terms that oscillate rapidly will average to zero. To get a net change in be lUot , we need to have 
id ~ 2loq. Then the first term is important and we can neglect the second which oscillates with a 
frequency of the order of 10 11 . Note that this is exactly the condition that requires the energy of 
the photons in the EM field E = hid to be equal to the energy difference between the two spin states 
A E = 2hu>o- 
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dt 


( 6 , 


>e iuot ) = 

IUJ 1 

~Y 

be ^oi = 

iuj\ 


It appears that the amplitude grows linearly with time and hence the probability would grow like 
t 2 . Actually, once we do the calculation (only a bit) more carefully, we will see that the probability 
increases linearly with time and there is a delta function of energy conservation. We will do this 
more generally in the section on time dependent perturbation theory. 

In any case, we can only cause transitions if the EM field is tuned so that w « 2wo which means 
the photons in the EM wave have an energy equal to the difference in energy between the spin 
down state and the spin up state. The transition rate increases as we increase the strength of the 
oscillating B field. 


18.12 Homework Problems 



a measurement of L x yields a value of 0? 


What is the probability that 


2. A spin 1 particle is in an eigenstate of S y with eigenvalue +| at time t = 0. At that time it is 
placed in a constant magnetic field B in the z direction. The spin is allowed to precess for a 
time T. At that instant, the magnetic field is very quickly switched to the x direction. After 
another time interval T, a measurement of the y component of the spin is made. What is the 
probability that the value — will be found? 


3. Consider a system of spin What are the eigenstates and eigenvalues of the operator S x + S y ? 
Suppose a measurement of this quantity is made, and the system is found to be in the eigenstate 
with the larger eigenvalue. What is the probability that a subsequent measurement of S y yields 

ft? 

2 ■ 


4. The Hamiltonian matrix is given to be 


( 8 

H = Tiu> I 4 

\6 


4 

10 

4 



What are the eigen-energies and corresponding eigenstates of the system? (This isn’t too 
messy.) 

5. What are the eigenfunctions and eigenvalues of the operator L x L y + L y L x for a spin 1 system? 

6. Calculate the t = 1 operator for arbitrary rotations about the x-axis. Use the usual L z 
eigenstates as a basis. 

7. An electron is in an eigenstate of S x with eigenvalue |. What are the amplitudes to find the 
electron with a) S z = +|, b) S z = — S y = +|, S u = +|, where the u-axis is assumed to 
be in the x — y plane rotated by and angle 8 from the £-axis. 
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8. Particles with angular momentum 1 are passed through a Stern-Gerlach apparatus which 
separates them according to the z-component of their angular momentum. Only the m = — 1 
component is allowed to pass through the apparatus. A second apparatus separates the beam 
according to its angular momentum component along the u-axis. The u-axis and the z-axis 
are both perpendicular to the beam direction but have an angle 9 between them. Find the 
relative intensities of the three beams separated in the second apparatus. 

9. Find the eigenstates of the harmonic oscillator lowering operator A. They should satisfy the 
equation A\a) = a\a }. Do this by finding the coefficients (n\a) where |n) is the n th energy 
eigenstate. Make sure that the states |a) are normalized so that (a|a) = 1. Suppose | a') is 
another such state with a different eigenvalue. Compute ( a'\a). Would you expect these states 
to be orthogonal? 

10. Find the matrix which represents the p 2 operator for a ID harmonic oscillator. Write out the 
upper left 5x5 part of the matrix. 

11. Let’s define the u axis to be in the x-z plane, between the positive x and z axes and at an 
angle of 30 degrees to the x axis. Given an unpolarized spin f beam of intensity I going into 
the following Stern-Gerlach apparati, what intensity comes out? 



18.13 Sample Test Problems 


1. * We have shown that the Hermitian conjugate of a rotation operator R(9) is R(—9). Use this 
to prove that if the fa form an orthonormal complete set, then the set fa = R(9)fa are also 
orthonormal and complete. 


2. Given that u n is the n th one dimensional harmonic oscillator energy eigenstate: a) Evaluate 
the matrix element ( u m \p 2 \u n }. b) Write the upper left 5 by 5 part of the p 2 matrix. 

( V2\ 

3. A spin 1 system is in the following state in the usual Lz basis: x = ^ I 1 + * I • What 

is the probability that a measurement of the x component of spin yields zero? What is the 
probability that a measurement of the y component of spin yields +7i? 


4. In a three state system, the matrix elements are given as {ipi\H\^lii) = Ei, = 

(ip 3 \H\i’ 3 ) = E 2 , = 0, = 0, and ( ip 2 \H\il) 3 ) = a. Assume all of the 

matrix elements are real. What are the energy eigenvalues and eigenstates of the system? At 
t = 0 the system is in the state ip 2 - What is ^(t)? 
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5. 

6 . 


7. 


9. 


10 . 


11 . 

12 . 

13. 


14. 


15 . 


Find the (normalized) eigenvectors and eigenvalues of the S x (matrix) operator for s = 1 in 
the usual (S z ) basis. 

* A spin i particle is in a magnetic field in the x direction giving a Hamiltonian H = hbB<j x . 
Find the time development (matrix) operator e ~ lHt / h in the usual basis. If x(t = 0) = 
find x(t)- 

A spin i system is in the following state in the usual S z basis: y = -1= ^ 1 +i )' What the 
probability that a measurement of the x component of spin yields +i? 

A spin i system is in the state \ ^ 9 ^ (in the usual S z eigenstate basis). What is the 

probability that a measurement of S x yields ^ ? What is the probability that a measurement 
of S y yields 

A spin object is in an eigenstate of S y with eigenvalue ^ at t=0. The particle is in a 
magnetic field B = (0,0,13) which makes the Hamiltonian for the system H = hbBct z . Find 
the probability to measure S y = as a function of time. 

Two degenerate eigenfunctions of the Hamiltonian are properly normalized and have the fol¬ 
lowing properties. 



Hi/)i = -E’oV’i Hij) 2 = E 0 ip 2 

Pipi = -%p 2 Pi/) 2 = -V’i 


What are the properly normalized states that are eigenfunctions of H and P? What are their 
energies? 

What are the eigenvectors and eigenvalues for the spin | operator S x + S z ? 

A spin | object is in an eigenstate of S y with eigenvalue § at t=0. The particle is in a 
magnetic field B = (0,0, B) which makes the Hamiltonian for the system H = f. ibB< 7 z . Find 
the probability to measure S y = | as a function of time. 

A spin 1 system is in the following state, (in the usual L z eigenstate basis): 



What is the probability that a measurement of L x yields 0? What is the probability that a 
measurement of L y yields —h? 

A spin i object is in an eigenstate of S z with eigenvalue § at t=0. The particle is in a 
magnetic field B = (0,13,0) which makes the Hamiltonian for the system H = bB<j v . Find 
the probability to measure S z = | as a function of time. 

A spin 1 particle is placed in an external field in the u direction such that the Hamiltonian is 
given by 

H = a (ir* s * + \ s y 

Find the energy eigenstates and eigenvalues. 
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16. A (spin 1) electron is in an eigenstate of S y with eigenvalue — | at t = 0. The particle is in a 
magnetic field B = (0,0,1?) which makes the Hamiltonian for the system H = /ibBij z . Find 
the spin state of the particle as a function of time. Find the probability to measure S y = +-| 
as a function of time. 


283 


19 Homework Problems 130A 
19.1 HOMEWORK 1 

1. A polished Aluminum plate is hit by beams of photons of known energy. It is measured that 
the maximum electron energy is 2.3 ± 0.1 eV for 2000 Angstrom light and 0.90 ± 0.04 eV for 
2580 Angstrom light. Determine Planck’s constant and its error based on these measurements. 

2. A 200 keV photon collides with an electron initially at rest. The photon is observed to scatter 
at 90 degrees in the electron rest frame. What are the kinetic energies of the electron and 
photon after the scattering? 

3. Use the energy density in a cavity as a function of frequency and T 

^ _ 8tt/i v 3 

ehu / kT _ i 

to calculate the emissive power of a black body E(X,T) as a function of wavelength and 
temperature. 

4. What is the DeBroglie wavelength for each of the following particles? The energies given are 
the kinetic energies. 

• a 1 eV electron 

• a 10 4 MeV proton 

• a 1 gram lead ball moving with a velocity of 100 cm/sec. 

OO 

5. The Dirac delta function has the property that f f(x)6(x — a"o) dx = f(x o) Find the 

— OO 

momentum space wave function <j>(p ) if ijj(x) = S(x — xo). 

6 . Use the calculation of a spreading Gaussian wave packet to find the fractional change in size 
of a wave packet between t = 0 and t = 1 second for an electron localized to 1 Angstrom. Now 
find the fraction change for a 1 gram weight localized to 1 nanometer. 

7. Use the uncertainty principle to estimate the energy of the ground state of a harmonic oscillator 
with the Hamiltonian H = £ —I- hkx 2 . 

2m 2 

8 . Estimate the kinetic energy of an electron confined to be inside a nucleus of radius 5 Fermis. 
Estimate the kinetic energy of a neutron confined inside the same nucleus. 
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19.2 Homework 2 


1. Show that 


OO 

ip*(x)xtp(x)dx = j i p*(p) <p(jp)dp. 


Remember that the wave functions go to zero at infinity. 

I ^ax 2 

2. Directly calculate the the RMS uncertainty in x for the state ip(x) = (f ) 4 e~^~ by computing 


Aa; = \J(ip\(x - (a;}) 2 | 


3. Calculate (p n ) for the state in the previous problem. Use this to calculate A p in a similar way 
to the Aa; calculation. 

4. Calculate the commutator [p 2 ,a; 2 ]. 

5. Consider the functions of one angle ip (6) with — n < 6 < tv and ip (—tv) = iP(tv). Show that the 
angular momentum operator L = has real expectation values. 

6 . A particle is in the first excited state of a box of length L. What is that state? Now one 
wall of the box is suddenly moved outward so that the new box has length D. What is the 
probability for the particle to be in the ground state of the new box? What is the probability 
for the particle to be in the first excited state of the new box? You may find it useful to know 
that 

sin ((A — B)x) sin ((A + B)x) 


sin(Ar) su\(Bx)dx = 


2(A- B) 


2 (A + B) 


7. A particle is initially in the n th eigenstate of a box of length L. Suddenly the walls of the box 
are completely removed. Calculate the probability to find that the particle has momentum 
between p and p + dp. Is energy conserved? 


8 . A particle is in a box with solid walls at x = ±|. The state at t = 0 is constant ip(x, 0) = y § 
for — | < x < 0 and the ip(x, 0) = 0 everywhere else. Write this state as a sum of energy 
eigenstates of the particle in a box. Write ip(x, t) in terms of the energy eigenstates. Write the 
state at t = 0 as <p(p). Would it be correct (and why) to use cp(p) to compute ip(x,t)7 

9. The wave function for a particle is initially ip(x) = Ae lkx + Be~ lkx . What is the probability 
flux j(x)7 

10. Prove that the parity operator defined by Pip(x) = ip(—x ) is a hermitian operator and find its 
possible eigenvalues. 
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19.3 Homework 3 

1. A general one dimensional scattering problem could be characterized by an (arbitrary) poten¬ 
tial V[x) which is localized by the requirement that V(x) = 0 for |a:| > a. Assume that the 
wave-function is 

( , _ f Ae ikx + Be~ ikx x < -a 

WK X ) - | Ce ikx + De ~ikx x>a 

Relating the “outgoing” waves to the “incoming” waves by the matrix equation 

f C \ = ( Sl1 Sl2 \{ A \ 

\B) \S 2 i S 22 J\D) 

show that 

|Sn| 2 + |5 2 i|“ = 1 
|*S'l2 | 2 + |'S'22 |“ = 1 
SnSTa + S 21 S* 22 = 0 


Use this to show that the S matrix is unitary. 

2. Calculate the S matrix for the potential 



\x\ < a 
|a:| > a 


and show that the above conditions are satisfied. 


3. The odd bound state solution to the potential well problem bears many similarities to the 
zero angular momentum solution to the 3D spherical potential well. Assume the range of the 
potential is 2.3 x 10 -13 cm, the binding energy is -2.9 MeV, and the mass of the particle is 
940 MeV. Find the depth of the potential in MeV. (The equation to solve is transcendental.) 

4. Find the three lowest energy wave-functions for the harmonic oscillator. 

5. Assume the potential for particle bound inside a nucleus is given by 


V{x) 


-Vo 
n 2 i(i+1) 

2 mx' 2 


x < R 
x > R 


and that the particle has mass m and energy e > 0. Estimate the lifetime of the particle inside 
this potential. 
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19.4 Homework 4 


1. The ID model of a crystal puts the following constraint on the wave number k. 


cos(</>) = cos (ka) 


ma 2 Vo sin(fca) 
h 2 ka 


Assume that rnr ^, i v ° = ^ and plot the constraint as a function of ka. Plot the allowed energy 
bands on an energy axis assuming Vq = 2 eV and the spacing between atoms is 5 Angstroms. 


2. In a ID square well, there is always at least one bound state. Assume the width of the square 
well is a. By the uncertainty principle, the kinetic energy of an electron localized to that width 

h 2 

is 9~~~ 2 • How can there be a bound state even for small values of Vo? 

3. At t = 0 a particle is in the one dimensional Harmonic Oscillator state ip(t = 0) = -^(uq+ui). 
Is ip correctly normalized? Compute the expected value of a; as a function of time by doing 
the integrals in the x representation. 

4. Prove the Schwartz inequality |(i/’|0 }| 2 < (ip\ip) (4>\(p). (Start from the fact that (ip + C(p\ip + 
C(p) > 0 for any C. 

5. The hyper-parity operator H has the property that H^ip = ip for any state ip. Find the 
eigenvalues of H for the case that it is not Hermitian and the case that it is Hermitian. 

6 . Find the correctly normalized energy eigenfunction 1 ( 5 ( 0 ;) for the ID harmonic oscillator. 

7. A beam of particles of energy E > 0 coming from —00 is incident upon a double delta function 
potential in one dimension. That is V(x) = XS(x + a) — XS(x — a). 

a) Find the solution to the Schrodinger equation for this problem. 

b) Determine the coefficients needed to satisfy the boundary conditions. 

c) Calculate the probability for a particle in the beam to be reflected by the potential and 
the probability to be transmitted. 
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19.5 Homework 5 

1. At t = 0, a ID harmonic oscillator is in a linear combination of the energy eigenstates 



Find the expected value of p as a function of time using operator methods. 

2. Evaluate the “uncertainty” in x for the ID HO ground state \J (ito|(a: — aj) 2 |wo) where x = 
(rtoMwo). Similarly, evaluate the uncertainty in p for the ground state. What is the product 
ApAx ? Now do the same for the first excited state. What is the product ApAx for this state? 

3. An operator is Unitary if UU' = U'U = 1. Prove that a unitary operator preserves inner 

products, that is (UiJj\U<j)) = Show that if the states | Ui) are orthonormal, that the 

states U\ui) are also orthonormal. Show that if the states \ui) form a complete set, then the 
states U\ui) also form a complete set. 

4. Show at if an operator H is hermitian, then the operator e lH is unitary. 

5. Calculate ( Ui\x\uj ) and (ui\p\uj). 

6 . Calculate ( Ui\xp\uj) by direct calculation. Now calculate the same thing using ^2{ui\x\uk)(uk\p\uj). 

k 

7. If h(A^) is a polynomial in the operator A\ show that Ah(A^)uo = dh ^\ ^ o- As a result of 
this, note that since any energy eigenstate can be written as a series of raising operators times 
the ground state, we can represent A by jjj. 

8 . At t = 0 a particle is in the one dimensional Harmonic Oscillator state ip(t = 0) = ^(ito + iti). 

• Compute the expected value of a; as a function of time using A and A^ in the Schrodinger 
picture. 

• Now do the same in the Heisenberg picture. 




288 


19.6 Homework 6 

1. The energy spectrum of hydrogen can be written in terms of the principal quantum number 

2 2 

n to be E = — a 2 . What are the energies (in eV) of the photons from the n = 2 — > n = 1 
transition in hydrogen and deuterium? What is the difference in photon energy between the 
two isotopes of hydrogen? 

2. Prove that the operator that exchanges two identical particles is Hermitian. 

3. Two identical, non-interacting spin 1 particles are in a box. Write down the full lowest energy 
wave function for both particles with spin up and for one with spin up and the other spin down. 
Be sure your answer has the correct symmetry under the interchange of identical particles. 

4. At t = 0 a particle is in the one dimensional Harmonic Oscillator state ijj(t = 0) = +U 3 ). 

Compute the expected value of x 2 as a function of time. 

5. Calculate the Fermi energy of a gas of massless fermions with n particles per unit volume. 

6 . The number density of conduction electrons in copper is 8.5 x 10 22 per cubic centimeter. What 
is the Fermi energy in electron volts? 

7. The volume of a nucleus is approximately 1.1A^ Fermis, where A = N + Z, N is the number 
of neutrons, and Z is the number of protons. A Lead nucleus consists of 82 protons and 126 
neutrons. Estimate the Fermi energy of the protons and neutrons separately. 

8 . The momentum operator conjugate to any cooridinate Xi is Calculate the commutators 

of the center of mass coordinates and momenta [Pi,Rj\ and of the internal coordinates and 
momenta [jy, r'j\. Calculate the commutators [Pi, rj\ and \p l . H,j]. 
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19.7 Homework 7 


1 . 


2 . 


A particle is in the state i/j = R{r) + i^\Y 2 o — \/l^2 2 ) • Find the expected values of 


-1 i A*, and Li, 


A particle is in the state i\) = R(r) (^J\Yn + j ■ If a measurement of the x component 

of angular momentum is made, what are the possilbe outcomes and what are the probabilities 


of each? 


3. Calculate the matrix elements (Y^ mi |A x |l^m 2 ) and {Y( mi \L^.\Yf m2 ) 

L 2 -\-L 2 l 2 

4. The Hamiltonian for a rotor with axial symmetry is H = * 2I v + ^ where the / are constant 

moments of inertia. Determine and plot the eigenvalues of H for dumbbell-like case that 

h » h- 

5. Prove that (L^) = (Ly) = 0 is only possible for £ = 0. 

6 . Write the spherical harmonics for £ < 2 in terms of the Cartesian coordinates x, y, and z. 

7. A particle in a spherically symmetric potential has the wave-function y,z) = C(xy + yz + 
zx)e~ ar . A measurement of L 2 is made. What are the possible results and the probabilities 
of each? If the measurement of L 2 yields 6n, what are the possible measured values of L z 
and what are the corresponding probabilities? 

8 . The deuteron, a bound state of a proton and neutron with l = 0, has a binding energy of-2.18 
MeV. Assume that the potential is a spherical well with potential of —Vo for r < 2.8 Fermis 
and zero potential outside. Find the approximate value of Vo using numerical techniques. 
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19.8 Homework 8 

1 . Calculate the £ = 0 phase shift for the spherical potential well for both and attractive and 
repulsive potential. 

2. Calculate the £ = 0 phase shift for a hard sphere V = oo for r < a and V = 0 for r > a. What 
are the limits for ka large and small? 

3. Show that at large r, the radial flux is large compared to the angular components of the flux 

±ifcr 

for wave-functions of the form —Y) m (0, </>). 

4. Calculate the difference in wavelengths of the 2p to Is transition in Hydrogen and Deuterium. 
Calculate the wavelength of the 2p to Is transition in positronium. 

5. Tritium is a unstable isotope of Hydrogen with a proton and two neutrons in the nucleus. 
Assume an atom of Tritium starts out in the ground state. The nucleus (beta) decays suddenly 
into that of He 3 . Calculate the probability that the electron remains in the ground state. 

6 . A hydrogen atom is in the state if) = | (4Vboo + 3^211 — ^210 + v^LCh/^i-i) ■ What are the 
possible energies that can be measured and what are the probabilities of each? What is the 
expectation value of L 2 ? What is the expectation value of L z 7 What is the expectation value 
of L x ? 

7. What is P{p z ), the probability distribution of p z for the Hydrogen energy eigenstate ^ 210 ? 
You may find the expansion of e lkz in terms of Bessel functions useful. 

8 . The differential equation for the 3D harmonic oscillator H = j— + ^moj 2 r 2 has been solved 
in the notes, using the same techniques as we used for Hydrogen. Use the recursion relations 
derived there to write out the wave functions r/Wm(r, 9, </>) for the three lowest energies. You 
may write them in terms of the standard Ygm but please write out the radial parts of the 
wavefunction completely. Note that there is a good deal of degeneracy in this problem so the 
three lowest energies actually means 4 radial wavefunctions and 10 total states. Try to write 
the solutions ^000 and ipow hr terms of the solutions in cartesian coordinates with the same 
energy ^„ X)ny , nz . 
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19.9 Homework 9 

1 . An electron in the Hydrogen potential V(r) = — — is in the state = Ce~ ar . Find the 
value of C that properly normalizes the state. What is the probability that the electron be 
found in the ground state of Hydrogen? 

2. An electron is in the ^210 state of hydrogen. Find its wave function in momentum space. 

3. A spin 1 particle is in an eigenstate of S y with eigenvalue at time t = 0. At that time it is 
placed in a constant magnetic field B in the 2 direction. The spin is allowed to precess for a 
time T. At that instant, the magnetic field is very quickly switched to the x direction. After 
another time interval T, a measurement of the y component of the spin is made. What is the 
probability that the value —will be found? 

4. Consider a system of spin i. What are the eigenstates and eigenvalues of the operator S x + S y ? 
Suppose a measurement of this quantity is made, and the system is found to be in the eigenstate 
with the larger eigenvalue. What is the probability that a subsequent measurement of S y yields 

ft? 

2 • 

5. Let’s define the u axis to be in the x-z plane, between the positive x and z axes and at an 
angle of 30 degrees to the x axis. Given an unpolarized spin ^ beam of intensity I going into 
the following Stern-Gerlach apparati, what intensity comes out? 
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20 Electrons in an Electromagnetic Field 


In this section, we will study the interactions of electrons in an electromagnetic field. We will 
compute the additions to the Hamiltonian for magnetic fields. The gauge symmetry exhibited in 
electromagnetism will be examined in quantum mechanics. We will show that a symmetry allowing 
us to change the phase of the electron wave function requires the existence of EM interactions (with 
the gauge symmetry). 

These topics are covered in Gasiorowicz Chapter 13, and in Cohen-Tannoudji et al. Com¬ 
plements Eyii Dvn and Hm. 


20.1 Review of the Classical Equations of Electricity and Magnetism in 
CGS Units 


You may be most familiar with Maxwell’s equations and the Lorentz force law in SI units as given 
below. 


V x E 


V • B 

dB 
f ~dt 

V • E 


- - 1 dE 

v 

c z Ot 

F = —e(E + v x B). 


0 

0 

£_ 

eo 

Mo J 


These equations have needless extra constants (not) of nature in them so we don’t like to work in 
these units. Since the Lorentz force law depends on the product of the charge and the field, there is 
the freedom to, for example, increase the field by a factor of 2 but decrease the charge by a factor 
of 2 at the same time. This will put a factor of 4 into Maxwell’s equations but not change physics. 
Similar tradeoffs can be made with the magnetic field strength and the constant on the Lorentz force 
law. 


The choices made in CGS units are more physical (but still not perfect). There are no extra constants 
other than tt. Our textbook and many other advanced texts use CGS units and so will we in this 
chapter. Maxwell’s Equations in CGS units are 


The Lorentz Force is 


V • B = 

0 

^ - ldB 

V x E H-— = 

c Ot 

0 

V-E = 

47rp 

- - IdE 

V x 13- — = 

c ot 

4. j> 
c 

F = —e(E -|—v x 

B). 


In fact, an even better definition (rationalized Heaviside-Lorentz units) of the charges and fields can 
be made as shown in the introduction to field theory in chapter 32. For now we will stick with the 
more standard CGS version of Maxwell’s equations. 
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If we derive the fields from potentials, 

B 

E 


Vxl 

-V<£- 


IdA 
c dt 


then the first two Maxwell equations are automatically satisfied. Applying the second two equations 
we get wave equations in the potentials. 


-V 2 d>- 


ld_ 

• dt 


-V 2 A- 


1 d 2 A 


dt 2 


+ V V • A- 


(V-A) 

1 d<j) 

c dt 


47 t p 



c 


These derivations (see section 20.5.1) are fairly simple using Einstein notation. 


The two results we want to use as inputs for our study of Quantum Physics are 


• the classical gauge symmetry and 

• the classical Hamiltonian. 


The Maxwell equations are invariant under a gauge transformation of the potentials. 


A -X 
</> -> 


A- V/(r,i) 

^ , 1 df(r,t) 

<M- oT- 

c dt 


Note that when we quantize the field, the potentials will play the role that wave functions do for the 
electron, so this gauge symmetry will be important in quantum mechanics. We can use the gauge 
symmetry to simplify our equations. For time independent charge and current distributions, the 
coulomb gauge, V • A = 0, is often used. For time dependent conditions, the Lorentz gauge, 
V-A+i^=0, is often convenient. These greatly simplify the above wave equations in an obvious 
way. 


Finally, the classical Hamiltonian for electrons in an electromagnetic field becomes 


2m 2m 


— e<t> 


The magnetic force is not a conservative one so we cannot just add a scalar potential. We know that 
there is momentum contained in the field so the additional momentum term, as well as the usual 
force due to an electric field, makes sense. The electron generates an E-field and if there is a B-field 
present, E x B gives rise to momentum density in the field. The evidence that this is the correct 
classical Hamiltonian is that we can derive (see section 20.5.2) the Lorentz Force from it. 


20.2 The Quantum Hamiltonian Including a B-field 



— e<j> 


We will quantize the Hamiltonian 
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in the usual way, by replacing the momentum by the momentum operator, for the case of a constant 
magnetic field. 

Note that the momentum operator will now include momentum in the field, not just the particle’s 
momentum. As this Hamiltonian is written, p is the variable conjugate to r and is related to the 
velocity by 

- -> e A 

p = mv - A 

c 

as seen in our derivation of the Lorentz force (See Section 20.5.2). 

The computation (see section 20.5.3) yields 

1ST ^ + ' l * + 8^ (’' 2fl2 - (- Bf)i> = (E + 

The usual kinetic energy term, the first term on the left side, has been recovered. The standard 
potential energy of an electron in an Electric field is visible on the right side. We see two additional 
terms due to the magnetic field. An estimate (see section 20.5.4) of the size of the two B field 
terms for atoms shows that, for realizable magnetic fields, the first term is fairly small (down by 
a factor of 2 gauss compared to hydrogen binding energy), and the second can be neglected. 

The second term may be important in very high magnetic fields like those produced near neutron 
stars or if distance scales are larger than in atoms like in a plasma (see example below). 

So, for atoms, the dominant additional term is the one we anticipated classically in section 18.4, 

H b = -?-3 ■£ = -$■ 3, 

Zmc 

where jl = -^L. This is, effectively, the magnetic moment due to the electron’s orbital angular 
momentum. In atoms, this term gives rise to the Zeeman effect: otherwise degenerate atomic 
states split in energy when a magnetic field is applied. Note that the electron spin which is not 
included here also contributes to the splitting and will be studied later. 

The Zeeman effect, neglecting electron spin, is particularly simple to calculate because the the 
hydrogen energy eigenstates are also eigenstates of the additional term in the Hamiltonian. Hence, 
the correction can be calculated exactly and easily. 

* See Example 20.4.1: Splitting of orbital angular momentum states in a B field.* 


The result is that the shifts in the eigen-energies are 

A E = fisBrni 

where me is the usual quantum number for the z component of orbital angular momentum. The 
Zeeman splitting of Hydrogen states, with spin included, was a powerful tool in understanding 
Quantum Physics and we will discuss it in detail in chapter 23. 

The additional magnetic field terms are important in a plasma because the typical radii can be much 
bigger than in an atom. A plasma is composed of ions and electrons, together to make a (usually) 
electrically neutral mix. The charged particles are essentially free to move in the plasma. If we 
apply an external magnetic field, we have a quantum mechanics problem to solve. On earth, we use 
plasmas in magnetic fields for many things, including nuclear fusion reactors. Most regions of space 
contain plasmas and magnetic fields. 
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In the example below, we will solve the Quantum Mechanics problem two ways: one using our new 
Hamiltonian with B field terms, and the other writing the Hamiltonian in terms of A. The first 
one will exploit both rotational symmetry about the B field direction and translational 
symmetry along the B field direction. We will turn the radial equation into the equation we 
solved for Hydrogen. In the second solution, we will use translational symmetry along the B 
field direction as well as translational symmetry transverse to the B field. We will now turn 
the remaining ID part of the Sclrrodinger equation into the ID harmonic oscillator equation, 
showing that the two problems we have solved analytically are actually related to each other! 

* See Example 20.4.2: A neutral plasma in a constant magnetic field.* 


The result in either solution for the eigen-energies can be written as 


E n 



h 2 k 2 
2 m e 


which depends on 2 quantum numbers. Tik is the conserved momentum along the field direction 
which can take on any value, n is an integer dealing with the state in x and y. In the first solution 
we understand n in terms of the radial wavefunction in cylindrical coordinates and the angular 
momentum about the field direction. In the second solution, the physical meaning is less clear. 


20.3 Gauge Symmetry in Quantum Mechanics 


Gauge symmetry in Electromagnetism was recognized before the advent of quantum mechanics. We 
have seen that symmetries play a very important role in the quantum theory. Indeed, in quantum 
mechanics, gauge symmetry can be seen as the basis for electromagnetism and conservation of charge. 


We know that the all observables are unchanged if we make a global change of the phase of the 
wavefunction, ip —> e lX ip. We could call this global phase symmetry. All relative phases (say for 
amplitudes to go through different slits in a diffraction experiment) remain the same and no physical 
observable changes. This is a symmetry in the theory which we already know about. Let’s postulate 
that there is a bigger symmetry and see what the consequences are. 

ip(f,t) -t e iX ^ip{r,t) 

That is, we can change the phase by a different amount at each point in spacetime and the physics 
will remain unchanged. This local phase symmetry is bigger than the global one. 


Its clear that this transformation leaves the absolute square of the wavefunction the same, 
but what about the Schrodinger equation? It must also be unchanged. The derivatives in the 
Schrodinger equation will act on A(r, f) changing the equation unless we do something else to 
cancel the changes. 

2m(^ + c^) ^ = ( £ ' + e< ^ 

A little calculation (see section 20.5.7) shows that the equation remains unchanged if we also 
transform the potentials 


A 

</> 


A — Vf(r,t) 

<p + -- 
c 

he w _ . 

— A (r,t). 
e 


dt 
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This is just the standard gauge transformation of electromagnetism, but, we now see that 
local phase symmetry of the wavefunction requires gauge symmetry for the fields and indeed even 
requires the existence of the EM fields to cancel terms in the Schrodinger equation. Electromagnetism 
is called a gauge theory because the gauge symmetry actually defines the theory. It turns out that 
the weak and the strong interactions are also gauge theories and, in some sense, have the 
next simplest possible gauge symmetries after the one in Electromagnetism. 

We will write our standard gauge transformation in the traditional way to conform a bit better 
to the textbooks. 


A 

<l> 


1 df(r,t) 

<H-— 

c at 

t) 


There are measurable quantum physics consequences of this symmetry. We can understand a 
number of them by looking at the vector potential in a field free regions. If B = 0 then A can 
be written as the gradient of a function f(r). To be specific, take our gauge transformation of the 
vector potential. Make a gauge transformation such that A' = 0. This of course is still consistent 
with B = 0. 

A' = A - V/(r) = 0 

Then the old vector potential is then given by 


A = V/(r). 


Integrating this equation, we can write the function /(r) in terms of A(f). 


r r 

J dr -A = J dr -V/ = /(r) - f(r 0 ) 

ro r 0 


If we choose / so that f(f o) = 0, then we have a very useful relation between the gauge 
function and the vector potential in a field free region. 


f(r) = 


r 


ro 


dr ■ A. 


We can derive (see section 20.5.8) the quantization of magnetic flux by calculating the line integral 
of A around a closed loop in a field free region. 

2nnhc 
<f) =- 

e 

A good example of a B = 0 region is a superconductor. Magnetic flux is excluded from the 
superconducting region. If we have a superconducting ring, we have a B=0 region surrounding some 
flux. We have shown then, that the flux going through a ring of superconductor is quantized. 
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Flux is observed to be quantized but the charge of the particle seen is 2e. 

2mrhc 
= 2e 

superconductor. 

to the two slit diffraction experiment but adds mag¬ 
netic fields. 


This is due to the pairing of electrons inside a 
The Aharanov Bohm Effect brings us back 



The electron beams travel through two slits in field free regions but we have the ability to vary a 
magnetic field enclosed by the path of the electrons. At the screen, the amplitudes from the two 
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slits interfere if> = 1 ipi +i/) 2 - Let’s start with B = 0 and A = 0 everywhere. When we change the B 
field, the wavefunctions must change. 



-<jfe f d?A 

Ipl 

— > ’ipie 1 



i>2 

— > i/j 2e 2 


= (Vie-^ + ^ 2 ) 


The relative phase from the two slits depends on the flux between the slits. By varying the B held, 
we will shift the diffraction pattern even though B = 0 along the whole path of the electrons. 
While this may at first seem amazing, we have seen similar effects in classical E&M with an EMF 
induced in a loop by a changing B held which does not touch the actual loop. 


20.4 Examples 

20.4.1 The Naive Zeeman Splitting 


The additional term we wish to consider in the Hamiltonian is ^-B ■ L. Choosing the z axis so that 
the constant held points in the z direction, we have 


Hz 


eeman 


eB * L 
2 /zc 


In general, the addition of a new term to the Hamiltonian will require us to use an approximation 
to solve the problem. In this case, however, the energy eigenstates we derived in the Hydrogen 
problem are still eigenstates of the full Hamiltonian H = /‘/hydrogen + -Hzeeman- Remember, 
our hydrogen states are eigenstates of H, L 2 and L z . 

( H h yd rogen T H Zeeman)V 7 n£m — (E n ~\- UipBB^'lj) n H rn 


This would be a really nice tool to study the number of degenerate states in each hydrogen level. 
When the experiment was done, things did not work our according to plan at all. The magnetic 
moment of the electron’s spin greatly complicates the problem. We will solve this later. 


20.4.2 A Plasma in a Magnetic Field 


An important place where both magnetic terms come into play is in a plasma. There, many 
electrons are not bound to atoms and external Electric fields are screened out. Let’s assume there 
is a constant (enough) B field in the z direction. We then have cylindrical symmetry and will work 
in the coordinates, p, <j>, and 

+ ^-L z ip + 6 B 2 (x 2 + y 2 )i/j = {E + ecftip 
Zm e Zm e c om e c z 


The problem clearly has translational symmetry along the z direction and rotational sym¬ 
metry around the z axis. Given the symmetry, we know that L z and p z commute with the 
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Hamiltonian and will give constants of the motion. We therefore will be able to separate variables 
in the usual way. 

tHr) = u nmk (p)e m *e ikz 

In solving (see section 20.5.5) the equation in p we may reuse the Hydrogen solution ultimately 
get the energies 

h 2 k 2 
2 m 

and associated LaGuerre polynomials (as in Hydrogen) in p 2 (instead of r). 


E = 


eBTi 


m e c 


1 + m + I m I 


n - 


The solution turns out to be simpler using the Hamiltonian written in terms of (see section 
20.5.6) A if we choose the right gauge by setting A = Bxy. 


H 



1 

2 m e 




1 

2 m e 



2 eB 

- XPy + 



This Hamiltonian does not depend on y or z and therefore has translational symmetry in both 
x and y so their conjugate momenta are conserved. We can use this symmetry to write the solution 
and reduce to a ID equation in v(x). 

ip = v(x)e ikyV e ikzZ 


Then we actually can use our harmonic oscillator solution instead of hydrogen! The energies come 
out to be 


E n 



h 2 k 2 
2 m e 


Neglecting the free particle behavior in z, these are called the Landau Levels. This is an example 
of the equivalence of the two real problems we know how to solve. 


20.5 Derivations and Computations 

20.5.1 Deriving Maxwell’s Equations for the Potentials 


We take Maxwell’s equations and the fields written in terms of the potentials as input. In the left 
column the equations are given in the standard form while the right column gives the equivalent 
equation in terms of indexed components. The right column uses the totally antisymmetric tensor 
in 3D eijk and assumes summation over repeated indices (Einstein notaton). So in this notation, 
dot products can be simply written as a ■ b = cLibi and any component of a cross product is written 
(a x b)k = dibjCijh- 


V-B = 0 

Vx£+-| = 0 
c at 

V • E = 47 ip 


d 

jj-Bi =° 

OXi 

d i dB k _ 

+ --TT7- - U 


dxi 

d 

- — E k = 4-rrp 
a x k 


c dt 
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1 dE 47t -* 

d : 

Vx5--- = -J 
c ot c 

U7, J,ijk ~ « 


d 

B = V x A 

■tfj — o A n 
OXm 

- idA 

d 

E = -V0- --r- 
c ot 

E k = -- — 4> 
dx k 


1 dE k _ 47T 
c dt c k 


1 dA k 

c dt 


If the fields are written in terms of potentials, then the first two Maxwell equations are automatically 
satisfied. Lets verify the first equation by plugging in the B field in terms of the potential and noticing 
that we can interchange the order of differentiation. 

V 7 5 _ ^ D _ <9 ® a _ <9 <9 A 

y ’ JD — — LJi — ~ 77 -A-n^mni 

OXi OXi OX m OXm OXi 

We could also just interchange the index names i and m then switch those indices around in the 
antisymmetric tensor. 

& 3 _ ® d A _ d d A 

v ' £> — 77 7 -^n^inm — 7 7 -^n^mni 

OXm OXi OXm OXi 

We have the same expression except for a minus sign which means that \7 ■ B — 0. 

For the second equation, we write it out in terms of the potentials and notice that the first term 
~g^r- ( l >e ijk = 0 for the same reason as above. 


d 1 dB k 

d7, ''" k + c^T 


d ( d 


1 (M, 


dxi \dx.j c dt 


1 d d 4 

C ijk "F 777 ~ A n C mnk 


d dAj 
dxi dt 
d dAj 
dxj dt 


" €-ij k 


" ^ij k 


d dAn 
dxm dt 


c dt dx n 


~€-mnk 


d dAj 
dxj dt 


^ijk 1 — 0 


The last step was simply done by renaming dummy indices (that are summed over) so the two terms 
cancel. 


Similarly we may work with the Gauss’s law equation 

d 
dxk 


„ - d „ d f d , ldA k \ 

v ' 

1 d 


= 47T|0 


—S7 2 cfr -— (V • A) = 4t ip 

c dt 


For the fourth equation we have. 


d d 


d 1 dE k _ 4tt 

o 13j€ijk q, — Jk 

OXi C Ot C 


13/9 


o o " Antjnnjdiik T i ^ 

dxi dx m cdt \ dx k 


1 


dA k \ = 

dt ) 


47T 


J k 


Its easy to derive an identity for the product of two totally antisymmetric tensors e m nj^ij k as occurs 
above. All the indices of any tensor have to be different in order to get a nonzero result. Since the 
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j occurs in both tensors (and is summed over) we can simplify things. Take the case that i = 1 
and k = 2. We only have a nonzero term if j =3 so the other 2 terms in the sum are zero. But if 
j = 3, we must have either m = 1 and n = 2 or vice versa. We also must not have i = k since all 
the indices have to be different on each epsilon. So we can write. 


- S kn S im) 

Applying this identity to the Maxwell equation above, we get. 
d d 


-Ai- 


dd 1 d d(j> 1 d 2 A k 47 t 
A k 3-^-~ H —9 = —Jk 

c 


dxi dxk ' dxi dxi * ' c dx k dt ' c 2 dt 2 


dx k VAk+ cdx k dt 


1 d d(f> 1 d 2 A k 47t 


+ 




1 d 2 A k 


-V 2 A- 


dt 2 
1 d 2 A 
c 2 dt 2 


d 

dx k 


V • A + 
v-A h 


1 dcj) 
c dt 
1 d(j) 
c dt 


— ■ h< 

c 

At: 

= Jk 

C 

An j 
c 


The last two equations derived are wave equations with source terms obeyed by the potentials. As 
discussed in the opening section of this chapter, they can be simplified with a choice of gauge. 


20.5.2 The Lorentz Force from the Classical Hamiltonian 


In this section, we wish to verify that the Hamiltonian 

gives the correct Lorentz Force law in classical physics. We will then proceed to use this Hamiltonian 
in Quantum Mechanics. 

Hamilton’s equations are 

dH 
dp 
dH 
dq 

where q = r and the conjugate momentum is already identified correctly p = p. Remember that 
these are applied assuming q and p are independent variables. 


Q = 

V = 


dr 

- ( 

' e 

p+ - 

dt 

m ' 

k c 

p —* 

mv = 

p + 

-A 

c 

e -> 

P = 

mv 

--A 
c 


Beginning with q 


dH/dp , we have 
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Note that p ^ mv. The momentum conjugate to r includes momentum in the field. We now time 
differentiate this equation and write it in terms of the components of a vector. 

dpi dvi e dAi 

dt dt c dt. 


Similarly for the other Hamilton equation (in each vector component) pi = we have 

dpi . e e -a dA chi) 

~rr = Pi = - [p+-Aj- - -be—. 

at me \ c / oxi oxi 

We now have two equations for ^ derived from the two Hamilton equations. We equate the two 
right hand sides yielding 


dvi e 

mai = m —— =- 

dt me 


( ?+ 1 1 ) 


dA + dtj> e dAi 
dxi dxi c dt 


e , dA d(h e dAi 

men =- (mv) ■ - -b e—-1-—. 

me dxi dxi c dt 


The total time derivative of A has one part from A changing with time and another from the 
particle moving and A changing in space. 


dA dA 


+ 


H) 


so that 


dt dt 
e _ dA d<t> e dAi e 


e _ dA dm e dAi e / _. -*\ 

Fi = mai = —v ■ - -b e-^— -\ - — + - (v ■ V 

c dxi dxi c dt c V / 

We notice the electric field term in this equation. 

dej) edAi _ 
e dx~i + ~c~dt ~ ~ eEi 


Ai. 


Fj = mai = —eEj 


dA (_ 

£e + (”' v ) 


Let’s work with the other two terms to see if they give us the rest of the Lorentz Force. 


e 

/ ~\ _ dA 

e 


(v ■ V ) Ai — v ■ —— 


c 

V / dxi 

c 


d „ dAj 

Vi-^—Ai - V. 

•j 


J dxi 1 3 dxi 


e 

dAi dAj 

= c Vj 

dxj dxi _ 


We need only prove that 


(* xg ), 


(dAj dAj 


\ dxi dxj 

To prove this, we will expand the expression using the totally antisymmetric tensor. 

^V X X X ^ = Vj ^ — £mnk^ £jki = Vj — (^rnnk^jki) 


dA n 


i^mnk^jik) — ^ 


d-A-n ^ ^ ^ x \ _ | (^ j 

yPmjOni OmiQnj) I ~Q^T~ 
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Q.E.D. 

So we have 


Fi = -eEi - 


K {fxS ), 


which is the Lorentz force law. So this is the right Hamiltonian for an electron in a electromagnetic 
field. We now need to quantize it. 


20.5.3 The Hamiltonian in terms of B 


Start with the Hamiltonian 


H = h ( ?+ 


Now write the Schrodinger equation. 


-h“ 

2/i 


\/ 2 ip- 


ieh 
2 fxc 
ieh 


2_fiv + £d.fivv.+Si^ 

Zfl \l C J \l c 


—h o, 

- X/ 2 ip - 

2 fj, 2/rc 


, ieh (~± , ieh * -> , 

ip - (V ■ A) ip - A • H- 

2 uc \ J fie 


2 me 2 


A 2 ip = 


(E + e<p) ip 
(.E + e<p) ip 
(E + e(p) ip 


The second term vanishes in the Coulomb gauge i.e., V ■ A =0, so 


f) 1 pT) —* —» P ^ 

V 2 ^ - —A ■ VV' + 2me 2 = (-E + e(p) ip 


Now for constant B z . we choose the vector potential 

1 


since 


(v*^ 


A = —r x B 
2 


d _ l_d_ ( r, , 

Qg, — 2 Qx ' 7rL *~* n ^ rnn j ' 

^ EE ^ijn^ijk j — ~ Bk 


* J 


* J 


it gives the right field and satisfies the Coulomb gauge condition. 
Substituting back, we obtain 


-r 

2 /j, 


i&Ti -* -• e 2 / ^ 

ip H-r x f? ■ Vip H-^ ( fxB ) ip = (E + ecp) ip 

2fj,c 8mc z V / 


Now let’s work on the vector arithmetic. 

dip 
dx k 


(rxB- Vip^j = riBj £ ijk = -B :j ( r i^~ £ ikj ) = ~B -rxVip = ~B ■ Lip 
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TiBj£ijkr rn I3 n £ r n n k — (riBjriBj TiBjTjBi ) 

r 2 B 2 - {f-B) 2 -0 


So, plugging these two equations in, we get 

-n 2 




t 2 B 2 - 


(r. sj 


ip = (E + etp) ip. 


We see that there are two new terms due to the magnetic held. The first one is the magnetic moment 
term we have already used and the second will be negligible in atoms. 


20.5.4 The Size of the B field Terms in Atoms 


In the equation 


n V 2 *p + —B-LiP+ e 


2/i 2 pc 

the second term divided by (e 2 /ao) 


8 me 2 


r 2 B 2 — 


(r-sy 


ip = (E + etp) ip. 


2^- B-L/(e 2 /a 0 ) ~ ^-B (mh) / (e 2 /a 0 ) 

ueBa o . , 2 , \ qmq 
= rn —-—/ (e /a 0 ) = m—B 


= mB 


a = 


(0.5 x 10" 8 cm) 2 
(2)(137) (4.8 x 10- 10 ) 

e 2 Ti 


B 


5 x 10 9 gauss 


Tic 


a 0 = 


Divide the third term by the second: 


e>2„2 e 2 2 

B a 0 8me 2 _ a !pOfi _ 


(0.5 x lO" 8 ) 5 


B 


2/t.c 


Bh 


4e (4)(137) (4.8 x 10 10 ) 10 10 gauss 


20.5.5 Energy States of Electrons in a Plasma I 


-V 2 ^ + 


eB 

2 m e T ' 2 in e c 

For uniform B held, cylindrical symmetry 


L z ip 


e 2 B 2 


( x 2 + y 2 ) ip = Eip 


8 m e c 2 

apply cylindrical coordinates p, <p, z. Then 


d 2 d 2 Id Id 2 
dz 2 dp 2 p dp + p 2 dtp 2 
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From the symmetry of the problem, we can guess (and verify) that [H,p z ] = [H,L Z ] = 0. These 
variables will be constants of the motion and we therefore choose 


ip (r) = u mk {p)e” n *e' Kx . 

fl Q 

L z ^ = — — 'ip = mil'll; 

i ocp 

fl Q 

Pz^> = -—'ip = hk'i/j 

i oz 

V 2 il> = -k 2 ip-^-ip + ^ e ^ e ikz + l^ e im^ e ikz 

op- P op 


d 2 u 1 du m 
dp 2 ^ p dp p 


-tv H - - - 5-W - ij-p ll + 

rl r\ 2 n rl n A ^2 


P 

e 2 B 2 2 
— r 2 - 
Ah c 2 


2 m P E eBm 


— k 2 ) u = 0 


h 2 he 

Let x = \J~^P (dummy variable, not the coordinate) and A = — 2 to. Then 


d 2 u 1 du m 2 2 

V 77 H- - - 7 rU — X u + A = 0 

dx. x dx x z 


In the limit x —> oo, 


d 2 u 

~dh? 


— aru = 0 


u ~ e 


-a; 2 / 2 


while in the other limit cc —» 0, 


d 2 ii 1 du m 2 

dx 2 ^ x dx x 2 U 

Try a solution of the form x s . Then 

s(s — l)x s ~ 2 + sx s ~ 2 — m 2 x s ~ 2 = 0 
A well behaved function =4>s>0=^s = |m| 


2 2 
s = m 


i{x) = 


— rp\m\ -x z /2 


G(x) 


Plugging this in, we have 

d 2 G 

dx 2 


2|m| + 1 - 2x] ^ + (A - 2 - 2\m\) G = 0 
x J dx 


We can turn this into the hydrogen equation for 

y = x 2 


and hence 


Transforming the equation we get 


dy = 2x dx 
d Id 
dy 2x dx 


+ qjG a-2-2W g = 0 

dy 2 V y J dy 

Compare this to the equation we had for hydrogen 

d 2 H (2£ + 2 \ dH X — 1 — £ n 

-rr +- 1 hr + - H = 0 

dp 2 \ P J dp p 
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with A = n r + £ + 1. The equations are the same if WE set our j = n r + 1+ ^ where n r = 

0,1,2,.... Recall that our A = 4r ^ c j — 2 to. This gives us the energy eigenvalues 


=> E — 


fi 2 k 2 eBTi ( 1 + Iml + 

n r + -— 


m 


2 m e m e c 

As in Hydrogen, the eigenfunctions are 

G(y) = L^(y). 

We can localize electrons in classical orbits for large E and n r ss 0. This is the classical limit. 


n r = 0 


Lq = const 




a -x 2 2\m\ 


Max when 


dx 


= 0 = (-2xe~ x2 x 2 ^ + 2\m\e~ x2 x 2 ^- 1 ^ 


5 fim ) 


\m\ = x => p = 

Now let’s put in some numbers: Let B « 20 kGauss = 2x 10 4 Gauss. Then 


/2 (3 x HTO-gg) (1.05 x 10" 27 erg sec) 
P ~ v (4.8 x 10~ 10 esu) (2 x 10 4 g) 


m 


2.5 x 10 6 \/m cm 


This can be compared to the purely classical calculation for an electron with angular momentum 
mh which gives p = yj This simple calculation neglects to count the angular momentum stored 
in the field. 


20.5.6 Energy States of Electrons in a Plasma II 


We are going to solve the same plasma in a constant B field in a different gauge. If A = (0, Bx, 0), 
then 

B = V xA = —dLz = Bz. 
ox 

This A gives us the same B field. We can then compute H for a constant B field in the z direction. 


H 





1 

2m e 



2eB 

- XPy + 



With this version of the same problem, we have 


[H,p y \ = [H,p z \ = 0. 

We can treat p z and p y as constants of the motion and solve the problem in Cartesian coordinates! 
The terms in x and p y are actually a perfect square. 
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ip = v{x)e ik » y e ik ‘ z 


1 

2 m e 






n 2 k 2 z \ 

2 m e ) 


v(x) 


-n 2 d 2 fl ( eB\ 2 ( 
2m e dxi + \2 me {m e c) {* 




h 2 k 2 \ 
2m e ) 


v(x) 


This is the same as the ID harmonic 


oscillator equation with u> 


and a?o 

m e c u 


hck 
eB ’ 


E = 



Tito = 


HeB 


m e c 



h 2 k 2 
2 m e 


So we get the same energies with a much simpler calculation. The resulting states are 
somewhat strange and are not analogous to the classical solutions. (Note that an electron could 
be circulating about any field line so there are many possible states, just in case you are worrying 
about the choice of k y and xq and counting states.) 


20.5.7 A Hamiltonian Invariant Under Wavefunction Phase (or Gauge) Transforma¬ 
tions 


We want to investigate what it takes for the Hamiltonian to be invariant under a local phase 
transformation of the wave function. 

ip(f,t) -> e iX ^ip{r,t) 


That is, we can change the phase by a different amount at each point in spacetime and the physics 
will remain unchanged. We know that the absolute square of the wavefunction is the same. The 
Schrodinger must also be unchanged. 


(V + e - A) ip = (E + e(p)ip 


So let’s postulate the following transformation then see what we need to keep the equation 
invariant. 


ip{r,t) -> e iX ^rp(r,t) 
A -► A + AA 
<p —> (p + A cp 


We now need to apply this transformation to the Schrodinger equation. 


-V + -A+ -Aa) = (ih 4- + etp + eA^ e iX ^ip 

i c c ) \ at ) 
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Now we will apply the differential operator to the exponential to identify the new terms. 

Note that Ve iA ( f ’*) = t). 


e i\(r,t) 


V H —A H —AA + Ti t)^ ip 

(-'V + -A+-AA + h(\7\(r,t) S j S \ ip 


e iX ( ? ’*) (ih^- +e<p + eA <p - ip 

\ at at J 

( a Wt +e4,+eA4 ‘~ K ^r) i ’ 


Its easy to see that we can leave 


this equation invariant with the following choices. 


AA 

A (P 


-VA(r,f) 

e 

h dX (f, t) 
e dt 


We can argue that we need Electromagnetism to give us the local phase transformation 
symmetry for electrons. We now rewrite the gauge transformation in the more conventional way, 
the convention being set before quantum mechanics. 


ip{r, t) 
A 

<P 


e iX ™ip(r,t) 

A-Vf(r,t) 

j. , 1 df{r,t) 

-— 

c at 



20.5.8 Magnetic Flux Quantization from Gauge Symmetry 


We’ve shown that we can compute the function /(f) from the vector potential. 


f{r) 


r 


ro 


dr ■ A 


A superconductor excludes the magnetic field so we have our field free region. If we take a ring of 
superconductor, as shown, we get a condition on the magnetic flux through the center. 
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B field 



Consider two different paths from rg to r. 


fi{r) ~ f 2 (r) 


dr ■ A = 


dS-W xA = 


dSB = <f> 


The difference between the two calculations of f is the flux. 


Now / is not a physical observable so the f\ — /2 does not have to be zero, but, ip does have to be 
single valued. 


The flux is quantized. 


ipi 


1p2 

e-iikh 



$ = /i 


= e ~ i KEh 
- $ 2 ) = 2U7T 

2mrhc 

~ J2 = - 

e 


Magnetic flux is observed to be quantized in a region enclosed by a superconductor, however, the 
fundamental charge seen is 2e. 


20.6 Homework Problems 


1. Show that the Hamiltonian H = [p + f A(r, t )] 2 3 — e</>(r, t ) yields the Lorentz force law for an 
electron. Note that the fields must be evaluated at the position of the electron. This means 
that the total time derivative of A must also account for the motion of the electron. 


2. Calculate the wavelengths of the three Zeeman lines in the 3d —> 2 p transition in Hydrogen 
atoms in a 10 4 gauss field. 

3. Show that the probability flux for system described by the Hamiltonian 


H = ±\p+ e -Af 
2/i c 
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is given by 

_ _ o?> _ 

3 = [V^*V-0 - (W)V’ + ^4V 7 *'*/’]• 

Remember the flux satisfies the equations d ^ at ^’' > + Vj = 0. 

4. Consider the problem of a charged particle in an external magnetic field B = (0,0, B) with 
the gauge chosen so that A = (—yB, 0, 0). What are the constants of the motion? Go as far as 
you can in solving the equations of motion and obtain the energy spectrum. Can you explain 
why the same problem in the gauges A = (— yB/2, xB/2, 0) and A = {0,xB,0) can represent 
the same physical situation? Why do the solutions look so different? 

5. Calculate the top left 4x4 corner of the matrix representation of x 4 for the harmonic oscillator. 
Use the energy eigenstates as the basis states. 

6. The Hamiltonian for an electron in a electromagnetic field can be written as H = — [p + 

|A(r, t)) 2 — e(f>(r,t) + 2 ^^' Show that this can be written as the Pauli Hamiltonian 

^ [p+^v4(f,t)]) - e<j)(r,t ). 


20.7 Sample Test Problems 

1. A charged particle is in an external magnetic field. The vector potential is given by A = 
{—yB, 0,0). What are the constants of the motion? Prove that these are constants by evalu¬ 
ating their commutator with the Hamiltonian. 

2. A charged particle is in an external magnetic field. The vector potential is given by A = 
(0, xB, 0). What are the constants of the motion? Prove that these are constants by evaluating 
their commutator with the Hamiltonian. 

3. Gauge symmetry was noticed in electromagnetism before the advent of Quantum Mechanics. 
What is the symmetry transformation for the wave function of an electron from which the 
gauge symmetry for EM can be derived? 
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21 Addition of Angular Momentum 


Since total angular momentum is conserved in nature, we will find that eigenstates of the total 
angular momentum operator are usually energy eigenstates. The exceptions will be when we apply 
external Fields which break the rotational symmetry. We must therefore learn how to add different 
components of angular momentum together. One of our first uses of this will be to add the orbital 
angular momentum in Hydrogen to the spin angular momentum of the electron. 

J = L + S 


audio 

Our results can be applied to the addition of all types of angular momentum. 

This material is covered in Gasiorowicz Chapter 15, in Cohen-Tannoudji et al. Chapter X 

and very briefly in Griffiths Chapter 6. 


21.1 Adding the Spins of Two Electrons 

The coordinates of two particles commute with each other: [p(i)i, X( 2 )j] = 0. They are inde¬ 
pendent variables except that the overall wave functions for identical particles must satisfy the 
(anti)symmetrization requirements. This will also be the case for the spin coordinates. 


We define the total spin operators 

S = 5(1) + 5 (2) . 

Its easy to show (see section 21.8.1) the total spin operators obey the same commutation relations 
as individual spin operators 

\Si, Sj ] = iheijkSk- 


audio 

This is a very important result since we derived everything about angular momentum from the 
commutators. The sum of angular momentum will be quantized in the same way as orbital angular 
momentum. 

As with the combination of independent spatial coordinates, we can make product states to 
describe the spins of two particles. These products just mean, for example, the spin of particle 1 is 
up and the spin of particle 2 is down. There are four possible (product) spin states when we combine 
two spin i particles. These product states are eigenstates of total S z but not necessarily of 
total S 2 . The states and their S z eigenvalues are given below. 


Product State 

Total S z eigenvalue 

(1) (2) 


x+ x+ 

n 

(!) (2) 


X+ X- 

U 

X- 1) X+ ) 

0 

X- 1} X- 3 

-h 
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audio 

Verify the quoted eigenvalues by calculation using the operator S z = Sn\ z + S( 2 ) z - 


We expect to be able to form eigenstates of S 2 from linear combinations of these four states. From 
pure counting of the number of states for each S z eigenvalue, we can guess that we can make one 
s = 1 multiplet plus one s = 0 multiplet. The s = 1 multiplet has three component states, two 
of which are obvious from the list above. We can use the lowering operator to derive (see section 
21.8.2) the other eigenstates of S 2 . 


Xs=l,ra=l 

(1) (2) 

= x+x+ 


Xs=l,m=0 

1 

I ' (t) (2) 

, .(1) (2) 

71 1 

(X+ X- 

+ X- x+ 

Xs=l,m=— 1 

= x-77 


Xs—0,m=0 

i , 

( (if (2) 

,,(!), 12) 

72 1 

[yX+ X- 

-X- x+ 


audio 

As a necessary check, we operate on these states with S 2 and verify (see section 21.8.3) that they 
are indeed the correct eigenstates. 

Note that by deciding to add the spins together, we could not change the nature of the electrons. 
They are still spin ^and hence, these are all still eigenstates of S 2 y and S 2 2 y however, (some of) the 
above states are not eigenstates of Sm z and S ) 2 ) z . This will prove to be a general feature of adding 
angular momenta. Our states of definite total angular momentum and z component of total angular 
momentum will still also be eigenstates of the individual angular momenta squared. 


21.2 Total Angular Momentum and The Spin Orbit Interaction 

The spin-orbit interaction (between magnetic dipoles) will play a role in the fine structure of 
Hydrogen as well as in other problems. It is a good example of the need for states of total angular 
momentum. The additional term in the Hamiltonian is 

Ze 2 L-S 
SO ~ 2mV r 3 

If we define the total angular momentum J in the obvious way we can write L-S in terms of 
quantum numbers. 

J = L + S 
J 2 = L 2 + 2L-S+S 2 

L-S = l -{J 2 -L 2 -S 2 )^ ? t{j(j + l)-t{t+l)-s{s + l)) 


audio 
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Since our eigenstates of J 2 and J z are also eigenstates of L 2 and S 2 (but not L z or S z ), these 
are ideal for computing the spin orbit interaction. In fact, they are going to be the true energy 
eigenstates, as rotational symmetry tells us they must. 


21.3 Adding Spin \ to Integer Orbital Angular Momentum 


Our goal is to add orbital angular momentum with quantum number £ to spin i. We can show in 
several ways that, for £ ^ 0, that the total angular momentum quantum number has two possible 
values j = £ + t or j = £ — t. For £ = 0, only j = ^ is allowed. First lets argue that this makes 
sense when we are adding two vectors. For example if we add a vector of length 3 to a vector of 
length 0.5, the resulting vector could take on a length between 2.5 and 3.5 For quantized angular 
momentum, we will only have the half integers allowed, rather than a continuous range. Also we 
know that the quantum numbers like l are not exactly the length of the vector but are close. So 
these two values make sense physically. 


We can also count states for each eigenvalue of J z as in the following examples. 


* See Example 21.7.1: Counting states for £ = 3 plus spin - * 

* See Example 21.7.2: Counting states for any C plus spin ■ * 

As in the last section, we could start with the highest J z state, Yu\ +1 and apply the lowering 

This works well for some specific £ but is 


operator to find the rest of the multiplet with j = £ ■ 
hard to generalize. 


2 ■ 


We can work the problem in general. We know that each eigenstate of J 2 and J z will be a linear 
combination of the two product states with the right m. 

^j(m+ i) = OiY em x+ + /3Y e{m+1) x- 


audio 


The coefficients a and (3 must be determined (see section 21.8.4) by operating with J 2 


VV+±)(m+±) - 


£ + m + 1 1 
2 ^ + 1 ' 


£ — m , 
2 £+ 1 


WmX+ 


+ \ 

/ £ — m. 

' 21 +1 

j£ + m + 1, 


2 £ - 


We have made a choice in how to write these equations: m must be the same throughout. The 
negative m states are symmetric with the positive ones. These equations will be applied when we 
calculate the fine structure of Hydrogen and when we study the anomalous Zeeman effect. 


21.4 Spectroscopic Notation 

A common way to name states in atomic physics is to use spectroscopic notation. It is essentially 
a standard way to write down the angular momementum quantum numbers of a state. The general 
form is N 2 s+ 1 Lj, where N is the principal quantum number and will often be omitted, s is the 
total spin quantum number ((2s + 1) is the number of spin states), L refers to the orbital angular 
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momentum quantum number t but is written as 5, P, D 1 F , ... for i = 0,1, 2,3,..., and j is the 
total angular momentum quantum number. 

A quick example is the single electron states, as we find in Hydrogen. These are: 

1 2 5i 2 2 .Sh 2 2 P 3 2 2 Pi 3 2 5i 3 2 Pa 3 2 Pi 3 2 Db 
2222222 2 

3 2 £>3 4 2 5i 4 2 P3 4 2 Pi 4 2 P>i 4 2 P>3 4 2 P Z 4 2 Ps ... 
22222 2 2 2 

All of these have the pre-superscript 2 because they are all spin one-half. There are two j values for 
each l. 

For atoms with more than one electron, the total spin state has more possibilities and perhaps 
several ways to make a state with the same quantum numbers. 


21.5 General Addition of Angular Momentum: The Clebsch-Gordan Se¬ 
ries 

We have already worked several examples of addition of angular momentum. Lets work one more. 

* See Example 21.7.3: Adding l = 4 to t = 2.* 


The result, in agreement with our classical vector model, is multiplets with j = 2, 3,4, 5, 6 . 

The vector model qualitatively explains the limits. 

audio 



In general, j takes on every value between the maximum an minimum in integer steps. 

The maximum and minimum lengths of the sum of the vectors makes sense physically. Quantum 
Mechanics tells up that the result is quantized and that, because of the uncertainty principle, the 
two vectors can never quite achieve the maximum allowed classically. Just like the z component of 
one vector can never be as great as the full vector length in QM. 
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We can check (see section 21.8.5) that the number of states agrees with the number of product 
states. 

We have been expanding the states of definite total angular momentum j in terms of the product 
states for several cases. The general expansion is called the Clebsch-Gordan series: 

ipjm = ^2 (^l TO 1^2W 2 |jm£i^2)W 1 mi ^ 2^2 

777.17712 


or in terms of the ket vectors 

|jm£i£ 2 ) = ^2 (fiWi^ 2 TO 2 |jm£i£ 2 )|fiTOif 2 m 2 ) 

777 , 1777.2 


The Clebsch-Gordan coefficients are tabulated. We have computed some of them here by using the 
lowering operator and some by making eigenstates of J 2 . 


21.6 Interchange Symmetry for States with Identical Particles 


If we are combining the angular momentum from two identical particles, like two electrons in an 
atom, we will be interested in the symmetry under interchange of the angular momentum state. Lets 
use the combination of two spin i particles as an example. We know that we get total spin states 
of s = 1 and s = 0. The s = 1 state is called a triplet because there are three states with different 
to values. The s = 0 state is called a singlet. The triplet state is symmetric under interchange. 
The highest total angular momentum state, s = si + s 2 , will always be symmetric under 
interchange. We can see this by looking at the highest to state, m = s. To get the maximum to, 
both spins to have the maximum z component. So the product state has just one term and it is 
symmetric under interchange, in this case, 


-v - -v^M 2 ) 

xn — x+ x+ • 


When we lower this state with the (symmetric) lowering operator S- = S)+ 5( 2 )_, the result 
remains symmetric under interchange. To make the next highest state, with two terms, we must 
choose a state orthogonal to the symmetric state and this will always be antisymmetric. 


In fact, for identical particles, the symmetry of the angular momentum wave function will 
alternate, beginning with a symmetric state for the maximum total angular momentum. For 
example, if we add two spin 2 states together, the resulting states are: 4g, 3 a, 2g, 1 a and Os- In 
the language of group theory, when we take the direct product of two representations of 
the the SU(2) group we get: 


5 © 5 = 9s © 7 a © 5s © 3 a © Is 

where the numbers are the number of states in the multiplet. 

* See Example 21.7.4: Two electrons in a P state.* 

* See Example 21.7.5: The parity of the pion from tt d —»• nn* 
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21.7 Examples 

21.7.1 Counting states for £ = 3 Plus spin 1 


For £ = 3 there are 2£ + 1 = 7 different eigenstates of L z . There are two different eigenstates of 
S z for spin 4. We can have any combination of these states, implying 2 x 7 = 14 possible product 
states like Y 3 i\+- 

We will argue based on adding vectors... that there will be two total angular momentum states that 
can be made up from the 14 product states, j = £ ± 1, in this case j = | and j = |. Each of these 
has 2 j + 1 states, that is 6 and 8 states respectively. Since 6 + 8 = 14 this gives us the right number 
of states. 


21.7.2 Counting states for Arbitrary £ Plus spin 1 

For angular momentum quantum number £, there are (2£ + 1) different m states, while for spin we 
have 2 states x±- Hence the composite system has 2(2£ + 1) states total. 

Max j z = £ + i so we have a state with j = £ + This makes up (2 j + 1) = (2£ + 2) states, leaving 

(4£ + 2) - (2£ + 2) = 2£ = ^2 ^£ - 0 + 1 
Thus we have a state with j = £ — 1 and that’s all. 


21.7.3 Adding £ = 4 to £ = 2 


As an example, we count the states for each value of total m (z component quantum number) if we 
add £\ = 4 to £2 = 2. 

audio 


Total to 

(toi,to 2 ) 

6 

(4,2) 

5 

(3,2) (4,1) 

4 

(2,2) (3,1) (4,0) 

3 

(1,2) (2,1) (3,0) (4,-1) 

2 

(0,2) (1,1) (2,0) (3,-1) (4,-2) 

1 

(-1,2) (0,1) (1,0) (2,-1) (3,-2) 

0 

(-2,2) (-1,1) (0,0) (1,-1) (2,-2) 

-1 

(1,-2) (0,-1) (-1,0) (-2,1) (-3,2) 

-2 

(0,-2) (-1,-1) (-2,0) (-3,1) (-4,2) 

-3 

(-1,-2) (-2,-1) (-3,0) (-4,1) 

-4 

(-2,-2) (-3,-1) (-4,0) 

-5 

(-3,-2) (-4,-1) 

-6 

(-4,-2) 
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Since the highest m value is 6, we expect to have a j = 6 state which uses up one state for each m 
value from -6 to +6. Now the highest m value left is 5, so a j = 5 states uses up a state at each m 
value between -5 and +5. Similarly we find a j = 4, j = 3, and j = 2 state. This uses up all the 
states, and uses up the states at each value of m. So we find in this case, 

\£\ — ti\ < j < \£\ + ^i\ 

and that j takes on every integer value between the limits. This makes sense in the vector model. 


21.7.4 Two electrons in an atomic P state 


If we have two atomic electrons in a P state with no external fields applied, states of definite 
total angular momentum will be the energy eigenstates. We will learn later that closed 
shells in atoms (or nuclei) have a total angular momentum of zero, allowing us to treat only the 
valence electrons. Examples of atoms like this would be Carbon, Silicon, and Germanium. 

Our two electrons each have ell = 1 (P state) and s = \ (electrons). We need to add four angluar 
momenta together to get the total. 

J = L 1 +L 2 +S 1 +S 2 

We will find it useful to do this addition in two steps. For low Z atoms, it is most useful to add 
Li + L 2 = L and S\ + S 2 = S then to add these results L + S = J. 

Since the electrons are identical particles and they are in the same radial state, the angular momen¬ 
tum part of the wavefunction must be antisymmetric under interchange. This will limit the allowed 
states. So let’s do the spinor arithmetic. 

\h~H< t <£i+£ 2 
£ = 0 , 1,2 
s = 0,1 


These states have a definite symmetry under interchange. Before going on to make the total angular 
momentum states, lets note the symmetry of each of the above states. The maximum allowed state 
will always need to be symmetric in order to achieve the maximum. The symmetry will alternate as 
we go down in the quantum number. So, for example, the £ = 2 and £ = 0 states are symmetric, while 
the t = 1 state is antisymmetric. The s = 1 state is symmetric and the s = 0 state is antisymmetric. 
The overall symmetry of a state will be a product of the these two symmetries (since when we add £ 
and s to give j we are not adding identical things anymore). The overall state must be antisymmetic 
so we can use: 


£ 

£ 

£ 


1 S = 1 j = 0,1,2 3 P 0 , 3 P 1 , 3 P 2 

2 s = 0 ) = 2 l D 2 

0 s = 0 j = 0 1 Sq 


Each atomic state will have the angular momentum quantum numbers 


£i, £ 2, si, s 2 , £, s, j, TO. 
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Normally we will not bother to include that the spins are one half since that’s always true for 
electrons. We will (and must) keep track of the intermediate t and s quantum numbers. As can be 
seen above, we need them to identify the states. 

In the atomic physics section, we will even deal with more than two electrons outside a closed shell. 


21.7.5 The parity of the pion from 7 id —> nn. 


audio 

We can determine the internal parity of the pion by studying pion capture by a deuteron, 
7r + d —> n + n. The pion is known to have spin 0, the deuteron spin 1, and the neutron spin 
The internal parity of the deuteron is +1. The pion is captured by the deuteron from a IS states, 
implying i = 0 in the initial state. So the total angular momentum quantum number of the initial 
state is j = 1. 

So the parity of the initial state is 


{-iyp„P d = (-l)°P„P d = P„ 


The parity of the final state is 

p n p n (-iy = (~iy 

Therefore, 

^ = (-!)'• 

Because the neutrons are identical fermions, the allowed states of two neutrons are 1 S'o, 3 Po,i, 2 , 1 D 2 , 
3 F 2 , 3 , 4 --- The only state with j = 1 is the 3 Pi state, so £ = 1 

=> P« = - 1 . 


21.8 Derivations and Computations 

21.8.1 Commutators of Total Spin Operators 


s = S( 1 )+S (2 ) 

[Si,Sj] = [s^ + syys^ + sf] 

= [S?\ sj 1} ] + [S?\ sf] + [sl 2) ,sW] + [S?\sf] 

= iheijkSf, . x) + 0 + 0 + iheijkS [ 2) = ihe ijk S k 


Q.E.D. 
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21.8.2 Using the Lowering Operator to Find Total Spin States 

The total spin lowering operator is 

s- = s ( y + sy. 

First lets remind ourselves of what the individual lowering operators do. 


= n 



= hx ( y 


Now we want to identify xn = x+^X+^- Lets operate on this equation with S-. First the RHS gives 

S'-X+ ) X+ ) = (<S’i 1 ) x+ 1) ) x+ 2) +x+ } (•S'- ) x+ ) ) = K (x- } X+ } +X+ 1} X- 2) ) ■ 

Operating on the LHS gives 

S-XU = hy/(l)(2) - (l)(0)xio = y/2hx 10 - 
So equating the two we have 


V2*X10 = h (x-V^ +X+ 1) X- ) ) ■ 
Xio = -j= (x-^Xq 5 + X+ 1) X- ) ) • 


Now we can lower this state. Lowering the LHS, we get 

‘S-Xio = ft\/ (1)(2) - (0)(—l)xi(-i) = V2hxi,-i- 


Lowering the RHS, gives 

S -^ (x+ } x_ 2) + x- 1) x+ ) ) = (x-^x-' + x- 1) x- ) ) = v / 2?iX- 1) X- ) 


( 1 ) ( 2 ) 
Xi-1= X- X- 


Therefore we have found 3 s=l states that work together. They are all symmetric under interchange 
of the two particles. 

There is one state left over which is orthogonal to the three states we identified. Orthogonal state: 


Xoo = 


1 ( (i) (2) 

7! (* + *- 


( 1 ) ( 2 ) 

X- x+ 


We have guessed that this is an s = 0 state since there is only one state and it has m=0. We could 
verify this by using the S 2 operator. 
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21.8.3 Applying the S 2 Operator to xim and xoo* 


We wish to verify that the states we have deduced are really eigenstates of the S 2 operator. We will 
really compute this in the most brute force. 

S 2 = (Sr + Ss) 2 = S 1 2 +S| + 2S 1 -S 2 
S 2 x+ ) X+ ) = Si(si + l)?i 2 X^ 1) X+ ) + s 2 (s 2 + l)?i 2 X+ 1) X+ ) + 2^iX+ ) • S 2 x+ } 


= ^ 2 X+ ) X+ 2) +2 


( 1 ) ( 2 ) 
x+ x+ 


SxX+ 

S yX+ 

S x X- 

SyX- 


n (o 
2 Vi 
n /o 
2 V * 
n /o 

2 V 1 

h /o 
2 \i 



S 


2 (1) (2) 

x+ x+ 





2J 


2J 


Note that s(s + 1) = 2, so that the 2h is what we expected to get. This confirms that we have an 
s=l state. 

Now lets do the xoo state. 

S 2 Xoo = (s 2 + S 2 + 2S 1 -S 2 ) X oo 

= (/S' 2 + S 2 + 2 + S^Sfj 2 ^ + xoo 

= (5? + S 2 + 2S « sp + 2 (s« 5(2)) ) Xoo 

= (| + § ~ 2i) ft a xoo + 2 (S^SW + S^Sf) xoo 

= h 2 X00 + 2 (s^S™ + SWS&) -±= (xi 1} xV 2) - X^xf) 

= h 2 X00 + Y^2 ( X - )x + 2) “ ^+ ) '^ (2) + i (~ i )X- ) X+ ) - (—*)*X+ } X- } ) 
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- n I xoo - -^j= ^X+ X- ~X- X+ + X+ X- - X- X+ J J 
= h 2 {1-1) xoo = Oh 2 xoo 


21.8.4 Adding any £ plus spin 

We wish to write the states of total angular momentum j in terms of the product states WmX± ■ We 
will do this by operating with the J 2 operator and setting the coefficients so that we have eigenstates. 

J ’tpjrrij — j {j T l)h Ipjrrij 

We choose to write the the quantum number rrij as m + This is really just the defintion of the 
dummy variable to. (Other choices would have been possible.) 

The z component of the total angular momentum is just the sum of the z components from the 
orbital and the spin. 

uij = mi + m s 

There are only two product states which have the right mj = m + ^. If the spin is up we need Y) m 
and if the spin is down, Yq m +i)- 


V’jlm+i) — Ctl imX+ + Ph i(m- (-l)X — 


audio 

We will find the coefficients a and (3 so that ip will be an eigenstate of 

J 2 = (L + S) 2 = L 2 + S 2 + 2 L Z S Z + L + S_ + L_S+. 


So operate on the right hand side with J 2 . 
J 2 ip. 


^j,m+± a 


3 1 

h 2 £{£ + 1 )YimX+ + -^YimX+ + 2m-yj m x+ 


+ \/£{£ + 1) - m{m + l)VTY Km+1)X - 


/3h~ 


l{t + l)W, m+ iX- + -W, m+ ix- + 2(m + 1) ( — Ye, m +iX- 


-1 


+\Jt{l + 1 ) - (to + l)my/(X)Y lm x + 


And operate on the left hand side. 

J 2 ^j,m+ i = j(j + l)SVy m+ i = j(j + 1 )h 2 (■ aYi mX+ + /3Y^ (m+ i)X-) 

Since the two terms are orthogonal, we can equate the coefficients for each term, giving us two 
equations. The WmX+ term gives 

aj{j + 1) = a \l{l + 1) + + m J + $sj ' l{t + 1) — m(m + 1). 
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The Y e(m+1)X - term gives 

Pj(j + 1) = P ^£(£ + 1) + ^ — (to + 1)^ + a\J £(£ + 1) - m(m + 1). 
Collecting a terms on the LHS and /3 terms on the RHS, we get two equations. 
(j{j + l)-£{£ + l)-^-rnja = \J{£ - m)(£ + m + 1 )/? 


y/{£ — m){£ + to + l)a = 


j{j + 1) - £(£ +1) - j + (to +1) 


Now we just cross multiply so we have one equation with a common factor of a/3. 


(£ — m){£ + to + 1 ) = 


j{j+ 1)-£{£+!)---m 


j{j + i) - £(£ + 1) - ^ + i m + 1) 


While this equation looks like a mess to solve, if we notice the similarity between the LHS and RHS, 
we can solve it if 

£ = j(j + 1) -€(^ + 1) - |. 

If we look a little more carefully at the LHS, we can see that another solution (which just interchanges 
the two terms in parentheses) is to replace £ by — l — 1. 

-£-l=j{j + l)-£{£+l)-\. 


These are now simple to solve 

j(j + i) = t(£ + i) + e + ^ i = t + l 

j(j + l) = £(£+l)-£-l + ^ i = l-\ 

So these are (again) the two possible values for j. We now need to go ahead and find a and /3. 
Plugging j = t + i into our first equation, 

{£ — m )a = — m){£ + to. + l)/3 

we get the ratio between /3 and a. We will normalize the wave function by setting a 2 + (3 2 = 1. So 
lets get the squares. 

(■ £~m ) 2 2 (£-m) 2 

-a = — - -a 




(£ — m)(£ + to. + 1) (£ + m + 1) 


a 2 + /3 2 = 1 


’+ m+l + £ — m 2 


l + to + 1 


a 2 = 1 


a = 


£ + to + 1 
2 £ + 1 


P = 


1 l — TO 

£ + m + 1 

V £ + m + l\ 

1 2£ + l 


2£+l 
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So we have completed the calculation of the coefficients. We will make use of these in the hydrogen 
atom, particularly for the anomalous Zeeman effect. 


Writing this in the notation of matrix elements or Clebsch-Gordan coefficients of the form, 


we get. 
audio 


(jmj£s\£mtsm s ) 


+ 






£(m + 1 ) 


1 -1 
2 ~ 2 ~ 




(m 


£(m + 1 ) 


1 -1 
2 ~ 2 ~ 
1 1 
22 


a = 

P = 
0 

0 


1 + m + 1 
2 £+ 1 


k — m 
21 + 1 


Similarly 





t(m + 1 ) 


1 -1 
2 ~ 2 ~ 


£-■ 


2 £ + 1 


t + m + 1 

2i+l 


21.8.5 Counting the States for \t\ — £ 2 | < j < £ i + £ 2 . 

If we add i\ to £2 there are (2£i + 1)(2£ 2 + 1) product states. Lets add up the number of states of 
total l. To keep things simple we assume we ordered things so l\ > £ 2 - 

ti+^2 2£ 2 2-4 

(2£ + 1) = ^2(^1 -e 2 + n) + 1) = (2£ 2 + 1)(2£ 1 - 2£ 2 + 1) + 2 ^ n 

n—0 n— 0 

= ( 2£ 2 + 1 )( 2 £! - 2£ 2 + 1 ) + ( 2£ 2 + 1 )( 2 £ 2 ) = ( 2£ 2 + 1)(24 + 1 ) 

This is what we expect. 


21.9 Homework Problems 

1. Find the allowed total spin states of two spin 1 particles. Explicitly write out the 9 states 
which are eigenfunctions of S 2 and S z . 

2. The Hamiltonian of a spin system is given by H = A+ BS r ^ S2 + C (Slz + S ' 2z ' 1 . Find the eigenvalues 
and eigenfunctions of the system of two particles (a) when both particles have spin 1, (b) when 
one particle has spin i and the other spin 1. What happens in (a) when the two particles are 
identical? 
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3. Consider a system of two spinless identical particles. Show that the orbital angular momentum 
of their relative motion can only be even. (I = 0, 2,4,...) Show by direct calculation that, for 
the triplet spin states of two spin ^ particles, a[ ■ (YzXim = Xim for all allowed m. Show that 
for the singlet state <j\ ■ dhxoo = — 3\oo- 

4. A deuteron has spin 1. What are the possible spin and total angular momentum states of two 
deuterons. Include orbital angular momentum and assume the two particles are identical. 

5. The state of an electron is given by ^ = R{ r )l\f\Y w (9,(/))x+ + ^§Yn(0, <j>)x-\- Find the 
possible values and the probabilities of the z component of the electron’s total angular mo¬ 
mentum. Do the same for the total angular momentum squared. What is the probability 
density for finding an electron with spin up at r, 6, What is it for spin down? What is 
the probability density independent of spin? (Do not leave your answer in terms of spherical 
harmonics.) 

6. The n — 2 states of hydrogen have an 8-fold degeneracy due to the various l and m states 
allowed and the two spin states of the electron. The spin orbit interaction partially breaks 
the degeneracy by adding a term to the Hamiltonian H\ = -^Ar-ss L ■ S. Use first order 
perturbation theory to find how the degeneracy is broken under the full Hamiltonian and 
write the approximate energy eigenstates in terms of R n i, Y) m , and x±- 

7. The nucleus of a deuterium (A=2 isotope of H) atom is found to have spin 1. With a neutral 
atom, we have three angular momenta to add, the nuclear spin, the electron spin, and the 
orbital angular momentum. Define J = L + S in the usual way and F = J + / where / denotes 
the nuclear spin operator. What are the possible quantum numbers j and / for an atom in 
the ground state? What are the possible quantum numbers for an atom in the 2p state? 


21.10 Sample Test Problems 

1. Two identical spin | particles are bound together into a state with total angular momentum 
l. a) What are the allowed states of total spin for l = 0 and for l = 1? b) List the allowed 
states using spectroscopic notation for l = 0 and 1. ( 2s+1 Lj ) 

2. A hydrogen atom is in the state ifi = R/aY^x+- A combined measurement of of J 2 and of 
J z is made. What are the possible outcomes of this combined measurement and what are the 
probabilities of each? You may ignore nuclear spin in this problem. 

3. We want to find the eigenstates of total S 2 and S z for two spin 1 particles which have an Si ■ S 2 
interaction. (S = Si + S 2 ) 

(a) What are the allowed values of s, the total spin quantum number. 

(b) Write down the states of maximum m s for the maximum s state. Use |sm s ) notation and 
|siWi)|s 2 W 2 ) for the product states. 

(c) Now apply the lowering operator to get the other m s states. You only need to go down 
to m s = 0 because of the obvious symmetry. 

(d) Now find the states with the other values of s in a similar way. 

4. Two (identical) electrons are bound in a Helium atom. What are the allowed states \jlsl 1 l 2 ) 
if both electrons have principal quantum number n = 1? What are the states if one has n = 1 
and the other n = 27 
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5. A hydrogen atom is in an eigenstate (ip) of J 2 , L 2 , and of J z such that J 2 ip = ^ h 2 ip , 
L 2 ip = 6 h 2 ip, J z ip = —Tjhip, and of course the electron’s spin is f. Determine the quantum 
numbers of this state as well as you can. If a measurement of L z is made, what are the possible 
outcomes and what are the probabilities of each. 

6 . A hydrogen atom is in the state ip = R^iY-nX-' If a measurement of J 2 and of J z is made, 
what are the possible outcomes of this measurement and what are the probabilities for each 
outcome? If a measurement of the energy of the state is made, what are the possible energies 
and the probabilities of each? You may ignore the nuclear spin in this problem. 

7. Two identical spin 1 particles are bound together into a state with orbital angular momentum 
l. What are the allowed states of total spin (s) for l = 2, for l = 1, and for l = 0? List all 
the allowed states giving, for each state, the values of the quantum numbers for total angular 
momentum (j), orbital angular momentum (7) and spin angular momentum (s) if Z is 2 or less. 
You need not list all the different rrij values. 

8 . List all the allowed states of total spin and total z-component of spin for 2 identical spin 1 

particles. What £ values are allowed for each of these states? Explicitly write down the (2s+ 1) 
states for the highest s in terms of x+\x+\ x!q\ X- > and X-'- 

9. Two different spin \ particles have a Hamiltonian given by H = Eg + • S 2 + j;(S\ z + S 2 z)- 

Find the allowed energies and the energy eigenstates in terms of the four basis states | + +), 

| H }, | h), and | }. 

10. A spin 1 particle is in an £ = 2 state. Find the allowed values of the total angular momentum 

quantum number, j. Write out the | j,nij) states for the largest allowed j value, in terms of 
the |m;,TO s ) basis. (That is give one state for every mj value.) If the particle is prepared in 
the state \mi = 0 : m s = 0), what is the probability to measure J 2 = 12?i 2 ? 

11. Two different spin -7 particles have a Hamiltonian given by H = E 0 + AS\ ■ S 2 + B(S\ Z + S 3z ). 

Find the allowed energies and the energy eigenstates in terms of the four product states 
v (l) v (2) (1) (2) (1) (2) j v (l) v (2) 

X+ X+ ) X+ X- i X- X+ > ana X- X- • 


22 Time Independent Perturbation Theory 

Perturbation Theory is developed to deal with small corrections to problems which we have 
solved exactly, like the harmonic oscillator and the hydrogen atom. We will make a series expansion 
of the energies and eigenstates for cases where there is only a small correction to the exactly soluble 
problem. 

First order perturbation theory will give quite accurate answers if the energy shifts calculated are 
(nonzero and) much smaller than the zeroth order energy differences between eigenstates. If the 
first order correction is zero, we will go to second order. If the eigenstates are (nearly) degenerate 
to zeroth order, we will diagonalize the full Hamiltonian using only the (nearly) degenerate states. 

Cases in which the Hamiltonian is time dependent will be handled later. 

This material is covered in Gasiorowicz Chapter 16, in Cohen-Tannoudji et al. Chapter XI, 
and in Griffiths Chapters 6 and 7. 


22.1 The Perturbation Series 

Assume that the energy eigenvalue problem for the Hamiltonian Hq can be solved exactly 


Ho 


but that the true Hamiltonian has a small additional term or perturbation H\. 

H = H 0 + Hi 

The Schrodinger equation for the full problem is 

(H 0 + Hx)il> n = E n i/j n 

Presumably this full problem, like most problems, cannot be solved exactly. To solve it using a 
perturbation series, we will expand both our energy eigenvalues and eigenstates in powers of the 
small perturbation. 


eM + e u + eM + ... 



where the superscript (0), (1), (2) are the zeroth, first, and second order terms in the series. N is 
there to keep the wave function normalized but will not play an important role in our results. 


By solving the Schrodinger equation at each order of the perturbation series, we compute the 
corrections to the energies and eigenfunctions, (see section 22.4.1) 
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c (1) 

L nk 


= 


Z7>(0) _ zp(0) 

p(0) 

k^n 


audio 

So the first order correction to the energy of the n th eigenstate, E , is just the expectation 

value of the perturbation in the unperturbed state. The first order admixture of 4>k in ip n , c~ r 2. 

depends on a matrix element and the energy difference between states. The second order correc- 
( 2 ) 

tion to the energy, En , has a similar dependence. Note that the higher order corrections may 
not be small if states are nearby in energy. 

The application of the first order perturbation equations is quite simple in principal. The actual 
calculation of the matrix elements depends greatly on the problem being solved. 

* See Example 22.3.1: H.O. with anharmonic perturbation (a.r 4 ).* 


Sometimes the first order correction to the energy is zero. Then we will need to use the second order 
( 2 ) 

term En to estimate the correction. This is true when we apply an electric field to a hydrogen 
atom. 

* See Example 22.3.2: Hydrogen Atom in a E-held, the Stark Effect.* 


We will exercise the use of perturbation theory in section 23 when we compute the fine structure, 
and other effects in Hydrogen. 


22.2 Degenerate State Perturbation Theory 


The perturbation expansion has a problem for states very close in energy. The energy difference 
in the denominators goes to zero and the corrections are no longer small. The series does not 
converge. We can very effectively solve this problem by treating all the (nearly) degenerate 
states like we did <f> n in the regular perturbation expansion. That is, the zeroth order state will be 
allowed to be an arbitrary linear combination of the degenerate states and the eigenvalue problem 
will be solved. 

Assume that two or more states are (nearly) degenerate. Define A f to be the set of those nearly 
degenerate states. Choose a set of basis state in A f which are orthonormal 

(</>(%«) = 6ji 

where i and j are in the set Af. We will use the indices i and j to label the states in Af. 

By looking at the zeroth and first order terms in the Schrodinger equation and dotting it into one of 
the degenerate states <j>^\ we derive (see section 22.4.2) the energy equation for first order (nearly) 
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degenerate state perturbation theory 

Y / (<t> U) \Ho + H 1 \(l>M) ai = Ea j , 

ietf 

This is an eigenvalue equation with as many solutions as there are degnerate states in our set. audio 

We recognize this as simply the (matrix) energy eigenvalue equation limited the list of degenerate 
states. We solve the equation to get the energy eigenvalues and energy eigenstates, correct to first 
order. 

Written as a matrix, the equation is 

/ H u H V2 

H-21 H 22 

'H n 1 H n 2 

where Hji = (<j>^\H q + Hi\(j>^) is the matrix element of the full Hamiltonian. If there are n nearly 
degenerate states, there are n solutions to this equation. 

The Stark effect for the (principle quantum number) n=2 states of hydrogen requires the use of 
degenerate state perturbation theory since there are four states with (nearly) the same energies. For 
our first calculation, we will ignore the hydrogen fine structure and assume that the four states are 
exactly degenerate, each with unperturbed energy of Eq. That is Hofatm = Eofaim- The degenerate 
states </> 200 j </> 2 ii, <^ 210 > an d </> 2 i(-i)- 

* See Example 22.3.3: The Stark Effect for n=2 States.* 


H 

II 


In 
2 n 


H„ 


( Oil ' 
OL2 


\ OLnn 


= E 


(Oil 

012 


The perturbation due to an electric field in the z direction is H 1 = +e£z. The linear combinations 
that are found to diagonalize the full Hamiltonian in the subspace of degenerate states are: 
<t> 2 i(-i) and (</>200 ± </> 2 io) w hh energies of E 2 , E 2 , and E 2 =F 3e£a 0 - 

22.3 Examples 

22.3.1 H.O. with anharmonic perturbation (aa; 4 ). 


We add an anharmonic perturbation to the Harmonic Oscillator problem. 


H 1 = ax 

Since this is a symmetric perturbation we expect that it will give a nonzero result in first order 
perturbation theory. First, write x in terms of A and and compute the expectation value as we 
have done before. 

-2 


A = o(n|x 4 |n) = 


ah 


4 m 2 uj 2 


(n\{A + A^) 4 \n) 


an 


4 m 2 uj 2 
ah 2 
4m 2 u> 2 
3ah 2 
4 m 2 u> 2 


(n|(yL4H t H t + AA'AAi + AA^A'A + A* AAA* + A*AA*A + A*A*AA)\n) 
[(n + l)(n + 2) + (n + l) 2 + n(n + 1) + n(n + 1) + n 2 + n(n - 1)] 

(2n 2 + 2n + 1) 
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22.3.2 Hydrogen Atom Ground State in a E-field, the Stark Effect. 


We have solved the Hydrogen problem with the following Hamiltonian. 


H ° 2/r 


Ze 2 


Now we want to find the correction to that solution if an Electric field is applied to the atom. 
We choose the axes so that the Electric field is in the z direction. The perturbtion is then. 

Hi = e£z 

It is typically a small perturbation. For non-degenerate states, the first order correction to the 
energy is zero because the expectation value of z is an odd function. 

Enlm = e ^(4 , nlm\z\(f>nlm ) = 0 


We therefore need to calculate the second order correction. This involves a sum over all the 
other states. 


E[H= e2 S 2 £ 


| (tfinlm |~|<^10o) I 


nlm^ 100 £jn 


We need to compute all the matrix elements of z between the ground state and the other Hydrogen 
states. 

{Kim\z\(j) W o) = [ d 3 rR* t (r cos 0)R 10 Y l * m Y 00 


We can do the angular integral by converting the cos 6 term into a spherical harmonic. 

1 / 47T 

loo cos 6 = —=\ — Yio 
V47 t V 3 


The we can just use the orthonormality of the spherical harmonics to do the angular integral, leaving 
us with a radial integral to do. 

{(t>nim\z\(t>i oo) = -j= j r 3 drR* nl R 10 J dQY^Yio 


SnSmo 

~7T 


r 3 R* nl R w dr 


The radial part of the integral can be done with some work, yielding. 


\2n—5 


w, I u \ ,2 12 8 n 7 (n — 1) 2 

| \Ynlm | Z 10100/1 = o 


3 (ra + 1) 


2n+5 


a^SeoSmO = f(n)aQSeoSmO 


We put this back into the sum. The Kronecker deltas eliminate the sums over £ and to. We write 
the energy denominators in terms of the Bohr radius. 


E- 


( 2 ) 

100 


= e2 £ 2 E- 


f(n)c 


Z_y —e- , 

n =2 2ao ' 2aori 2 
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= ^E 


2 f(n) 

~ l + h 


= -2 a^ 2 E 

n =2 


n 2 f(n) 
n 2 — 1 


This is all a little dissatisfying because we had to insert the general formula for the radial integral 
and it just goes into a nasty sum. In fact, we could just start with the first few states to get a good 
idea of the size of the effect. The result comes out to be. 

E^ 0 = -2a%£ 2 (0.74 + 0.10 + ...) = -2.25 a%£ 2 

The first two terms of the sum get us pretty close to the right answer. We could have just done 
those radial integrals. 

Now we compute d, the electric dipole moment of the atom which is induced by the electric field. 

d == 4(1.125)a 3 0 £ 

The dipole moment is proportional to the Electric field, indicating that it is induced. The E field 
induces the dipole moment, then the dipole moment interacts with the E field causing a energy shift. 
This indicates why the energy shift is second order. 


22.3.3 The Stark Effect for n=2 Hydrogen. 


The Stark effect for the n=2 states of hydrogen requires the use of degenerate state perturbation 
theory since there are four states with (nearly) the same energies. For our first calculation, we will 
ignore the hydrogen fine structure and assume that the four states are exactly degenerate, each with 
unperturbed energy of Eq. That is ido^m = Eofatm- The degenerate states </>2och </> 2 ii, <^ 2 io> and 
021 (— 1 ) • 

The perturbation due to an electric field in the z direction is Hi = +e£z. So our first order 
degenerate state perturbation theory equation is 

E ^ j) \ H o + e£z \ ) = ( E o + E^)a r 

i 

This is esentially a 4X4 matrix eigenvalue equation. There are 4 eigenvalues (Eo+E^), distinguished 
by the index n. 

Because of the exact degeneracy H 0 and E 0 can be eliminated from the equation. 

Y^aiiEoSij + ^leSzl^)) = (E 0 + E^)a 0 

i 

Eo&j H - E on \e£z\ ^ = E 0 aj + E^aj 

i 

E] a i (4>^\e£z\ 4>^ ^ = E^ctj 
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This is just the eigenvalue equation for H\ which we can write out in (pseudo)matrix form 



= E w 



Now, in fact, most of the matrix elements of Hi are zero. We will show that because [L z ,z\ = 0, 
that all the matrix elements between states of unequal m are zero. Another way of saying this is 
that the operator z doesn’t “change” to. Here is a little proof. 

(Y lm \[L z ,z]\Y Vrn ')=0=(m-m')(Y lm \z\Y Vml ) 

This implies that (Yj m \z\ = 0 unless m = m'. 


Lets define the one remaining nonzero (real) matrix element to be 7 . 

7 = e£ (4>2 oo \z\ <£210) 

The equation (labeled with the basis states to define the order) is. 


0200 

f 0 

0 

7 

°\ 

/ai\ 

/ai\ 

0211 

0 

0 

0 

° 

«2 = E (l) 

a 2 

0210 

7 

0 

0 

0 

a 3 1 

as 1 

021-1 

Vo 

0 

0 

0 / 

\a4/ 

Vaq/ 


We can see by inspection that the eigenfunctions of this operator are 0211 , 02 i-i, and (0 200 ± 0210 ) 

with eigenvalues (of Hi) of 0 , 0 , and ± 7 . 


What remains is to compute 7 . Recall Iqo = and Yj 0 = y cos 9. 


7 = 


= e£ 


(2a 0 r 3/2 2 e _r / 2 “»y 00 , (2ao) _3/2 e~ r / 2a °Yi 0 d 3 j 

2e£<2 “” rS 7s/ rV ’'( 1 -i) (£) 


O ~r/ao 


COS dYiodQ 


1 1 


aoe£ 

12 

a oe£ 

12 

aoef 
“L 2 
— 3 e£ao 


x/3 v/3 jo 

OO 

x 4 e~ x dx — 


r°o / r 4 5 


2eE(2)-‘^l 

/»oo 


:r 5 e “dec 


LJO 


/o 


4 • 3 ■ 2 • 1 — 
(-36) 


5 • 4 • 3 • 2 ■ 1 


£ (1) = T3efa 0 


This is first order in the electric field, as we would expect in first order (degenerate) perturbation 
theory. 


If the states are not exactly degenerate, we have to leave in the diagonal terms of Ho. Assume that 
the energies of the two (mixed) states are Eq ± A, where A comes from some other perturbation, 
like the hydrogen fine structure. (The 02 n and 02 i(-i) are still not mixed by the electric field.) 

f E 0 - A 7 

V 7 E 0 + A ) \a 2 ) \a 2 ) 
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E = E 0 ± Vl 2 + A 2 

This is OK in both limits, A 7 , and 7 > A. It is also correct when the two corrections are of the 
same order. 


22.4 Derivations and Computations 

22.4.1 Derivation of 1st and 2nd Order Perturbation Equations 


To keep track of powers of the perturbation in this derivation we will make the substitution H 1 —> 
XHi where A is assumed to be a small parameter in which we are making the series expansion of our 
energy eigenvalues and eigenstates. It is there to do the book-keeping correctly and can go away at 
the end of the derivations. 

To solve the problem using a perturbation series, we will expand both our energy eigenvalues and 
eigenstates in powers of A. 


ipn 

Cnk (A) 

The full Schrodinger equation is 


EM + A E& + A 2 4 2) + ... 


N( A) ( 4>n + ^ c„fc(A )(j>k 

k^n 


A C nk + ^ C nk + 


12 J 2 ) 


{H 0 + XHi) 



(A)^ fc =(eW+\ E W+\ 2 eW + ...) 


T ^ ^ Cnfc (A)^fc 

k^n 


where the N{ A) has been factored out on both sides. For this equation to hold as we vary A, it must 
hold for each power of A. We will investigate the first three terms. 


A 0 

-^0 4>n ~ 

= 

c { 2fa = A e£ ] K 

+ A EL 0) E 




A 1 

\H\ (f) n 

+ H 0 \ E 





k^n 

Atfi E A 

k^n 

C nUk + 

A Ei 1] 

E A + A 2 E ( t? ) (j> n 

A 2 

Ho E 

X2c nUk + 

= E i 0) E A 2 


k^n 


k^n 

k^n 



k^n 


The zero order term is just the solution to the unperturbed problem so there is no new information 
there. The other two terms contain linear combinations of the orthonormal functions fa. This means 
we can dot the equations into each of the fa to get information, much like getting the components 
of a vector individually. Since <p n is treated separately in this analysis, we will dot the equation into 
(f> n and separately into all the other functions </>k■ 

The first order equation dotted into (f> n yields 

(0„|AI? 1 |^) = AE« 
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and dotted into (j>k yields 

mXH^n) + E^Xc^l = EM\c%. 

From these it is simple to derive the first order corrections 

= {(t> n \XHi\(j) n ) 

•, (i)_ {<t>k\XH\\<f) n ) 

— - 7777 - 7777 “ 


The second order equation projected on </> n yields 

^Ac«( 0 „|AH 1 |^) = A 2 ^ 2) . 

ky£n 


We will not need the projection on <f>k but could proceed with it to get the second order correction to 
the wave function, if that were needed. Solving for the second order correction to the energy 
and substituting for c^?, we have 


A 2 E!?> = £ 

k^n 


|(0 fc |AiF 1 |^}| 2 


p( 0 ) zy 

-C'rc tl/i 


( 0 ) 


The normalization factor N( A) played no role in the solutions to the Schrodinger equation since 
that equation is independent of normalization. We do need to go back and check whether the first 
order corrected wavefunction needs normalization. 

N = ttn + E Ac ifcVfe|^ + E Ac ifeVfc> = 1 + E A 2 | C ife | 2 

k^n k^n k^n 

n(x) « 1 -1 E A2 I^I 2 

k^n 


The correction is of order A 2 and can be neglected at this level of approximation. 


These results are rewritten with all the A removed in section 22.1. 


22.4.2 Derivation of 1st Order Degenerate Perturbation Equations 


To deal with the problem of degenerate states, we will allow an arbitrary linear combination of 
those states at zeroth order. In the following equation, the sum over i is the sum over all the states 
degenerate with <j) n and the sum over k runs over all the other states. 

Ipn = N( A) J ^2 a i^ W + Ac ifcVfc + 

yie W kgM 

where AT is the set of zeroth order states which are (nearly) degenerate with cf> n . We will only go 
to first order in this derivation and we will use A as in the previous derivation to keep track of the 
order in the perturbation. 
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The full Schrodinger equation is. 


(Ho + XHi) a ^ {i) + E CnkWfa = (E^ + A EW + ...) ^ ^ c nk (\)fa 

yeW kgh! J \ie N kg j\f 

If we keep the zeroth and first order terms, we have 

(Ho + XH\) J2 M (<) +H 0 J2 Xc nUk = (Ei 0) + A eM) + E ( n ] E Xc nUk- 

i£jg kgJ\T ieH kgAf 

Projecting this onto one of the degenerate states <jft\ we get 

^(0 w |iT o + \Hi\<t> {i) )ai = (£< 0) + A E^)a r 

i£Af 


By putting both terms together, our calculation gives us the full energy to first order, not just the 
correction. It is useful both for degenerate states and for nearly degenerate states. The result may 
be simplified to 

= E aj . 

ieJg 

This is just the standard eigenvalue problem for the full Hamiltonian in the subspace of (nearly) 
degenerate states. 


22.5 Homework Problems 

1 . An electron is bound in a harmonic oscillator potential Vo = ^murx 2 . Small electric fields in 
the x direction are applied to the system. Find the lowest order nonzero shifts in the energies 
of the ground state and the first excited state if a constant field E\ is applied. Find the same 
shifts if a field Eix 3 is applied. 

2. A particle is in a box from —a to a in one dimension. A small additional potential Vi = 
Acos(||) is applied. Calculate the energies of the first and second excited states in this new 
potential. 

3. The proton in the hydrogen nucleus is not really a point particle like the electron is. It has 
a complicated structure, but, a good approximation to its charge distribution is a uniform 
charge density over a sphere of radius 0.5 fermis. Calculate the effect of this potential change 
for the energy of the ground state of hydrogen. Calculate the effect for the n = 2 states. 

4. Consider a two dimensional harmonic oscillator problem described by the Hamiltonian Hq = 

P 2 ~\~P 2 

2 V | + \muj 2 (x 2 + y 2 ). Calculate the energy shifts of the ground state and the degenerate 
first excited states, to first order, if the additional potential V = 2Aa :y is applied. Now solve 
the problem exactly. Compare the exact result for the ground state to that from second order 
perturbation theory. 

5. Prove that ^2(E n — E a )\(n\x\a)\ 2 = ^ by starting from the expectation value of the commu- 

n 

tator [p, x] in the state a and summing over all energy eigenstates. Assume p = and write 
^ in terms of the commutator [H, x] to get the result. 

6 . If the general form of the spin-orbit coupling for a particle of mass m and spin S moving in a 
potential V (r) is Hgo = 2 \ a A • S^ dl 'J t r \ what is the effect of that coupling on the spectrum 
of a three dimensional harmonic oscillator? Compute the relativistic correction for the ground 
state of the three dimensional harmonic oscillator. 
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22.6 Sample Test Problems 

1 . Assume an electron is bound to a heavy positive particle with a harmonic potential V(x) = 
i muj 2 x 2 . Calculate the energy shifts to all the energy eigenstates in an electric held E (in the 
x direction). 

2. Find the energies of the n = 2 hydrogen states in a strong uniform electric held in the z- 
direction. (Note, since spin plays no role here there are just 4 degenerate states. Ignore the 
hne structure corrections to the energy since the E-held is strong. Remember to use the fact 
that [L z ,z\ = 0. If you are pressed for time, don’t bother to evaluate the radial integrals.) 

3. An electron is in a three dimensional harmonic oscillator potential V(r) — ~ mu> 2 r 2 . A small 
electric held, of strength E z , is applied in the z direction. Calculate the lowest order nonzero 
correction to the ground state energy. 

4. Hydrogen atoms in the n = 2 state are put in a strong Electric held. Assume that the 2s and 
2p states of Hydrogen are degenerate and spin is not important. Under these assumptions, 
there are 4 states: the 2s and three 2p states. Calculate the shifts in energy due to the E-held 
and give the states that have those energies. Please work out the problem in principle before 
attempting any integrals. 


336 


23 Fine Structure in Hydrogen 


In this section, we will calculate the fine structure corrections to the Hydrogen spectrum. Some of 
the degeneracy will be broken. Since the Hydrogen problem still has spherical symmetry, states of 
definite total angular momentum will be the energy eigenstates. 

We will break the spherical symmetry by applying a weak magnetic field, further breaking the 
degeneracy of the energy eigenstates. The effect of a weak magnetic field is known as the anomalous 
Zeeman effect, because it was hard to understand at the time it was first measured. It will not be 
anomalous for us. 

We will use many of the tools of the last three sections to make our calculations. Nevertheless, a 
few of the correction terms we use will not be fully derived here. 

This material is covered in Gasiorowicz Chapter 17, in Cohen-Tannoudji et al. Chapter 
XII, and in Griffiths 6.3 and 6.4. 


23.1 Hydrogen Fine Structure 

The basic hydrogen problem we have solved has the following Hamiltonian. 

H = P^_Z^ 

0 2/x r 


To this simple Coulomb problem, we will add several corrections: 


1. The relativistic correction to the electron’s kinetic energy. 

2. The Spin-Orbit correction. 

3. The “Darwin Term” correction to s states from Dirac eq. 

4. The ((anomalouus) Zeeman) effect of an external magnetic field. 


Correction (1) comes from relativity. The electron’s velocity in hydrogen is of order ac. It is not 
very relativistic but a small correction is in order. By calculating (see section 23.4.1) the next 
order relativistic correction to the kinetic energy we find the additional term in the Hamiltonian 


Hi 


1 pi 

8 m 3 c 2 


Our energy eigenstates are not eigenfunctions of this operator so we will have to treat it as a 
perturbation. 


We can estimate the size of this correction compared to the Hydrogen binding energy by taking 
the ratio to the Hydrogen kinetic energy. (Remember that, in the hydrogen ground state, = 

—E = \a 2 mc 2 .) 

P 4 . P' 2 P 2 (p 2 / 2m) 1 2 

8m 3 c 2 2m 4 m 2 c 2 2 me 2 4 
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Like all the fine structure corrections, this is down by a factor of order a 2 from the Hydrogen binding 
energy. 

The second term, due to Spin-Orbit interactions, is harder to derive correctly. We understand 
the basis for this term. The magnetic moment from the electron’s spin interacts with the B field 
produced by the current seen in the electron’s rest frame from the circulating proton. 


H 2 = -/x e ■ B 


We can derive (see section 23.4.2) B from a Lorentz transformation of the E field of a static proton 
(We must also add in the Thomas Precession which we will not try to understand here). 


H 2 


1 g e2 l s 

2 2m 2 c 2 r 3 


This will be of the same order as the relativistic correction. 


Now we compute (see section 23.4.3) the relativity correction in first order perturbation theory . 


('Ipnlm \H\ | Ipnlm) — T 


E, 


(o Y 


2 me 2 



The result depends on £ and n, but not on me or j. This means that we could use either the 
ipnjmjis or the ip n im e sm B to calculate the effect of H\. We will need to use the ipnjmjts to add in the 
spin-orbit. 


The first order perturbation energy shift from the spin orbit correction is calculated (see 
section 23.4.4) for the states of definite j. 


(ipnlm \B 2 \ Ipnlrn) 




nlm 


(•£-) e ~ ,2 2 

n 

V2/ 2 me 2 

—n 

L W+F) J 


Actually, the L ■ S term should give 0 for £ = 0! In the above calculation there is an | factor which 
makes the result for £ = 0 undefined. There is an additional Dirac Equation contribution called 
the “Darwin term” (see section 23.4.5) which is important for £ = 0 and surprisingly makes the 
above calculation right, even for £ = 0! 

We will now add these three fine structure corrections together for states of definite j. We start 
with a formula which has slightly different forms for j = £ ± |. 


E. 


njmjUs 


= 4 0) + 


E 


(o y 


2 me 2 


3- 


4 n 
^+1 


f 2n 1 

(+) 



2 n 


{ W+T) J 

(-)J 


E, 


njrrij is 


= 4 0) + 


E., 


(o y 


2 me 2 


3- 


(f+i) 


4_2_ (+) 

l+l 

4 + f )(-) 
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E, 


njrrij is 


= 4 0) + 


E, 


(o y 


2 me 2 


3 — n- 


4 T 


j+l 


We can write (£ + \) as (j + i =F ^), so that 




4 j + 2 =F 2 


= 4- 


(j 


- T -1 

2 ' 2 > 


* + § {j + \){j + \ t|) (? + §t§)(? + §) 

and we get a nice cancellation giving us a simple formula. 


Enlm — Ei 


( 0 ) 


E (») 2 
2 me 2 



This is independent of £ so the states of different total angular momentum split in energy but there 
is still a good deal of degeneracy. 


n=2 

\ 

W 
t V 
l ' 

' \ P 3/2 P l/2 

r 3/2 

/ c n " 

' v ~ 

/ X 

1 

\ 

\ 

l 

1 

\ S 1/2 P l/2 ^ 

1 ^ X 
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1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

S 1/2 

/ 

/ add B-field 

i 

i 

/add Darwin 

/ 

/ + spin-orbit 

/ 

add relativity 



We have calculated the fine structure effects in Hydrogen. There are, of course, other, smaller 
corrections to the energies. A correction from field theory, the Lamb Shift, causes states of different 
£ to shift apart slightly. Nevertheless, the states of definite total angular momentum are the energy 
eigenstates until we somehow break spherical symmetry. 
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23.2 Hydrogen Atom in a Weak Magnetic Field 


One way to break the spherical symmetry is to apply an external B field. Lets assume that the field 
is weak enough that the energy shifts due to it are smaller than the fine structure corrections. Our 
Hamiltonian can now be written as H = Ho + (Hi + H 2 ) + H 3l where Hq = is the normal 

Hydrogen problem, H 1 + H 2 is the fine structure correction, and 


H 3 = ■ (L + 25) = — (L z + 2 S z ) 

Zmc zmc 


is the term due to the weak magnetic field. 


We now run into a problem because H 1 +H 2 picks eigenstates of J 2 and J z while H 3 picks eigenstates 
of L z and S z . In the weak field limit, we can do perturbation theory using the states of definite j. 
A direct calculation (see section 23.4.6) of the Anomalous Zeeman Effect gives the energy shifts 
in a weak B field. 



2 rac (^ 2 + 25 b) IpnPjrrij ) — 

1± Wfi, 



This is the correction, due to a weak magnetic field, which we should add to the fine structure 
energies. 


Enjrrijis = ~ ~ a TUC ( -j H-jr 


a 


n l j + 


_3_ 

4n 


Thus, in a weak field, the the degeneracy is completely broken for the states ipnjm^s- All 
the states can be detected spectroscopically. 
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n=2 


K 
l\ 
l \ 
l ' 

> \ P 3/2 P l/2 

r 3/2 

V ~ 

/ s. 
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\ 

\ 

^ S 1/2 P l/2 
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1 

\ 

> 

1 

\ 

\ 

1 

1 

1 

t 

S 1/2 

/ 

/ add B-field 

/ 

1 

/add Darwin 

/ 

/ + spin-orbit 

/ 


add relativity 



The factor ^1 ± jTffj is known as the Lande g Factor because the state splits as if it had this 
gyromagnetic ratio. We know that it is in fact a combination of the orbital and spin g factors in a 
state of definite j. 


In the strong field limit we could use states of definite me and m s and calculate the effects of the 
fine structure, Hi + H 2 , as a correction. We will not calculate this here. If the field is very strong, 
we can neglect the fine structure entirely. Then the calculation is easy. 


E = E1 


eBh 
2 TOC 


(me + 2 m s ) 


In this limit, the field has partially removed the degeneracy in me and m s , but not t. For example, 
the energies of all these n = 3 states are the same. 


i = 

2 

me 

= 0 
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1 
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me 

= 2 

m s 
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23.3 Examples 

23.4 Derivations and Computations 

23.4.1 The Relativistic Correction 


Moving from the non-relativistic formula for the energy of an electron to the relativistic formula we 
make the change 

J2 


me 


Pe 

2m 


(p 2 c 2 + m 2 c 4 ) 1 ^ 2 = me 2 ( 1 + 


2 2 \ 1/2 
pc ' 


Taylor expanding the square root around p 2 = 0, we find 

„ 2„2 i 


/ 2 2 ,9 4\l/2 2 , C 1 P C , _ 2 , P P 

(p (T -f 772 Z c ) = TOC Z + --y - -- — H-S3 TOC Z + ---- 

v ’ 2 me 2 8 m 3 c 6 2m 8m 3 c 2 


So we have our next order correction term. Notice that y— was just the lowest order correction to 
me 2 . 


What about the “reduced mass problem”? The proton is very non-relativistic so only the electron 
term is important and the reduced mass is very close to the electron mass. We can therefore neglect 
the small correction to the small correction and use 


Hi 


1 Pe 
8 m 3 c 2 


23.4.2 The Spin-Orbit Correction 


We calculate the classical Hamiltonian for the spin-orbit interaction which we will later apply as a 
perturbation. The B field from the proton in the electron’s rest frame is 


Therefore the correction is 


pe 


B = -x E. 

c 


pe 


H 2 = -2—S-B = - 7 ^S-vxE 
2mc 2mc A 

pe 


2 m 2 c 2 


S ■ px V(j>. 
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2 2 m 2 c 2 r 3 


L-S 
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Note that this was just a classical calculation which we will apply to quantum states later. It is 
correct for the EM forces, but, the electron is actually in a rotating system which gives an additional 
L ■ S term (not from the B field!). This term is 1/2 the size and of opposite sign. We have already 
included this factor of 2 in the answer given above. 

Recall that 

H 2 oc L ■ S = i [ J 2 - L 2 - S' 2 ] 

and we will therefore want to work with states of definite j, £, and s. 


23.4.3 Perturbation Calculation for Relativistic Energy Shift 


4 / 2 \ 2 

Rewriting H 1 = as Hi = we calculate the energy shift for a state 

While there is no spin involved here, we will need to use these states for the spin-orbit interaction 
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where we can use some of our previous results. 
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Since this does not depend on either mi or j. total j states and the product states give the same 
answer. We will choose to use the total j states, ipnjmjis, so that we can combine this correction 
with the spin-orbit correction. 


23.4.4 Perturbation Calculation for H2 Energy Shift 


We now calculate the expectation value of H^. We will immediately use the fact that j = £± i. 

2f;2 1 / 1 \ 

(ipnjrrijls ^2 \ 'finjmjls') 
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Note that in the above equation, we have canceled a term | which is not defined for £ = 0. We will 
return to this later. 


23.4.5 The Darwin Term 

We get a correction at the origin from the Dirac equation. 

ne 2 h 2 


H d = 


7 S%r) 


When we take the expectation value of this, we get the probability for the electron and proton to 
be at the same point. 

{ip \h d \ ip) = 116 \ IV’(o )! 2 

Amic z 


/ X 3/2 

Now, ?/>(0) = 0 for £ > 0 and ^(0) = ^=2 (^ 77 ) for £ = 0 
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This is the same as £ = 0 term that we got for the spin orbit correction. This actually replaces the 
£ = 0 term in the spin-orbit correction (which should be zero) making the formula correct! 
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23.4.6 The Anomalous Zeeman Effect 


We compute the energy change due to a weak magnetic field using first order Perturbation Theory. 



eB 
2 me 


( L z + 2 S z ) 



(L z + 2 S z ) =J Z + S Z 


The J z part is easy since we are in eigenstates of that operator. 




eB 
2 me 


hrrij 


The S z is harder since we are not in eigenstates of that one. We need (Vw jmj | 4’nijmj ), but 
we don’t know how S z acts on these. So, we must write | 4’njm j ts) hr terms of 1 4’ne.m l sm s )■ 
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2 me 
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We already know how to write in terms of these states of definite me and m s . 
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Let’s do the j = £ + | state first. 
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We can combine the two formulas for j = £ =fc \. 
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So adding this to the (easier) part above, we have 


E m = lS.(m,n±lOH 

n 2 me I 3 2 . 1 . + 1 


eft-B_ f 1 L 1 

- rrij 1 ±- 

2 mc 3 I 2£ + 1 


for j =t±\. 

In summary then, we rewrite the fine structure shift. 


A E = - -me 2 ( Za) 4 — 


U + 


4 n 


To this we add the anomalous Zeeman effect 


. ^ eTiB ( 1 

A E = -—Tfiq ( 1 ± 


2 me 
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23.5 Homework Problems 

1. Consider the fine structure of the n = 2 states of the hydrogen atom. What is the spectrum 
in the absence of a magnetic field? How is the spectrum changed when the atom is placed in a 
magnetic field of 25,000 gauss? Give numerical values for the energy shifts in each of the above 
cases. Now, try to estimate the binding energy for the lowest energy n = 2 state including the 
relativistic, spin-orbit, and magnetic field. 

2. Verify the relations used for and -j for hydrogen atom states up to n = 3 and for any 

n if l = n — 1. 

3. Calculate the fine structure of hydrogen atoms for spin 1 electrons for n = 1 and n = 2. 
Compute the energy shifts in eV. 


23.6 Sample Test Problems 

4 

1. The relativistic correction to the Hydrogen Hamiltonian is Hi = — 8rt ^ c i ■ 
electrons have spin zero and that there is therefore no spin orbit correction, 
energy shifts and draw an energy diagram for the n=3 states of Hydrogen. 

{ipnlm | y \^nlm) n 2 aQ and I ^2" n 3 a 2 (Z+-) ‘ 

2. Calculate the fine structure energy shifts (in eV!) for the n = 1, n = 2, and n = 3 states 
of Hydrogen. Include the effects of relativistic corrections, the spin-orbit interaction, and the 
so-called Darwin term (due to Dirac equation). Do not include hyperfine splitting or the effects 
of an external magnetic field. (Note: I am not asking you to derive the equations.) Clearly list 
the states in spectroscopic notation and make a diagram showing the allowed electric dipole 
decays of these states. 

3. Calculate and show the splitting of the n = 3 states (as in the previous problem) in a weak 
magnetic field B. Draw a diagram showing the states before and after the field is applied 

4. If the general form of the spin-orbit coupling for a particle of mass m and spin S moving in a 
potential V(r) is Hso = 2^71 L- S\ what is the effect of that coupling on the spectrum of 


Assume that 
Calculate the 
You may use 
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an electron bound in a 3D harmonic oscillator? Give the energy shifts and and draw a diagram 
for the Os and Ip states. 

V = \muj 2 r 2 
Of- = mu} 2 r 

dr 

( H so ) = + 1) - K l + !) - s(s + 1 )]muj 2 

( Hso ) = + 1) — 1(1 + 1) — s(s + 1)] 


for the 05i, A E = 0, 
forthelPi, AE=-2g£, 
for the 1P|, A E = +l|^. 

5. We computed that the energies after the fine structure corrections to the hydrogen spectrum 
are E n ij = - a ^f + Q g (3 — -^V). Now a weak magnetic field B is applied to hydrogen 
atoms in the 3d state. Calculate the energies of all the 3d states (ignoring hyperfine effects). 
Draw an energy level diagram, showing the quantum numbers of the states and the energy 
splittings. 

6 . In Hydrogen, the n = 3 state is split by fine structure corrections into states of definite j,rrij,£, 
and s. According to our calculations of the fine structure, the energy only depends on j. We 
label these states in spectroscopic notation: N 2 s+ 1 Lj. Draw an energy diagram for the n = 3 
states, labeling each state in spectroscopic notation. Give the energy shift due to the fine 
structure corrections in units of a 4 ?nc 2 . 

7. The energies of photons emitted in the Hydrogen atom transition between the 3S and the 2P 
states are measured, first with no external field, then, with the atoms in a uniform magnetic 
field B. Explain in detail the spectrum of photons before and after the field is applied. Be sure 
to give an expression for any relevant energy differences. 
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24 Hyperfine Structure 


The interaction between the magnetic moment, due to the spin of the nucleus, and the larger 
magnetic moment, due to the electron’s spin, results in energy shifts which are much smaller than 
those of the fine structure. They are of order a 2 E n and are hence called hyperfine. 

The hyperfine corrections may be difficult to measure in transitions between states of different n, 
however, they are quite measurable and important because they split the ground state. The different 
hyperfine levels of the ground state are populated thermally. Hyperfine transitions, which emit radio 
frequency waves, can be used to detect interstellar gas. 

This material is covered in Gasiorowicz Chapter 17, in Cohen-Tannoudji et al. Chapter 
XII, and briefly in Griffiths 6.5. 


24.1 Hyperfine Splitting 


We can think of the nucleus as a single particle with spin I. This particle is actually made up of 

protons and neutrons which are both spin i particles. The protons and neutrons in turn are made 
1 ^ 

of spin ^ quarks. The magnetic dipole moment due to the nuclear spin is much smaller than that of 
the electron because the mass appears in the denominator. The magnetic moment of the nucleus is 

_ ZegN v 
* N= 2M^c 1 

where I is the nuclear spin vector. Because the nucleus has internal structure, the nuclear gy- 
romagnetic ratio is not just 2. For the proton, it is g p ~ 5.56. This is the nucleus of hydrogen 
upon which we will concentrate. Even though the neutron is neutral, the gyromagnetic ratio is 
about -3.83. (The quarks have gyromagnetic ratios of 2 (plus corrections) like the electron but the 
problem is complicated by the strong interactions which make it hard to define a quark’s mass.) We 
can compute (to some accuracy) the gyromagnetic ratio of nuclei from that of protons and neutrons 
as we can compute the proton’s gyromagnetic ratio from its quark constituents. 

In any case, the nuclear dipole moment is about 1000 times smaller than that for e-spin or L. We 
will calculate A E for i = 0 states (see Condon and Shortley for more details). This is particularly 
important because it will break the degeneracy of the Hydrogen ground state. 

To get the perturbation, we should find B from g (see Gasiorowicz page 287) then calculate the 
energy change in first order perturbation theory A E = Calculating (see section 24.4.1) 

the energy shift for £ = 0 states. 


A E = 


—S ■ B) = ~{Za) 
me / 3 


/ m 
\Mn 


(' mc 2 )g N 


1 S-I 


Now, just as in the case of the L-S, spin-orbit interaction, we will define the total angular momentum 

F = S + I. 
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It is in the states of definite / and to/ that the hyperfine perturbation will be diagonal. In essence, 
we are doing degenerate state perturbation theory. We could diagonalize the 4 by 4 matrix for the 
perturbation to solve the problem or we can use what we know to pick the right states to start with. 
Again like the spin orbit interaction, the total angular momentum states will be the right states 

because we can write the perturbation in terms of quantum numbers of those states. 

S-I=l(F 2 -S*-I 2 )=lh 2 (/(/ + !)-§-!) 


AE = | (Za) 4 (TOc 2 )gj V A r (/(/ + !) — §) = 4 (/(/ + !)-§) 


For the hydrogen ground state we are just adding two spin i particles so the possible values are 
/ = 0 , 1 . ' 

* See Example 24.3.1: The Hyperfine Splitting of the Hydrogen Ground State.* 


The transition between the two states gives rise to EM waves with A = 21 cm. 


24.2 Hyperfine Splitting in a B Field 


If we apply a B-field the states will split further. As usual, we choose our coordinates so that the 
field is in 5 direction. The perturbation then is 


W z = -B ■ ( jl L + j2 s + /2/) 


HbB 

h 


(L z + 2 S z ) + 


9^n 


BI, 


where the magnetic moments from orbital motion, electron spin, and nuclear spin are considered 
for now. Since we have already specialized to s states, we can drop the orbital term. For fields 
achievable in the laboratory, we can neglect the nuclear magnetic moment in the perturbation. 
Then we have 

W z = 2/t s H%. 


As an examples of perturbation theory, we will work this problem for weak fields, for strong fields, and 
also work the general case for intermediate fields. Just as in the Zeeman effect, if one perturbation 
is much bigger than another, we choose the set of states in which the larger perturbation 
is diagonal. In this case, the hyperfine splitting is diagonal in states of definite / while the above 
perturbation due to the B field is diagonal in states of definite m s . For a weak field, the hyperfine 
dominates and we use the states of definite /. For a strong field, we use the m s ,nif states. If the 
two perturbations are of the same order, we must diagonalize the full perturbation matrix. This 
calculation will always be correct but more time consuming. 

We can estimate the field at which the perturbations are the same size by comparing p, bB to 
|a 4 ^-TOc 2 (?Ar = 2.9 x 10 -6 . The weak field limit is achieved if B <C 500 gauss. 
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* See Example 24.3.2: The Hyperfine Splitting in a Weak B Field.* 


The result of this is example is quite simple E = E n0 o + y (/(/ + 1) ~ §) + L-iBBm.f. It has the 
hyperfine term we computed before and adds a term proportional to B which depends on m/. 


In the strong field limit we use states |m s TOj} and treat the hyperfine interaction as a perturbation. 
The unperturbed energies of these states are E = E n00 + 2/j, B Bm s + g^NBmi. We kept the small 
term due to the nuclear moment in the B field without extra effort. 


* See Example 24.3.3: The Hyperfine Splitting in a Strong B Field.* 


The result in this case is 


E = E n oo + 2 g, B Bm s + + Am s mi. 


Finally, we do the full calculation. 


* See Example 24.3.4: The Hyperfine Splitting in an Intermediate B Field.* 

The general result consists of four energies which depend on the strength of the B field. Two of the 
energy eigenstates mix in a way that also depends on B. The four energies are 


E = E n oo + — ± HbB 


and 



These should agree with the previous calculations in the two limits: B small, or B large. The figure 
shows how the eigenenergies depend on B. 
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We can make a more general calculation, in which the interaction of the nuclear magnetic moment 
is of the same order as the electron. This occurs in muonic hydrogen or positronium. * See Example 
24.3.6: The Hypcrfine Splitting in an Intermediate B Field.* 


24.3 Examples 

24.3.1 Splitting of the Hydrogen Ground State 


The ground state of Hydrogen has a spin i electron coupled to a spin i proton, giving total angular 
momentum state of / = 0,1. We have computed in first order perturbation theory that 

AE = \ [Za) ‘ fe) (rac2)m i ( /(/ +11 -1) • 

The energy difference between the two hyperfine levels determines the wave length of the radiation 
emitted in hyperfine transitions. 

AE,„ - A E,, 0 = f(Za)‘ (™c 2 )s„T 


For n = 1 Hydrogen, this gives 
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AE f = i - AE f=0 = - 



(.51 x 10 6 )(5.56) = 5.84 x 1(T 6 eV 


Recall that at room temperature, kst is about -E eV, so the states have about equal population at 
room temperature. Even at a few degrees Kelvin, the upper state is populated so that transitions 
are possible. The wavelength is well known. 


A = 27t— = 2-7T- -A = 2 x 10 9 A = 21.2 cm 

E 5.84 x lO" 6 

This transition is seen in interstellar gas. The f = 1 state is excited by collisions. Electromagnetic 
transitions are slow because of the selection rule A£ = ±1 we will learn later, and because of the 
small energy difference. The / = 1 state does emit a photon to de-excite and those photons have a 
long mean free path in the gas. 


24.3.2 Hyperfine Splitting in a Weak B Field 


Since the field is weak we work in the states | frrif) in which the hyperfine perturbation is diagonal 
and compute the matrix elements for W z = /. lbBct z . But to do the computation, we will have to 
write those states in terms of |m s TOj) which we will abbreviate like | H—}, which means the electron’s 
spin is up and the proton’s spin is down. 


&z 111 ) — o z |++) — 111 } 

(T z |1 — 1 ) = u z |-} = — |1 — 1 ) 

^ 110) = a z ^ (|+-) + |-+)) = ^ (|+-) - |-+)) = |00) 
^ |00) = a z ^ (|+-) - |-+)) = ^ (|+-) + b+» = |10) 


Now since the three (/ = 1) states are degenerate, we have to make sure all the matrix elements 
between those states are zero, otherwise we should bite the bullet and do the full problem as in the 
intermediate field case. The / = 1 matrix is diagonal, as we could have guessed. 

10 0 \ 

0 0 0 
0 0 - 1 / 

The only nonzero connection between states is between / = 1 and / = 0 and we are assuming the 
hyperfine splitting between these states is large compared to the matrix element. 

So the full answer is 



which is correct for both / states. 


E { S> = [LBBmf 
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24.3.3 Hydrogen in a Strong B Field 


We need to compute the matrix elements of the hyperfine perturbation using |TO s TOj) as a basis with 
energies E = E n00 + 2 ^bBiti s . The perturbation is 

<?. f 

H hf =A- w 

where A = § (Za) 4 m e c 2 g N 

Recalling that we can write 

S-I = I z s z + \j+S- + \l-S+, 

the matrix elements can be easily computed. Note that the terms like I_S + which change the state 
will give zero. 


A 

h 2 


I-S 


+ -> = 


A 


+ - 


A 


I Z S Z + ~I+S- 
A 


+ - 2 I- S + 


— 72 ("( \IzS z \ H } — —— 


(- + \H hf \-+) = ~ 
(+ + \H hf \++) = ^ 
(--\H hf \--) = ± 


We can write all of these in one simple formula that only depends on relative sign of m s and to,;. 

A 

E = E n oo + 2 HBBm s ± — = E n00 + 2 g B Bm s + A(m s mi) 


24.3.4 Intermediate Field 


Now we will work the full problem with no assumptions about which perturbation is stronger. This 
is really not that hard so if we were just doing this problem on the homework, this assumption free 
method would be the one to use. The reason we work the problem all three ways is as an example 
of how to apply degenerate state perturbation theory to other problems. 


We continue on as in the last section but work in the states of The matrix for (+ 

H B \f'm' f ) is 

1 1 /4+ Mb R 0 0 0 \ 

0 A _ MbB 0 0 

0 0 | 

0 0 ll b B y 


1 -1 

1 0 

0 0 


V 
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The top part is already diagonal so we only need to work in bottom right 2 by 2 matrix, solving the 
eigenvalue problem. 


A 

B 



where 


/4 — — 

A. — 4 

B = h b B 


Setting the determinant equal to zero, we get 

(A - E){-3A - E) - B 2 = 0. 

E 2 + 2AE - 3A 2 - B 2 = 0 

E = ~ 2A -^ + 4(M2 + B2) = -A ± Vkl 2 + (3^ + B*) 
= -A± a/4 A 2 + B 2 


The eigenvalues for the mf = 0 states, which mix differently as a function of the field strength, are 

e = ~ 7 ± {( 

The eigenvalues for the other two states which remain eigenstates independent of the field strength 


are 

-4 


— + p,bB 

and 



4 -" bB ■ 


24.3.5 Positronium 


Positronium, the Hydrogen-like bound state of an electron and a positron, has a “hyperfine” correc¬ 
tion which is as large as the fine structure corrections since the magnetic moment of the positron 
is the same size as that of the electron. It is also an interesting laboratory for the study of Quan¬ 
tum Physics. The two particles bound together are symmetric in mass and all other properties. 
Positronium can decay by anihilation into two or more photons. 

In analyzing positronium, we must take some care to correctly handle the relativistic correction in 
the case of a reduced mass much different from the electron mass and to correctly handle the large 
magnetic moment of the positron. 

The zero order energy of positronium states is 

1 , , 1 

E„ = -a tic — 

2 n z 

where the reduced mass is given by fj, = ^. 

The relativistic correction must take account of both the motion of the electron and the positron. 
We use r = fq — r *2 and p = /xr = rnr ' ~ mr2 . Since the electron and positron are of equal mass, they 
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are always exactly oposite each other in the center of mass and so the momentum vector we use is 
easily related to an individual momentum. 


P = 



= Pi 


correction for both the electron and the positron. 

1 P 1 +P 2 = 1 P 4 = -1 P 4 = -1 / [\ 2 
8 m 3 c 2 4 m 3 c 2 32 /j?c 2 8 pc 2 \2p) 

This is just half the correction we had in Hydrogen (with m e essentially replaced by p). 

The spin-orbit correction should be checked also. We had Hso = 2 mc 2 ^^ x as the interaction 
between the spin and the B field produeded by the orbital motion. Since p = pv, we have 


We will add the relativistic 
H r el ~ 


Hso 


ge 

2 mpe 2 


S ■ px V0 


for the electron. We just need to add the positron. A little thinking about signs shows that we just 
at the positron spin. Lets assume the Thomas precession is also the same. We have the same fomula 
as in the fine structure section except that we have rnp in the denominator. The final formula then 
is 


Hso 


1 ge 2 £ 

2 2mpc 2 r 3 



1 e 2 

2 2 p 2 c 2 r 3 


L ■ 



again just one-lialf of the Hydrogen result if we write everything in terms of p for the electron spin, 
but, we add the interaction with the positron spin. 


The calculation of the spin-spin (or hyperfine) term also needs some attention. We had 


A Ess 


2 Ze 2 g N g ~4 / Zam e c \ 3 

3 2 m e MNC 2 n 3 \ h ) 


where the masses in the deonominator of the first term come from the magnetic moments and thus 
are correctly the mass of the particle and the mas in the last term comes from the wavefunction and 
should be replaced by p. For positronium, the result is 


A Ess 


2 e 22 3 3 4 ( a g c \ 3 

3 2m 2 c 2 n 3 V h ) 

2 e 2 8 ^ B 4 (apc\ 3 

3 2 p 2 c 2bl ' b2 n 3 V h ) 


24.3.6 Hyperfine and Zeeman for H, muonium, positronium 


We are able to set up the full hyperfine (plus B field) problem in a general way so that different 
hydrogen-like systems can be handled. We know that as the masses become more equal, the hyperfine 
interaction becomes more important. 
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Let’s define our perturbation W as 


W = ~nS\ ■ S 2 + WlSlz + W 2 S 2 Z 

h 

Here, we have three constants that are determined by the strength of the interactions. We include 
the interaction of the “nuclear” magnetic moment with the field, which we have so far neglected. 
This is required because the positron, for example, has a magnetic moment equal to the electron so 
that it could not be neglected. 


1 

1 

1 

0 


1 

-1 

0 

0 


/t + |Oi + W 2 ) 


V 


0 

0 

0 


0 0 ° \ 

=j-|Oi +w 2 ) 0 0 

0 f §Oi-w 2 ) 

0 I (w 1 -w 2 ) / 


e 3 




— (W! - W 2 ) 


2 


£4 


A 

4 



K 2 , , 

— (w i-w 2 ) 


2 


Like previous hf except now we take (proton) other B ■ S term into account. 


24.4 Derivations and Computations 

24.4.1 Hyperfine Correction in Hydrogen 

We start from the magnetic moment of the nucleus 

_ _ Zeg N -> 

^ 2 Mpjc 

Now we use the classical vector potential from a point dipole (see (green) Jackson page 147) 

A(r) = — (/x x V)-. 

r 

We compute the Held from this. 

5 = Vxl 

D d A d d 1 d d f ^ 1 

— .j -™-j ^ij k — Qx dx ^ rnn 3 ~j> ^ — /^ m ~Qx~- ~Qx ^mnj €ikj ) ~ 

d d fx x x x ^1 _ ( d d d d \1 

- A ry ry km^ ITl ^kn^im) l l^k ry ,y Mi ry ry I 

oxi ox n r \ ox n ox n axi oxk J r 

B = -( flX7 2 - — V(/7 • V)i^) 

\ r r J 
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Then we compute the energy shift in first order perturbation theory for s states. 


ae = (S-S-b) = - J^ 9 ," , 

K m e c / 2 m e MjsfC z 


,1 




d d 1 


The second term can be simplified because of the spherical symmetry of s states. (Basically the 
derivative with respect to x is odd in x so when the integral is done, only the terms where i = j are 
nonzero). 

/ ^ = ‘f I A ' w "»» (?)|2v2 ? 


So we have 


2 Ze 2 q^ - -/ 9 1 

A E = -~- -V 2 - 

3 2m e MpfC 2 \ r 


Now working out the V 2 term in spherical coordinates, 

d 2 2 d \ 1 _ 2 2 /- 1 \ _ 

dr 2 r dr J r r 3 r \ r 2 J 

we find that it is zero everywhere but we must be careful at r = 0 . 
To find the effect at r = 0 we will integrate. 


£ £ 

[ V 2 -d 3 r= [ V • (V-)d 3 r = /(V-) • dS = [ 
Jr J r J r J 


d_ 1 
dr r 


dS 


r =0 


r—0 


= [ — 5 -dS = (47re 2 )(— 2 -) = —47t 


r=0 

So the integral is nonzero for any region including the origin, which implies 

V 2 ^ = —4tt J 3 (r). 

We can now evaluate the expectation value. 

2 Ze 2 g N 


A E=- 


3 2?7i e Mjvc 2 


S-I(- 47t|^oo(0)| 2 ) 


4tt|^oo( 0)| 2 = |i?no(0)| 2 = 


A E 


2 Ze 2 gjV ^ f 4 ( 


4 / Zam e c\ 3 
n 3 ( ft J 
3 


Zam P c 


3 2 m e Mpf(? n 3 \ ft 


Simply writing the e 2 in terms of a and regrouping, we get 


A E = -( Za ) 


4,„ , 4 / m e \ , ,, 1 S ■ I 


(m e c 2 )g N - 


3 v \M N J v "" c “ '^'n 3 ft 2 ' 
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We will sometimes group the constants such that 

A E = ^S-I. 

h 2 


(The textbook has numerous mistakes in this section.) 


24.5 Homework Problems 

1 . Calculate the shifts in the hydrogen ground states due to a 1 kilogauss magnetic field. 

2. Consider positronium, a hydrogen-like atom consisting of an electron and a positron (anti¬ 
electron). Calculate the fine structure of positronium for n = 1 and n = 2. Determine the 
hyperfine structure for the ground state. Compute the energy shifts in eV. 

3. List the spectroscopic states allowed that arise from combining (s = 4 with l = 3), (s = 2 with 
l = 1), and (si = y, S 2 = 1 and l = 4). 


24.6 Sample Test Problems 

1 . Calculate the energy shifts to the four hyperfine ground states of hydrogen in a weak magnetic 
field. (The field is weak enough so that the perturbation is smaller than the hyperfine splitting.) 

2. Calculate the splitting for the ground state of positronium due to the spin-spin interaction 
between the electron and the positron. Try to correctly use the reduced mass where required 
but don’t let this detail keep you from working the problem. 

3. A muonic hydrogen atom (proton plus muon) is in a relative Is state in an external magnetic 

field. Assume that the perturbation due to the hyperfine interaction and the magnetic field is 
given by W = ASi • S 2 + w\S\ z + Calculate the energies of the four nearly degenerate 

ground states. Do not assume that any terms in the Hamiltonian are small. 

4. A hydrogen atom in the ground state is put in a magnetic field. Assume that the energy shift 
due to the B field is of the same order as the hyperfine splitting of the ground state. Find the 
eigenenergies of the (four) ground states as a function of the B field strength. Make sure you 
define any constants (like A) you use in terms of fundamental constants. 
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25 The Helium Atom 


Hydrogen has been a great laboratory for Quantum Mechanics. After Hydrogen, Helium is the 
simplest atom we can use to begin to study atomic physics. Helium has two protons in the nucleus 
(Z = 2), usually two neutrons (A = 4), and two electrons bound to the nucleus. 

This material is covered in Gasiorowicz Chapters 18, in Cohen-Tannoudji et al. Comple¬ 
ment BxiVt and briefly in Griffiths Chapter 7. 


25.1 General Features of Helium States 

We can use the hydrogenic states to begin to understand Helium. The Hamiltonian has the same 
terms as Hydrogen but has a large perturbation due to the repulsion between the two electrons. 

u pj | Pi Ze 2 Ze 2 | e 2 
2m 2m r± r 2 | rf — 7 ^ 2 1 

We can write this in terms of the (Z = 2) Hydrogen Hamiltonian for each electron plus a perturba¬ 
tion, 

H = H 1 + H 2 + V 

where V (rj, r 2 ) = ■ Note that V is about the same size as the the rest of the Hamiltonian so 

first order perturbation theory is unlikely to be accurate. 

For our zeroth order energy eigenstates, we will use product states of Hydrogen wavefunctions. 


u(t 1,7*2) — (?~l) < / , n2 (A ) 


These are not eigenfunctions of H because of V, the electron coulomb repulsion term. Ignoring V, 
the problem separates into the energy for electron 1 and the energy for electron 2 and we can solve 
the problem exactly. 

(Hi + H 2 )u = Eu 

We can write these zeroth order energies in terms of the principal quantum numbers of the two 
electrons, n\ and n 2 . Recalling that there is a factor of Z 2 = 4 in these energies compared to 
hydrogen, we get 



( 1 

1 \ 

/I 1 \ 

E = E ni + E n2 = ~^Z 2 a 2 m e c 2 | 

, “9 + ~5r 

= -54.4 e W - + - 


n 2j 

w 0 


Eu — Eg S — —108.8 bV 
Ei 2 = Ei s t = —68.0 eV 
E ioo = Ei on i za ti on = 54.4 ete 

E 22 = —27.2eV 

Note that E 22 is above ionization energy, so the state can decay rapidly by ejecting an electron. 
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Now let’s look at the (anti) symmetry of the states of two identical electrons. For the ground 
state, the spatial state is symmetric, so the spin state must be antisymmetric => s = 0. 


u 0 = <£i00<Ai00y=(x+X- - X-X+) 


For excited states, we can make either symmetric or antisymmetric space states. 


4^ — + <t>2em<l>10o)-^(X+X- — X-X+) 


— —^=(cj)ioo — ( t ) 2im(t>Wo)X+X+ 

The first state is s = 0 or spin singlet. The second state is s = 1 or spin triplet and has three rn s 
states. Only the +1 state is shown. Because the large correction due to electron repulsion 
is much larger for symmetric space states, the spin of the state determines the energy. 


We label the states according to the spin quantum numbers, singlet or triplet. We will treat V as a 
perturbation. It is very large, so first order perturbation theory will be quite inaccurate. 
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25.2 The Helium Ground State 


Calculating the first order correction to the ground state is simple in principle. 

A E gs = {it 0 |V>o) = /d 3 rid 3 r 2 |(/)ioo(fi)| 2 | 0 ioo(f 2 )| 2 pr-^— 

J \ri-r 2 \ 

= — = 7 Z(^a 2 mc 2 ) = 7(2)(13.6) = 34 eV 

8 a 0 4 v 2 ; 4 V A ’ 

The calculation (see section 25.7.1) of the energy shift in first order involves an integral over the 
coordinates of both electrons. 

So the ground state energy to first order is 

E gs = -108.8 + 34 = -74.8 eT 

compared to -78.975 eV from experiment. A 10% error is not bad considering the size of the 
perturbation. First order perturbation theory neglects the change in the electron’s wavefunction 
due to screening of the nuclear charge by the other electron. Higher order perturbation theory 
would correct this, however, it is hard work doing that infinite sum. We will find a better way to 
improve the calculation a bit. 


25.3 The First Excited State(s) 

Now we will look at the energies of the excited states. The Pauli principle will cause big energy 
differences between the different spin states, even though we neglect all spin contribution in Hi This 
effect is called the exchange interaction. In the equation below, the s stands for singlet corresponding 
to the plus sign. 


E- 


(s,t) 

1st 


<t>100(/>2Zm ± (fat m <t> 100 


\r i - r 2 \ 


</ , 100</ ) 2 Im ± 4 , 2im4 > 100 


2 2^100** n 

= Ju ± K 2 £ 


1 


Pi - r 2 | 


<^100 4>2im ) i 2 ^ 01OO02^n 


hi ^ r 2 1 


4 > 2£m4 > 100 


It’s easy to show that K 2 £ > 0. Therefore, the spin triplet energy is lower. We can write the energy 
in terms of the Pauli matrices: 


Si-S 2 

(?i • (T 2 


\(S 2 - si - S 2 2 ) 
45i • S 2 /h 2 = 2 


= 2 s ( s + 1 ) 
s(s + 1 ) - | 


f 1 triplet 1 
( — 1 singlet f 

Jni — 2 (1 + 04 ' S 2 ) K n £ 



j 1 triplet 1 
\ — 3 singlet J 


-(1 + CTi (J 2 ) 
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Thus we have a large effective spin-spin interaction entirely due to electron repulsion. There is 
a large difference in energy between the singlet and triplet states. This is due to the exchange 
antisymmetry and the effect of the spin state on the spatial state (as in ferromagnetism). 


The first diagram below shows the result of our calculation. All states increase in energy due to the 
Coulomb repulsion of the electrons. Before the perturbation, the first excited state is degenerate. 
After the perturbation, the singlet and triplet spin states split significantly due to the symmetry of 
the spatial part of the wavefunction. We designate the states with the usual spectroscopic notation. 


<1s)(2s) 


/ 


A. 


-a. 




] s 

*o 

3 S 


(Is ) 2 



In addition to the large energy shift between the singlet and triplet states, Electric Dipole decay 
selection rules 


A£ = ±1 
As = 0 


cause decays from triplet to singlet states (or vice-versa) to be suppressed by a large factor (compared 
to decays from singlet to singlet or from triplet to triplet). This caused early researchers to think 
that there were two separate kinds of Helium. The diagrams below shows the levels for ParaHelium 
(singlet) and for OtrhoHelium (triplet). The second diagrams shows the dominant decay modes. 
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Parahelium 
> 5 d 'F 


Orthohelium 




(b) 
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Hydrogen 

levels 


ol Ji- -- 


25.4 The Variational Principle (Rayleigh-Ritz Approximation) 

Because the ground state has the lowest possible energy, we can vary a test wavefunction, minimizing 
the energy, to get a good estimate of the ground state energy. 

HipE = E4 >e 

for the ground state i/je- 

E _ f 4>* E Hil’ E dx 
J Ve^eAx 

,, _ J ip*Hij)dx _ (ip*\H\ip ) 

/ ip*ijjdx (V’lV’) 


For any trial wavefunction t/j, 
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We wish to show that E' errors are second order in Sip 

dE n 


at eigenenergies. 


To do this, we will add a variable amount of an arbitrary function <f> to the energy eigenstate. 

E , _ W’e + a(p\H\ipE + a<p) 

(ip E + a<p\ip E + a<p) 

Assume a is real since we do this for any arbitrary function <p. Now we differentiate with respect to 
a and evaluate at zero. 

_ {iPe\iPe) ({4>\H\ip E ) + {ip E \H\(p)) - (4>e\H\iPe) ({4>\tf>E) + {4>e\4>)) 

a=0 {lpE\^E) 2 

= E (<j>\ip E ) + E {ip E \(p) - E {(p\ipE) - E (i/j E \<t>) = 0 

We find that the derivative is zero around any eigenfunction, proving that variations of the energy 
are second order in variations in the wave function. 


dE' 

da 


That is, E' is stationary (2nd order changes only) with respect to variation in ip. Conversely, it can 
be shown that E' is only stationary for eigenfunctions ipE ■ We can use the variational principle 
to approximately find ipE and to find an upper bound on Eq- 

^ = ^2 c ElpE 

E 

E' = E \°e\ 2 E > E 0 

E 

For higher states this also works if trial ip is automatically orthogonal to all lower states due to some 
symmetry (Parity, £ ...) 

* See Example 25.6.1: Energy of ID Harmonic Oscillator using a polynomial trail wave function.* 

* See Example 25.6.2: ID H.O. using Gaussian * 


25.5 Variational Helium Ground State Energy 

We will now add one parameter to the hydrogenic ground state wave function and optimize that 
parameter to minimize the energy. We could add more parameters but let’s keep it simple. We will 
start with the hydrogen wavefunctions but allow for the fact that one electron “screens” the nuclear 
charge from the other. We will assume that the wave function changes simply by the replacement 

z ^ z* <z. 

Of course the Z in the Hamiltonian doesn’t change. 

So our ground state trial function is 


-> $100 ( o ) 4*100 if2) ■ 
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Minimize the energy. 


(mw = 


d 3 r 1 d 3 r 2 (t)* 1 oo (Zi) <^ 0 o (w) 



Ze 2 

n 


P2_ 
2 m 


Ze 2 

ri 



4 >ioo (ri) <^100 (^2) 


We can recycle our previous work to do these integrals. First, replace the Z in H\ with a Z* and 
put in a correction term. This makes the H 1 part just a hydrogen energy. The correction term is 
just a constant over r so we can also write that in terms of the hydrogen ground state energy. 


x 




100 


pi 

Ze 2 

2m 

r\ 

pi 

Z*e : 

2m 

n 


</>ioo 


Z* 2 (—13.6 eV) + (Z* - Z)e 2 J d 3 n|</>i 0 o| 

Z* 2 (—13.6 eV) + (Z* - Z)e 2 — 

a 0 

ry* 2 f 2 _ 2 1 ry* / fy* fy\ 2 2 

— Z —a me + Z (Z — Z)a me 


n 


a 2 mc 2 Z*(Z*-Z)--Z 


*2 


Then we reuse the perturbation theory calculation to get the V term. 


(mw 


2 M 


- 2 2 
-a me 


-L o o 

—a me 
2 


2 2 
—a me 
2 


2Z* 2 -4Z*(Z* - Z) - ^Z* 

—2Z* 2 + 4ZZ* - -Z* 

4 


Use the variational principle to determine the best Z*. 


dZ* 


—4Z* + 4Z - - = 0 
4 



Putting these together we get our estimate of the ground state energy. 


(mw 


{really- 78.975eU). 


- a 2 mc 2 Z* 

2 


-ia 2 mc 2 (Z-l) 


—2Z* + 4Z - - 
4 


—2Z 


In n 

- a me 

2 


2 Z- 


16 


5^5 

- + 4Z- 

8 4 


= -77.38 eV 


Now we are within a few percent. We could use more parameters for better results. 
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25.6 Examples 


25.6.1 ID Harmonic Oscillator 


Use 

ijj = (a 2 — x 2 ) 2 \x\ < a 

and if) = 0 otherwise as a trial wave function. Recall the actual wave function is e~ mulx / 2h . The 
energy estimate is 


„ _ (( a2 -* 2 ) 2 1 + h m “ 2x2 \ (° 2 - x 2 f ) 


E' = 


(■ a 2 - x 2 ) 2 | (a 2 - x 2 ) 2 


We need to do some integrals of polynomials to compute 

f 3 h, 2 l 2 2 

E' = - -- + —mu 2 a 2 . 

2 ma 2 22 


Now we optimize the parameter. 


dE' 


-3 Ti 


da 2 2 ma 4 ' 22 


+ -^-mu 2 => a 2 = 


'33 = v / 33— 

tocu 2 ma; 


/ 3 /icj 1 n 

£' = 77^= + 777TTOW 2 V33- 

2 v^33 22 raw 


+ 11 , 


l fc \/4 t 3 1 /l2 

= —ricu —=^- = —ruu\ — 

2 yn 2 v ii 


This is close to the right answer. As always, it is treated as an upper limit on the ground state 
energy. 


25.6.2 1-D H.O. with exponential wavefunction 

As a check of the procedure, take trial function e -ax2//2 . This should give us the actual ground state 
energy. 


E' = — 


I r -ikS + h™ 2 * 2 * 


dx 


f il>*ij}dx 


f e ax [a 2 x 2 — a] dx + ^mu 2 J x 2 e ax dx 


J e~ ax2 dx 
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—a 2 U 2 
2 to 


1 

+ —mu 


2 


00 2 
/ x 2 e~ ax dx 

-oo 

oo 

f e~ ao ° 2 dx 


h 2 a 
2 m 


OO 



—oo 


oo 



x 2 e -ax 




—OO 



s' = 


—ah 2 
4 m 


-L 9 

+ —mu 
4 a 


h 2 a 


2 m 4a 


1 2 
= — TOW + 


4?n 


Si?' —tow 2 ?i 2 
9a 4a 2 4?n 

4a 2 Ti 2 = 4 to 2 w 2 
tow 






OK. 


S' = 


TOW 2 

4 TOW 


h TOW 1 1 

--— = -aw + -aw 

4to h 4 4 


25.7 Derivations and Computations 

25.7.1 Calculation of the ground state energy shift 


To calculate the first order correction to the He ground state energy, we gotta do this integral. 

r e 2 

AE gs = (rto|H|u 0 ) = / d 3 rid 3 r 2 |^ioo(ri)| 2 |<?!'ioo(r2)| 2 -p-=rr 

J |ri-r 2 | 


First, plug in the Hydrogen ground state wave function (twice). 

2 


A E gs = 


1 


Z\ 3 


47t \ao J 


e 2 J r 2 dr ie - 2Zri/00 J r 2 dr 1 e- 2Zr " i/a ° J d£l 1 j 


\r i - r 2 
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\ri — r 2 \ y 7 r\ + r 2 — 2 rir 2 cos 9 


Do the d£li integral and prepare the other. 


. _ 4tt 2 Z 
A E gs = —j-e 2 — 
tt 2 \a 0 


rldr 1 e- 2Zri/a ° / r 2 dr 2 e~ 2Zr2 l aa / dfad cos 0 2 


o 


x/rfT^i^^rirTcos^ 


The angular integrals are not hard to do. 

^ _ , x, , 6 ~ 

A E gs = 


AE gS — 


%e 2 (—) [ r 2 dr ie - 2Zri / ao [ r 2 2 dr 2 e- 2Zr2 > a ° 2 tt [ —,/ r f + rf - 2 r!r 2 cos Bo 

tt \a 0 J J J |_ 2 ? T r 2 v 

0 0 

g oo oo 

(—\ [ r 2 1 dne~ 2Zri/ao [ rUroe~ 2Zr2/ao ■ 

\ a o) J J 


■i i 


4-7T O ( Z\ 

—e 

7T 2 


r-ir-2 


- V r i + r 2 - 2 r i r 2 + V 7 1 + r 2 + 2rir 2 


A£ ss = 


A iA, — 


-ye 2 (—) f r 2 dr ie - 2Zr ^ ao [ r\dr 2 e~ 2Zr2 l aa — [-|n - r 2 | + (n + r 2 )] 
tt 2 \ a o) J J nr 2 

o o 

g oo oo 

8 e 2 J r 1 dr 1 e~ 2Zri/a ° J r 2 dr 2 e~ 2Zr2 / a ° {n + r 2 - |n - r 2 \) 


We can do the integral for r 2 < r\ and simplify the expression. Because of the symmetry between 
r\ and r 2 the rest of the integral just doubles the result. 


A Egs 
A Eg S 


6 oo r 1 

16e 2 ^ J ndrie~ 2Zri ^ a ° J r 2 dr 2 e~ 2Zr2 ^ a ° ( 2 r 2 ) 

o o 

OO Xl 

e 2 — J xidx\e~ Xl J x 2 dx 2 e~ X2 


Ze 2 

do 


o 

OO 


xidx±e X1 < —a; 2 e X1 + I 2 x 2 dx 2 e 


2 oo f xi 

J x\dx\e~ Xl < —x\e~ Xl —2x\e~ Xl + 2 J e~ X2 dx 2 
0 l 0 

00 

J Xl dx ie - Xl {—x\e~ Xl - 2 ®ie -" 1 - 2 (e ^ 1 - l)} 

OO 

J [(^l + 2a; i 4" 2 cc i) e_2a:i — 2x\e~ Xl ] dx i 


Ze 2 

ao 


Ze 2 

a-o 
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A E gs 


Ze 2 

a 0 

z£_ 

do 


3211 211 11 11 

_l 2_i-2_2_ 

2222 222 22 11 

3 4 4 16] _ 5 Ze 2 

8 + 8 + 8 _ ¥j ~ + 8 ”o7 


^Z(13.6eT) 


-> 34 eV for Z=2 


25.8 Homework Problems 


1. Calculate the lowest order energy shift for the (Oth order degenerate first) excited states of 

(s t) 

Helium A 1 1 where £ = 0,1. This problem is set up in the discussion of the first excited 
states (See section 25.3). The following formulas will aid you in the computation. First, we 
can expand the formula for the inverse distance between the two electrons as follows. 


1 


In. - r 2 1 


oo 


E 

e=o 


p e (cos 6»i2) 


Here r< is the smaller of the two radii and r> is the larger. As in the ground state calculation, 
we can use the symmetry of the problem to specify which radius is the larger. Then we can 
use a version of the addition theorem to write the Legendre Polynomial P ^{cos $ 12 ) in terms 
of the spherical hamonics for each electron. 


Pt {COS 012) — 2£+\ E ( — l) m ^ra(01, </>l)y«(-m)(02) 02 ) 
m=—i 

Using the equation Yb_ TO ) = (—1 ) l Y£ m , this sets us up to do our integrals nicely. 

2. Consider the lowest state of ortho-helium. What is the magnetic moment? That is what is 
the interaction with an external magnetic field? 

3. A proton and neutron are bound together into a deuteron, the nucleus of an isotope of hydrogen. 
The binding energy is found to be -2.23 MeV for the nuclear ground state, an £ = 0 state. 
Assuming a potential of the form V(r) = Vo e r ! r ° , with r 0 = 2.8 Fermis, use the variational 
principle to estimate the strength of the potential. 

4. Use the variational principle with a gaussian trial wave function to prove that a one dimensional 
attractive potential will always have a bound state. 

5. Use the variational principle to estimate the ground state energy of the anharmonic oscillator, 

H = g- + \x\ 


25.9 Sample Test Problems 

1. We wish to get a good upper limit on the Helium ground state energy. Use as a trial wave 
function the Is hydrogen state with the parameter a screened nuclear charge Z* to get this 
limit. Determine the value of Z* which gives the best limit. The integral ((Is) 2 1 | | (Is) 2 ) = 

| Z* a 2 me 2 for a nucleus of charge Z*e. 
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2 . 


A Helium atom has two electrons bound to a Z = 2 nucleus. We have to add the coulomb 
repulsion term (between the two electrons) to the zeroth order Hamiltonian. 



Z^ + P2_ 

r\ 2m 


Ac 2 

T2 



= h 1 + h 2 + v 


The first excited state of Helium has one electron in the IS state and the other in the 2S state. 
Calculate the energy of this state to zeroth order in the perturbation V. Give the answer in eV. 
The spins of the two electrons can be added to give states of total spin S. The possible total 
spin states are s = 0 and s = 1. Write out the full first excited Helium state which has s = 1 
and m s = —1. Include the spatial wave function and don’t forget the Pauli principle. Use 
bra-ket notation to calculate the energy shift to this state in first order perturbation theory. 
Don’t do any integrals. 
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26 Atomic Physics 


This material is covered in Gasiorowicz Chapter 19, and in Cohen-Tannoudji et al. Com¬ 
plement Axiv- 


26.1 Atomic Shell Model 


The Hamiltonian for an atom with Z electrons and protons is 



Eip. 


We have seen that the coulomb repulsion between electrons is a very large correction in Helium and 
that the three body problem in quantum mechanics is only solved by approximation. The states 
we have from hydrogen are modified significantly. What hope do we have to understand even more 
complicated atoms? 

The physics of closed shells and angular momentum enable us to make sense of even the most 
complex atoms. Because of the Pauli principle, we can put only one electron into each state. When 
we have enough electrons to fill a shell, say the Is or 2p, The resulting electron distribution is 
spherically symmetric because 

£ IWM)I 2 = ^. 

m=—£ 

With all the states filled and the relative phases determined by the antisymmetry required by Pauli, 
the quantum numbers of the closed shell are determined. There is only one possible state 
representing a closed shell. 

As in Helium, the two electrons in the same spatial state, (f> n e m , must by symmetric in space and 
hence antisymmetric in spin. This implies each pair of electrons has a total spin of 0. Adding these 
together gives a total spin state with s = 0, which is antisymmetric under interchange. The spatial 
state must be totally symmetric under interchange and, since all the states in the shell have the 
same n and t, it is the different m states which are symmetrized. This can be shown to give us a 
total £ = 0 state. 

So the closed shell contributes a spherically symmetric charge and spin distribution with 
the quantum numbers 


s = 0 
£ = 0 
3 = 0 

The closed shell screens the nuclear charge. Because of the screening, the potential no longer has 
a pure - behavior. Electrons which are far away from the nucleus see less of the nuclear charge and 
shift up in energy. This is a large effect and single electron states with larger i have larger energy. 
From lowest to highest energy, the atomic shells have the order 


Is, 2s, 2 p, 3s, 3 p, 4s, 3d, 4 p, 5s, 4 d, 5 p, 6s, 4/, 5 d, 6 p. 
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The effect of screening not only breaks the degeneracy between states with the same n but different 
£, it even moves the 6 s state, for example, to have lower energy than the 4f or 5d states. The 4s and 
3d states have about the same energy in atoms because of screening. 


26.2 The Hartree Equations 


The Hartree method allows us to to change the 3 Z dimensional Schrodinger equation (Z electrons 
in 3 dimensions) into a 3 dimensional equation for each electron. This equation depends on the 
wavefunctions of the other electrons but can be solved in a self consistent way using the variational 
principle and iterating. 

ip = <t>i in) (p 2 (f 2 ) ...<pz (rz) 


-h 2 

2m 


V 2 

v l 



(pi (n) = d<pi (t») 


In the Hartree equation above, £* represents the energy contribution of electron i. The term 
e 2 ^2 f d 3 rj ^Lr-\ represents the potential due to the other electrons in which electron i moves. 

In this equation we can formally see the effect of screening by the other electrons. The equation is 
derived (see Gasiorowicz pp 309-311) from the Schrodinger equation using ip = <pi(p 2 ■ ■ -(pz- Since 
we will not apply these equations to solve problems, we will not go into the derivation, however, it 
is useful to know how one might proceed to solve more difficult problems. 


An improved formalism known as the Hartree-Fock equations, accounts for the required antisym¬ 
metry and gives slightly different results. 


26.3 Hund’s Rules 

A set of guidelines, known as Hund’s rules, help us determine the quantum numbers for the ground 
states of atoms. The hydrogenic shells fill up giving well defined j = 0 states for the closed shells. 
As we add valence electrons we follow Hund’s rules to determine the ground state. We get a great 
simplification by treating nearly closed shells as a closed shell plus positively charged, spin ^ holes. 
For example, if an atom is two electrons short of a closed shell, we treat it as a closed shell plus two 
positive holes.) 


1. Couple the valence electrons (or holes) to give maximum total spin. 

2. Now choose the state of maximum £ (subject to the Pauli principle. The Pauli principle rather 
than the rule, often determines everything here.) 

3. If the shell is more than half full, pick the highest total angular momentum state j = £ + s 
otherwise pick the lowest j = \£ — s|. 


This method of adding up all the spins and all the Ls, is called LS or Russel-Saunders coupling. 
This method and these rule are quite good until the electrons become relativistic in heavy atoms 
and spin-orbit effects become comparable to the electron repulsion (arond Z=40). We choose the 
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states in which the total s and the total £ are good quantum numbers are best for minimizing the 
overlap of electrons, and hence the positive contribution to the energy. 


For very heavy atoms, we add the total angular momentum from each electron first then add up 
the Js. This is called j-j coupling. For heavy atoms, electrons are relativistic and the spin-orbit 
interaction becomes more important than the effect of electron repulsion. Thus we need to use states 
in which the total angular momentum of each electron is a good quantum number. 


We can understand Hund’s rules to some extent. The maximum spin state is symmetric under 
interchange, requiring an antisymmetric spatial wave function which has a lower energy as we showed 
for Helium. We have not demonstated it, but, the larger the total £ the more lobes there are in 
the overall electron wavefunction and the lower the effect of electron repulsion. Now the spin orbit 
interaction comes into play. For electrons with their negative charge, larger j increases the energy. 
The reverse is true for holes which have an effective postive charge. 

A simpler set of rules has been developed for chemists, who can’t understand addition of angular 
momentum. It is based on the same principles. The only way to have a totally antisymmetric state 
is to have no two electrons in the same state. We use the same kind of trick we used to get a feel for 
addition of angular momentum; that is, we look at the maximum z component we can get consistent 
with the Pauli principle. Make a table with space for each of the different me states in the outer 
shell. We can put two electrons into each space, one with spin up and one with spin down. Fill the 
table with the number of valence electrons according to the following rules. 


1 . Make as many spins as possible parallel, then compute m s and call that s. 

2. Now set the orbital states to make maximum me, and call this £, but don’t allow any two 
electrons to be in the same state (of m s and me). 

3. Couple to get j as before. 


This method is rather easy to use compared to the other where addition of more than two angular 
momenta can make the symmetry hard to determine. 


* See Example 26.6.1: 

* See Example 26.6.2: 

* See Example 26.6.3: 

* See Example 26.6.4: 


The Boron ground State.* 
The Carbon ground State.* 
The Nitrogen ground State.* 
The Oxygen ground State.* 


26.4 The Periodic Table 


The following table gives the electron configurations for the ground states of light atoms. 
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z 

El. 

Electron Configuration 

ZS+l Lj 

Ioniz. Pot. 

1 

H 

(Is) 

2 Sl/2 

13.6 

2 

He 

(Is) 2 

'S 0 

24.6 

3 

Li 

He (2s) 

2 Sl/2 

5.4 

4 

Be 

He (2s) 2 

'S 0 

9.3 

5 

B 

He (2s) 2 (2p) 

2 Pl/2 

8.3 

6 

C 

He (2s) 2 (2p) 2 

3 Po 

11.3 

7 

N 

He (2s) 2 (2p) 3 

4 S 3 /2 

14.5 

8 

0 

He (2s) 2 (2p) 4 

3 P2 

13.6 

9 

F 

He (2s) 2 (2p) 5 

2 P 3 /2 

17.4 

10 

Ne 

He (2s) 2 (2p) 6 

'So 

21.6 

11 

Na 

Ne (3s) 

Z Sl/2 

5.1 

12 

Mg 

Ne (3s) 2 

'S 0 

7.6 

13 

A1 

Ne (3s) 2 (Bp) 

2 Pl/2 

6.0 

14 

Si 

Ne (3s) 2 (3p) 2 

3 P 0 

8.1 

15 

P 

Ne (3s) 2 (3p) 3 

4 So/2 

11.0 

16 

S 

Ne (3s) 2 (3p) 4 

3 P2 

10.4 

17 

Cl 

Ne (3s) 2 (3p) 5 

2 P 3 /2 

13.0 

18 

Ar 

Ne (3s) 2 (3p) 6 

'So 

15.8 

19 

K 

Ar (4s) 

2 S1/2 

4.3 

20 

Ca 

Ar (4s) 2 

'So 

6.1 

21 

Sc 

Ar (4s) 2 (3d) 

2 P3/2 

6.5 

22 

Ti 

Ar (4s) 2 (3d) 2 

3 F 2 

6.8 

23 

V 

Ar (4s) 2 (3d) 3 

4 F 3 /2 

6.7 

24 

Cr 

Ar (4s) (3d) 5 

7 s 3 

6.7 

25 

Mn 

Ar (4s) 2 (3d) 5 

" S3/2 

7.4 

26 

Fe 

Ar (4s) 2 (3d) 6 

5 d 4 

7.9 

36 

Kr 

(Ar) (4s) 2 (3d) iu (4p) B 

'so 

14.0 

54 

Xe 

(Kr) (5s) 2 (4d) iu (5p) B 

's 0 

12.1 

86 

Rn 

(Xe) (6s) 2 (4/) i4 (5d) iU (6p) B 

'so 

10.7 


We see that the atomic shells fill up in the order Is, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 4f, 5d, 
6 p. The effect of screening increasing the energy of higher £ states is clear. Its no wonder that the 
periodic table is not completely periodic. 


The Ionization Potential column gives the energy in eV needed to remove one electron from the 
atom, essentially the Binding energy of the last electron. The Ionization Potential peaks for atoms 
with closed shells, as the elctron gains binding energy from more positive charge in the the nucleus 
without much penalty from repulsion of the other electrons in the shell. As charge is added to the 
nucleus, the atom shrinks in size and becomes more tightly bound. A single electron outside a closed 
shell often has the lowest Ionization Potential because it is well screened by the inner electrons. The 
figure below shows a plot of ionization potential versus Z. 
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PERIODIC TABLE OF THE ELEMENTS 

Table of Selected Radioactive Isotopes 


GROUP 

ia 


saw 


» 5 $£ r 




11 IB IVB VB VIB VIIB 


3 8.941 

s Li 

4 9.01218 

f Be 


-C. « (ISJ4)‘ 



If 

-Iff. 

51 

sr 


5 10.811 

f B 

6 12011 

f c 

y 14.0087 

S, N 

0 15.9994 

5 6 

9 18.998,40 

£, F 

10...7.7 

Ne 

Lithium 

Beryllium 


£££*£> c :5£j™!uc_ 

■*!S 



• —| 

jjlljja 


Boron 

CeiSon 

Nitrogen 

Oxygen 

Fluorine 

Neon" 

1 "| 22.98977 

r Na 

12 h* 

“Mg 

III A 

-KI8K£ 

IVA VA VIA 

VIIA 

fir 

VIIIA 

|j 

IB 

1 IB 

1 326 98154 

= Al 

(Neps'p 1 

Aluminum 

14”““ 

= Si 

8ST 

32 “ 

if Ge 

g 30.97376 

if P 

1 Neps’p* 

1 Q 32.088 

z s 

■ssssr 

17 

3 Cl 

dsrsss 

18 39 948 

£ Ar 

(Neprp* 

Argon 

1 939 0»83 

r K 

(Ar) 4s' 
Potassium 

20 

if Ca 

IArl4s* 

Calcium 

21 ...... 

If Sc 

|ArJ3d'4B* 

Scandium 

22 

if Ti 

IAr|3d«4s» 

Titanium 

23 90.9415 

5 J 

Vanadium 

24 "X 

Sjtr 

25 isb 

f Mn 

26 Hf" 

z Fe 

[ArPd’Xl* 

27 58 9332 

i Co 

Cobalt 

28 58 6934 

2 Ni 

lArBdHs' 

Nickel 

29 63548 

“ Cu 

|Ar|3d 10 4a' 

Copper 

30 .y 

ir Zn 

31 «ra 

r Ga 

|Arpd'°4s'p' 

Gallium 

33 74 9216 

1” As 

iArPd' 0 4s*p* 

Arsenic 

34 

2 Se 

fflsassr 

35 "SB* 

“ Br 

1 Bromine’’ 

36 8380 

K r 

37 *S *678 

“i“Rb 

(KrJSs 

Rubidium 

38 87 2 m 

If Sr 

Strontium 

39 » 

* Y 

|KrRd-5s’ 

Yttrium 

40 ..... 

if Zr 

92.9064 

5 Nb 

42 *•< 

::;Mo 

IKr)4d*5s' 

Molybdenum 

43 ™ 

Z jfe 

44 10107 

2 3,4.6.8 

z Ru 

|Kr) 4d’Ss' 
Ruthenium 

45 1 02 9055 

E Rh 

[KrHd*58 

Rhodium 

46 i06 « 

i Pd 

|Kr|4d" 

Palladium 

47 ,o7 868 

J436 _ ' 

;rAg 

"SET 

48 

rCd 

IKr|4d"W 

Cadmium 

49 

r In 

IK |ndlum n 

50 1 18.710 

f Sn 

|Kr|4d'«5s’p’ 

51 121.757 

rSb 

Antimony 

52 ,™ 

;; Te 

max 

53126.9045 

*57,5 I1A J 

1 

IK £dl" S,1 °" 

54 

ifXe 

'"SISST 

55 1 329054 

v Cs 

IXeje.' 

56 13733 

5 Ba 

57,,.**. 

If La 

[Xe)6d'8s- 

72 .TU. 

= Hf 

(X»|4l'*5d'6s ! 

73,80.9479 

z Ta 

74 183.85 

= w 

IXsHPWte' 

75 !«f" 

f Re 

7 « JV 

r Os 

IXB^ 

77 

Sjr 

78 ...... 

r Pt 

(Xe]4l < ‘5drae' 

Platinum 

79196 9665 

E-Ail 

80 20059 

fHg 

|Xe|4f l *5d'®6s* 
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Radium 
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(Unniloctium) 

(Unnllnonium) 
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OXIDATION 


POINT, K \ KEY / STATES 

*★ 

_-SYMBOL (1) 


Zn 


|ArRd'»4a*., 


58 

:? Ce 

IXe]4P6s' 

59 1409077 

: Pr 

Praseodymium 

60 14424 

:Nd 

61 < i4s > 
f Pi 

Promethium 

62 15A36 

rSm 

ixewnea’ 

Samarium 

63 

:r Eu 

64 15725 

5 Gd 

IXeHPSd'Bi’ 

Gadolinium 

65 1 509253 

z Tfa 

Terbium 

66 16250 

67 ...... 

:: Ho 

Hoimium 

68 ' e7M 

=J r 

69 168 9342 

rTm 

thulium 

70 

if Yb 

71 

5 Lu 

[X Lutetk?m*' 

90 232 0381 

z Th 

[Rn)6d*78 ! 

Thorium 

91 231.0359 

4300- ».« 

Pa 

[Rnl5F6d7s* 

92 238029 

:i U 

|Rn|5P6d'7s* 

Uranium 

93 237 0482 

5 if 

IRnpPSd'7s’ 

Neptunium 

94 (244) 

™ 85.4.3 

95 < 243 > 

rffi 

96 12471 

z Ei 

IBjSP&IV.’ 

97 <247) 

Ik 

|Hn|5P6d'7s’ 

Berkelium 

98 (2S,) 

|RnJ9P*7a* 

Calllornlum 

99 ,2 * 2 > 

100 2571 
r [Rm 

hrmlum 

101 

-i 

Mendelev'um 

102 12591 

r f 

IRnI5n‘7s" 

Nobellum 

103 ( 2 f 1 

Lawrenclum 


The perodic table of elements is based on the fact that atoms with the same number of electrons 
outside a closed shell have similar properties. The rows of the periodic table contain the following 
states. 


Is 



2s, 

2 P 


3s, 

3p 


4s, 

3d, 

4p 

5s, 

4d, 

5p 


Soon after, the periodicity is broken and special “series” are inserted to contain the 4f and 5f shells. 


26.5 The Nuclear Shell Model 

We see that the atomic shell model works even though the hydrogen states are not very good 
approximations due to the coulomb repulsion between electrons. It works because of the tight 
binding and simplicity of closed shells. This is based on angular momentum and the 
Pauli principle. 
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Even with the strong nuclear force, a shell model describes important features of nuclei. Nuclei 
have tightly bound closed shells for both protons and neutrons. Tightly bound nuclei 
correspond to the most abundant elements. What elements exist is governed by nuclear physics and 
we can get a good idea from a simple shell model. Nuclear magic numbers occur for neutron or 
proton number of 2, 8, 20, 28, 50, 82, and 126, as indicated in the figure below. Nuclei where the 
number of protons or neutrons is magic are more tightly bound and often more abundant. Heavier 
nuclei tend to have more neutrons than protons because of the coulomb repulsion of the 
protons (and the otherwise symmetric strong interactions). Nuclei which are doubly magic are 
very tightly bound compared to neighboring nuclei. 82 Pb 208 is a good example of a doubly magic 
nucleus with many more neutrons than protons. 


Remember, its only hydrogen states which are labeled with a principle quantum number n = n r + 
i + 1. In the nuclear shell model, n refers only to the radial excitation so states like the 1 ha 
show up in real nuclei and on the following chart. The other feature of note in the nuclear shefl 
model is that the nuclear spin orbit interaction is strong and of the opposite sign to that in 
atoms. The splitting between states of different j is smaller than that but of the same order as 
splitting between radial or angular excitations. It is this effect and the shell model for which Maria 
Mayer got her Nobel prize. 
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(2) 

126 

(4) 


(14) 


(6) 


(8) 


(10) 

82 

(2) 


(4) 


(12) 


(6) 


(8) 

50 

(10) 


(2) 


(6) 


(4) 

28 

(8) 

(4) 

20 

(2) 


(6) 

8 

(2) 

(4) 

2 

(2) 



0 1 2 3 4 5 6 


l 


Another feature of nuclei not shown in the table is that the spin-spin force very much favors 
nucleons which are paired. So nuclear isotopes with odd numbers of protons or odd numbers of 
neutrons have less binding energy and nuclei with odd numbers of both protons and neutrons are 
unstable (with one exception). 


26.6 Examples 

26.6.1 Boron Ground State 


Boron, with Z = 5 has the IS and 2S levels filled. They add up to j = 0 as do all closed shells. The 
valence electron is in the 2P state and hence has t = 1 and s = Since the shell is not half full we 
couple to the the lowest j = \£ — s| = So the ground state is 2 Pi. 
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me 

e 

1 

0 

-1 

t 

s = J2 m s = h 

£ = m i — i 


26.6.2 Carbon Ground State 


Carbon, with Z = 6 has the IS and 2S levels filled giving j = 0 as a base. It has two valence 2P 
electrons. Hund’s first rule , maximum total s, tells us to couple the two electron spins to s = 1. 
This is the symmetric spin state so we’ll need to make the space state antisymmetric. Hund’s second 
rule, maximum £, doesn’t play a role because only the 1=1 state is antisymmetric. Remember, 
adding two P states together, we get total l = 0, 1,2. The maximum state is symmetric, the next 
antisymmetric, and the £ = 0 state is again symmetric under interchange. This means £ = 1 is the 
only option. Since the shell is not half full we couple to the the lowest j = \£ — s| = 0. So the ground 
state is 3 Pq. The simpler way works with a table. 


me 

e 

1 

t 

0 

t 

-1 


s = 

J2 m s = i 

£ = 

Y J me = l 


We can take a look at the excited states of carbon to get an appreciation of Hund’s rules. The 
following chart shows the states of a carbon atom. For most states, a basis of (ls) 2 (2s) 2 (2p) 1 is 
assumed and the state of the sixth electron is given. Some states have other excited electrons and 
are indicated by a superscript. Different j states are not shown since the splitting is small. Electric 
dipole transitions are shown changing £ by one unit. 
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Energy 

<eV) 



£ 


Hydrogen 

levels 


The ground state has s = 1 and £ = 1 as we predicted. Other states labeled 2 p are the ones that 
Hund’s first two rules determined to be of higher energy. They are both spin singlets so its the 
symmetry of the space wavefunction that is making the difference here. 


26.6.3 Nitrogen Ground State 


Now, with Z = 7 we have three valence 2P electrons and the shell is half full. Hund’s first rule , 
maximum total s, tells us to couple the three electron spins to s = |. This is again the symmetric spin 
state so we’ll need to make the space state antisymmetric. We now have the truly nasty problem 
of figuring out which total £ states are totally antisymmetric. All I have to say is 3 <g> 3 ® 3 = 
7s ® 5 ms © 3 ms © 5 ma © 3 ma © 1a © 3 ms- Here MS means mixed symmetric. That is; it is 
symmetric under the interchange of two of the electrons but not with the third. Remember, adding 
two P states together, we get total In = 0, 1, 2. Adding another P state to each of these gives total 
£ = 1 for £-12 = 0, £ = 0, 1, 2 for £ 12 = 1, and £ = 1,2,3 for £ 12 = 2. Hund’s second rule, maximum l, 
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doesn’t play a role, again, because only the l = 0 state is totally antisymmetric. Since the shell is 
just half full we couple to the the lowest j = \i — s| = |. So the ground state is 4 Sj. 


me 

e 

1 

t 

0 

t 

-1 

t 

S = 

J2m s = f 

e = 

Yj me = 0 


The chart of nitrogen states is similar to the chart in the last section. Note that the chart method 
is clearly easier to use in this case. Our prediction of the ground state is again correct and a few 
space symmetric states end up a few eV higher than the ground state. 



n - 4 


n 


3 



« = 1 


Hydrogen 

levels 
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26.6.4 Oxygen Ground State 


Oxygen, with Z — 8 has the IS and 2S levels filled giving j = 0 as a base. It has four valence 2P 
electrons which we will treat as two valence 2P holes. Hund’s first rule , maximum total s, tells 
us to couple the two hole spins to s = 1. This is the symmetric spin state so we’ll need to make 
the space state antisymmetric. Hund’s second rule, maximum f, doesn’t play a role because only 
the l = 1 state is antisymmetric. Since the shell is more than half full we couple to the the highest 
j = l + s = 2. So the ground state is 3 P 2 . 


me 

e 

1 

n 

0 

t 

-1 

t 

s = 

= 1 

e = 

= 1 


26.7 Homework Problems 

1. List the possible spectroscopic states that can arise in the following electronic configurations: 
(Is) 2 , (2 p) 2 , (2 p) 3 , (2p) 4 , and (3d) 4 . Take the exclusion principle into account. Which should 
be the ground state? 

2. Use Hund’s rules to find the spectroscopic description of the ground states of the following 
atoms: N(Z=7), K(Z=19), Sc(Z=21), Co(Z=27). Also determine the electronic configuration. 

3. Use Hund’s rules to check the ( S , L, J) quantum numbers of the elements with Z =14, 15, 24, 
30, 34. 


26.8 Sample Test Problems 

1. Write down the electron configuration and ground state for the elements from Z = 1 to Z = 10. 
Use the standard 2s+1 Lj notation. 

2. Write down the ground state (in spectroscopic notation) for the element Oxygen (Z = 8). 
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27 Molecular Physics 


In this section, we will study the binding and excitation of simple molecules. Atoms bind into 
molecules by sharing electrons, thus reducing the kinetic energy. Molecules can be excited in three 
ways. 


• Excitation of electrons to higher states. E ~ 4 eV 

• Vibrational modes (Harmonic Oscillator). Nuclei move slowly in background of electrons. E ~ 
0.1 eV 

• Rotational modes (L = nK). Entire molecule rotates. E ~ 0.001 eV 
Why don’t atoms have rotational states? 

The atomic state already accounts for electrons angular momentum around the nucleus. 

About which axes can a molecule rotate? 


Do you think identical atoms will make a difference? 


This material is covered in Gasiorowicz Chapter 20, and in Cohen-Tannoudji et al. Com¬ 
plements Cyl, Eyii, Cxi- 


27.1 The Ht Ion 


The simplest molecule we can work with is the H^" ion. It has two nuclei (A and B) sharing one 
electron (1). 


Hn = 


Pe 


2m riA riB Rab 
Rab is the distance between the two nuclei. 

The lowest energy wavefunction can be thought of as a (anti)symmetric linear combination of an 
electron in the ground state near nucleus A and the ground state near nucleus B 


ip± (j, R^j = C± (R) [ip a ± 4>b] 


where ip a = \ -T-e riA / a ° is g.s. around nucleus A. ip a and ipB are not orthogonal; there is overlap. 
V 7ra o 

We must compute the normalization constant to estimate the energy. 

1 


C: 


2 = O’ A ± tpB\ipA ± IpB) =2± 2{iPa\iPb) = 2 ± 2S(R) 


where 


S(R) = (iPa\iPb) = 1 + — + 


R R 2 


a 0 ' 3an 


o -R/a 0 


These calculations are “straightforward but tedious” (Gasiorowicz). 
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We can now compute the energy of these states. 


{H 0 ) ± = ± (V’A ± iPb\H 0 \iPa ± 4’b) 

= 2 [i ±S{R)\ + (^b\H 0 \^b) ± (4’a\H 0 \4>b) ± W>b\Ho\iPa)} 

(4>a\Hq\i/ja) ± {^a\H 0 \^b) 

1 ±S(R) 

We can compute the integrals needed. 

{4>a\Ho\4>a) = E 1 + ^-(l + -)e- 2R / a ° 

R \ a 0 J 

(iPa\H 0 \4>b) = (E 1 + ^-)s(R)--(l + -)e- R / a ° 

\ R) a 0 V a 0 J 


We have reused the calculation of S(R) in the above. Now, we plug these in and rewrite things in 
terms of y = R/ao , the distance between the atoms in units of the Bohr radius. 


(Ho) ± 

(Ho)± 


E x + £ (1 + R/ao) e~ 2R / a ° ± (e x + S(R) - g (1 + R/a 0 ) e~ R / a ° 


1 ± S{R) 

E 1 - (2/y)(l + y)e~ 2 y ± [(1 - 2/y)(l + y + y 2 / 3)e~" - 2(1 + y) e ~«] 

1 1 ± (1 + y + y 2 /3)e~ y 


The symmetric (bonding) state has a large probability for the electron to be found between nuclei. 
The antisymmetric (antibonding) state has a small probability there, and hence, a much larger 
energy. 


The graph below shows the energies from our calculation for the space symmetric ( E g ) and antisym¬ 
metric (E u ) states as well as the result of a more complete calculation (Exact E g ) as a function of the 
distance between the protons R. Our calculation for the symmetric state shows a minimum arount 
1.3 Angstroms between the nuclei and a Binding Energy of 1.76 eV. We could get a better estimate 
by introduction some parameters in our trial wave function and using the variational method. 


The antisymmetric state shows no minimum and never goes below -13.6 eV so there is no binding 
in this state. 
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By setting ^ 


0 , we can get the distance between atoms and the energy. 



Distance 

Energy 

Calculated 

Actual 

1.3 A 
1.06 A 

-1.76 eV 
-2.8 eV 


Its clear we would need to introduce some wfn. parameters to get good precision. 


27.2 The H 9 Molecule 


The H 2 molecule consists of four particles bound together: e\, e 2 , proton^, and proton^. The 
Hamiltonian can be written in terms of the H^~ Hamiltonian, the repulsion between electrons, plus 
a correction term for double counting the repulsion between protons. 


h = h 1 + h 2 + 


T 12 RaB 


Hi = 


Pi 


e 

tax 


e 

tbi 


2 m r A 1 r B 1 Rab 

We wish to compute variational upper bound on Rab and the energy. 

We will again use symmetric electron wavefunctions, 

1 


V>( n,r 2 ) = 


2[1 + S(Rab)] 


bl>A(n) + ll’Bifl)] [V’A^) + V’b(^)] Xs 
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where the spin singlet is required because the spatial wfn is symmetric under interchange. 
The space symmetric state will be the ground state as before. 


{i/j\H\i/;)=2E h+ (R ab )- 


Rab 




r 12 




From this point, we can do the calculation to obtain 



Distance 

Energy 

Calculated 

Actual 

0.85 A 
0.74 A 

-2.68 eV 

-4.75 eV. 


with a multiterm wavefunction, we could get good agreement. 


27.3 Importance of Unpaired Valence Electrons 

Inner (closed shell) electrons stick close to nucleus so they do not get near to other atoms. The 
outer (valence) electrons may participate in bonding either by sharing or migrating to the other 
atom. Electrons which are paired into spin singlets don’t bond. If we try to share one of 
the paired electrons, in a bonding state, with another atom, the electron from the other atom is not 
antisymmetric with the (other) paired electron. Therefore only the antibonding (or some excited 
state) will work and binding is unlikely. Unpaired electrons don’t have this problem. 

ft ft t ■ ■ • first four don’t bond! 

The strongest bonds come from s and p orbitals (not d,f). 


27.4 Molecular Orbitals 


Even with additional parameters, parity symmetry in diatomic molecules implies we will have sym¬ 
metric and antisymmetric wavefunctions for single electrons. The symmetric or bonding state 
has a larger probability to be between the two nuclei, sees more positive charge, and is 
therefore lower energy. As in our simple model of a molecule, the kinetic energy can be lowered by 
sharing an electron. 

There is an axis of symmetry for diatomic molecules. This means L z commutes with H and 
me is a good quantum number. The different me states, we have seen, have quite different shapes 
therefore bond differently. Imagine that a valence electron is in a d state. The me = 0, ±1, ±2 are 
called molecular orbitals cr, 7r, 6 respectively. Each has a bonding and an antibonding state. 

Pictures of molecular orbitals are shown for s and p states in the following figure. Both bonding 
and antibonding orbitals are shown first as atomic states then as molecular. The antibonding states 
are denoted by a *. 
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27.5 Vibrational States 


We have seen that the energy of a molecule has a minimum for some particular separation between 
atoms. This looks just like a harmonic oscillator potential for small variations from the 
minimum. The molecule can “vibrate” in this potential giving rise to a harmonic oscillator energy 
spectrum. 

We can estimate the energy of the vibrational levels. 

proton has the same spring constant yfk « Ee 

Kib ~ h ^M = \[jd Ee ~ 

Recalling that room temperature is about ^ eV, this is approximately thermal energy, infrared. 
The energy levels are simply 

E = (n + -)huj vib 

Complex molecules can have many different modes of vibration. Diatomic molecules have just one. 

The graph below shows the energy spectrum of electrons knocked out of molecular hydrogen by UV 
photons (photoelectric effect). The different peaks correspond to the vibrational state of 
the final ion. 


If E e ~ Uoj = hxl —, then crudely the 


10 


eV 



Can you calculate the number of vibrational modes for a molecule compose of IV > 3 atoms. 
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27.6 Rotational States 


Molecules can rotate like classical rigid bodies subject to the constraint that angular momentum is 
quantized in units of h. We can estimate the energy of these rotations to be 


E rr ,+ — 


1 L 2 £(£ + 1 )h 2 


2 I 


21 


m a"mc“ m „ 1 

E PS —rzrreV 


2 Mai M 2 M 1000 


where we have used ao = -——. These states are strongly excited at room temperature. 


Let’s look at the energy changes between states as we might get in a radiative transition with 

A£= 1.. 


£{£+l)h 2 

21 


AE = ^[£(£+l)-(£-l)£] = ^(2£) 


h 2 £ 

~T 


These also have equal energy steps in emitted photon energy. 


With identical nuclei, £ is required to be even for (nuclear) spin singlet and odd for triplet. This 
means steps will be larger. 

A complex molecule will have three principle axes, and hence, three moments of inertia to use in 
our quantized formula. 


Counting degrees of freedom, which should be equal to the number of quantum numbers needed 
to describe the state, we have 3 coordinates to give the position of the center of mass, 3 for the 
rotational state, and 3N-6 for vibrational. This formula should be modified if the molecule is too 
simple to have three principle axes. 


The graph below shows the absorption coefficient of water for light of various energies. For low 
energies, rotational and vibrational states cause the absorption of light. At higher energies, electronic 
excitation and photoelectric effect take over. It is only in the region around the visible spectrum 
that water transmits light well. Can you think of a reason for that? 
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FIGURE 10-15 Absorption spectrum of water. 
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27.7 Examples 

27.8 Derivations and Computations 

27.9 Homework Problems 

1. In HC1, absorption lines with wave numbers in inverse centimeters of 83.03, 103.73, 124.30, 
145.05, 165.51 and 185.86 have been observed. Are these rotational or vibrational transitions? 
Estimate some physical parameters of the molecule from these data. 

2. What is the ratio of the number of HC1 molecules in the j = 10 rotational state to that in the 
j = 0 state if the gas is at room temperature? 


27.10 Sample Test Problems 
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28 Time Dependent Perturbation Theory 

We have used time independent perturbation theory to find the energy shifts of states and to find 
the change in energy eigenstates in the presence of a small perturbation. We will now consider the 
case of a perturbation that is time dependent. Such a perturbation can cause transitions between 
energy eigenstates. We will calculate the rate of those transitions. 

This material is covered in Gasiorowicz Chapter 21, in Cohen-Tannoudji et al. Chapter 
XIII, and briefly in Griffiths Chapter 9. 


28.1 General Time Dependent Perturbations 

Assume that we solve the unperturbed energy eigenvalue problem exactly: Ho(f> n = E n (f> n . Now we 
add a perturbation that depends on time, V(t). Our problem is now inherently time dependent so 
we go back to the time dependent Schrodinger equation. 


(H 0 + V(t)) xp(t) = 


We will expand xp in terms of the eigenfunctions: xp(t) = ^Cfc(f)0/.e lEkt / h with c k (t)e lEkt / h 


k 


((f>k\fp{t))- The time dependent Schrodinger equations is 



k 


k 





k k 


Now dot (<fi n | into this equation to get the time dependence of one coefficient. 



k 



k 


Assume that at t = 0, we are in an initial state xp(t = 0 ) = (pi and hence all the other c k are equal 
to zero: c k — Ski■ 
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Now we want to calculate transition rates. To first order, all the c k (t) are small compared to 
d(t) «= 1, so the sum can be neglected. 


dc j 1) (t) 
dt 


in 


c n ] (t) = \j e^'Vmindt' 

_o_ 


This is the equation to use to compute transition probabilities for a general time de¬ 
pendent perturbation. We will also use it as a basis to compute transition rates for the specific 
problem of harmonic potentials. Again we are assuming t is small enough that Cj has not changed 
much. This is not a limitation. We can deal with the decrease of the population of the initial state 
later. 


Note that, if there is a large energy difference between the initial and final states, a slowly varying 
perturbation can average to zero. We will find that the perturbation will need frequency components 
compatible with u to cause transitions. 


If the first order term is zero or higher accuracy is required, the second order term can be computed. 
In second order, a transition can be made to an intermediate state </>*,, then a transition to <j> n . We 
just put the first order c^\t) into the sum. 


dc n (t) 

1 

dt 

ih 

dc n (t) 

1 

dt 

ih 

Cn\t) = 

-1 


( 1 )/ + 'l Auinkt 


V ni (t)e iu,nit + y ^y n k{t)Ck {t)e 

k^i 


V n »(t)e 


f e iuikit 'Vki{t')dt' 


k^i 


z t 

j dt"V nk (t")e M " j dt'e iUkit 'V ki (t') 

k^i 0 n 



* See Example 28.3.1: Transitions of a ID harmonic oscillator in a transient E field.* 


28.2 Sinusoidal Perturbations 

An important case is a pure sinusoidal oscillating (harmonic) perturbation. We can make up 
any time dependence from a linear combination of sine and cosine waves. We define our 







perturbation carefully. 


V(f, t) = 2 V(r) cos(u it) ->• 2V cos(wt) = 1/ (e iajt + e~ iujt ) 

We have introduced the factor of 2 for later convenience. With that factor, we have V times a 
positive exponential plus a negative exponential. As before, V depends on position but we don’t 
bother to write that for most of our calculations. 

Putting this perturbation into the expression for c n (t), we get 

c n {t) = 


Note that the terms in the time integral will average to zero unless one of the exponents is 
nearly zero. If one of the exponents is zero, the amplitude to be in the state <p n will increase with 
time. To make an exponent zero we must have one of two conditions satisfied. 

^ni 

E n — Ei 
h 

Ei — E n 
E n T Two 

This is energy conservation for the emission of a quantum of energy Two. 

^ni 

E n — Ei 
h 

E n — Ei 
E n — Two 

This is energy conservation for the absorption of a quantum of energy Two. We can see the possibility 
of absorption of radiation or of stimulated emission. 

For t —> oo, the time integral of the exponential gives (some kind of) delta function of energy 
conservation. We will expend some effort to determine exactly what delta function it is. 

Lets take the case of radiation of an energy quantum hu. If the initial and final states have 
energies such that this transition goes, the absorption term is completely negligible. (We can just 
use one of the exponentials at a time to make our formulas simpler.) 

The amplitude to be in state 4> n as a function of time is 


ui = 

uj = 
hco = 
Ei = 


u> = 

UI = 

hui = 
Ei = 





ih 


i(uni + w) 


ifl 
V 2 

Pn(t) = 


r i(u ni +u)t/2 

in 

V™ c i(u) ni +u)t/2 


gi(^ni+w)i/2 _ e —i(ui ni +ui)t/2 


i(ui ni + <jj) 
2 sin ((w„i + w)f/2) 

i{iOni + w) 


4 sin 2 ((u> ni +u>)t/2) 
(uj ni + w) 2 


In the last line above we have squared the amplitude to get the probability to be in the final state. 
The last formula is appropriate to use, as is, for short times. For long times (compared to ^ ^ 
which can be a VERY short time), the term in square brackets looks like some kind of delta function. 


We will show (See section 28.4.1), that the quantity in square brackets in the last equation is 
27 t t 5(ui n i + w). The probability to be in state <f> n then is 

V 2 2nV 2 2nV 2 - 

Pn(t) = 27rt S(u ni + co) = 5(u ni + u)t = S(E n -E t + hu)t 

Uj ri 

The probability to be in the final state (f> n increases linearly with time. There is a delta function 
expressing energy conservation. The frequency of the harmonic perturbation must be set so that 
hui is the energy difference between initial and final states. This is true both for the (stimulated) 
emission of a quantum of energy and for the absorption of a quantum. 


Since the probability to be in the final state increases linearly with time, it is reasonable to describe 
this in terms of a transition rate. The transition rate is then given by 


Ti-vn = 


dPn 

(ft 


2-kV 2 - 

S(E n — Ei + hu) 


We would get a similar result for increasing E (absorbing energy) from the other exponential. 


r. 

1 i—vn — 


27tV 2 


S(E n - Ei- Hu) 


It does not make a lot of sense to use this equation with a delta function to calculate the transition 
rate from a discrete state to a discrete state. If we tune the frequency just right we get infinity 
otherwise we get zero. This formula is what we need if either the initial or final state is a continuum 
state. If there is a free particle in the initial state or the final state, we have a continuum state. So, 
the absorption or emission of a particle, satisfies this condition. 

The above results are very close to a transition rate formula known as Fermi’s Golden Rule. 
Imagine that instead of one final state 4> n there are a continuum of final states. The total rate 
to that continuum would be obtained by integrating over final state energy, an integral done simply 
with the delta function. We then have 
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r *->/ — 


2ttK, 2 


Pf(E) 


where Pf(E) is the density of final states. When particles (like photons or electrons) are emitted, 
the final state will be a continuum due to the continuum of states available to a free particle. We 
will need to carefully compute the density of those states, often known as phase space. 


28.3 Examples 

28.3.1 Harmonic Oscillator in a Transient E Field 


Assume we have an electron in a standard one dimensional harmonic oscillator of frequency ui in its 
ground state. An weak electric field is applied for a time interval T. Calculate the probability to 
make a transition to the first (and second) excited state. 


The perturbation is eEx for 0 < t < T and zero for other times. We can write this in terms of the 
raising an lowering operators. 

V = eE \[^ {A + Ai) 

We now use our time dependent perturbation result to compute the transition probability to the 
first excited state. 
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As long as the E field is weak, the initial state will not be significantly depleted and the assumption 
we have made concerning that is valid. We do see that the transition probability oscillates with the 
time during which the E field is applied. We would get a (much) larger transition probability if we 
applied an oscillating E field tuned to have the right frequency to drive the transition. 

Clearly the probability to make a transition to the second excited state is zero in first order. If we 
really want to compute this, we can use our first order result for c\ and calculate the transition 
probability to the n = 2 state from that. This is a second order calculation. Its not too bad to do 
since there is only one intermediate state. 


28.4 Derivations and Computations 

28.4.1 The Delta Function of Energy Conservation 


For harmonic perturbations, we have derived a probability to be in the final state <f> n proportional 
to the following. 

[4sin 2 ((u) ni + w)f/2)' 

-*n OC f \ \2 

L (Uni + toy J 

For simplicity of analysis lets consider the characteristics of the function 


g( A = Uni + u) 


4 sin 2 ((u n i +u)t/ 2) 


(“ 


j) 2 t 2 


4 sin 2 ( At/2 ) 
A 2 t 2 


for values of t » (Note that we have divided our function to be investigated by t 2 . For A = 0, 
< 7 (A) = 1 while for all other values for A, g( A) approaches zero for large t. This is clearly some 
form of a delta function. 


To find out exactly what delta function it is, we need to integrate over A. 


J dA f(A)g(A) 


/(A = 0) J dAg(A) 
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4 sin 2 (y) 
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sin 2 (y) 

y 2 

sin 2 (y) 
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We have made the substitution that y = 


The definite integral over y just gives 7r (consult your 













table of integrals), so the result is simple. 
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J dAf(A)g(A) 

— OO 

9( A) 

4sin 2 ((u ni + u)t/2) ' 
('Uni + w ) 2 


/(A = 0)f 

f 4(A) 


27rf <5(w ni + w) 


Q.E.D. 


28.5 Homework Problems 

1. A hydrogen atom is placed in an electric field which is uniform in space and turns on at t = 0 
then decays exponentially. That is, E(t) = 0 for t < 0 and E(t) = Foe -7 * for t > 0. What is 
the probability that, as t —> oo, the hydrogen atom has made a transition to the 2 p state? 

2. A one dimensional harmonic oscillator is in its ground state. It is subjected to the additional 
potential W = — e£x for a a time interval r. Calculate the probability to make a transition to 
the first excited state (in first order). Now calculate the probability to make a transition to 
the second excited state. You will need to calculate to second order. 


28.6 Sample Test Problems 

1. A hydrogen atom is in a uniform electric field in the z direction which turns on abruptly at 
t = 0 and decays exponentially as a function of time, E(t) = Eoe~ t ' T . The atom is initially 
in its ground state. Find the probability for the atom to have made a transition to the 2 P 
state as t —> oo. You need not evaluate the radial part of the integral. What z components of 
orbital angular momentum are allowed in the 2 P states generated by this transition? 
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29 Radiation in Atoms 


Now we will go all the way back to Plank who proposed that the emission of radiation be in quanta 
with E = hut to solve the problem of Black Body Radiation. So far, in our treatment of atoms, we 
have not included the possibility to emit or absorb real photons nor have we worried about the 
fact that Electric and Magnetic fields are made up of virtual photons. This is really the realm of 
Quantum Electrodynamics, but we do have the tools to understand what happens as we quantize 
the EM field. 

We now have the solution of the Harmonic Oscillator problem using operator methods. Notice that 
the emission of a quantum of radiation with energy of hoj is like the raising of a Harmonic 
Oscillator state. Similarly the absorption of a quantum of radiation is like the lowering of a HO 
state. Plank was already integrating over an infinite number of photon (like HO) states, the same 
integral we would do if we had an infinite number of Harmonic Oscillator states. Plank was also 
correctly counting this infinite number of states to get the correct Black Body formula. He did it 
by considering a cavity with some volume, setting the boundary conditions, then letting the volume 
go to infinity. 

This material is covered in Gasiorowicz Chapter 22, in Cohen-Tannoudji et al. Chapter 
XIII, and briefly in Griffiths Chapter 9. 


29.1 The Photon Field in the Quantum Hamiltonian 

The Hamiltonian for a charged particle in an ElectroMagnetic field (See Section 20.1) is given by 

H = b ( ?+ + v(r) ■ 


Lets assume that there is some ElectroMagnetic field around the atom. The field is not 
extremely strong so that the A 2 term can be neglected (for our purposes) and we will work in the 
Coulomb gauge for which p ■ A = jV ■ A = 0. The Hamiltonian then becomes 


H : 


p 

2m 


H- A ■ p + V(r). 


Now we have a potentially time dependent perturbation that may drive transitions between 
the atomic states. 

V = —A-p 

me 


Lets also assume that the field has some frequency w and corresponding wave vector k. (In fact, 
and arbitrary field would be a linear combination of many frequencies, directions of propagation, 
and polarizations.) 

A(f , t) = 2Aq cos (k ■ r — ujt ) 

where Ho is a real vector and we have again introduced the factor of 2 for convenience of splitting 
the cosine into two exponentials. 

We need to quantize the EM field into photons satisfying Plank’s original hypothesis, E = he j. Lets 
start by writing A in terms of the number of photons in the field (at frequency oj and wave 
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vector k). Using classical E&M to compute the energy in a field (See Section 29.14.1) represented 
by a vector potential A(r, t) = 2A 0 cos [k ■ r — cot), we find that the energy inside a volume V is 

w 2 

Energy = -— ?V\A 0 \ 2 = Nhoj. 

27rc 2 


We may then turn this around and write A in terms of the number of photons TV. 


I^ol 2 

A(r, t ) 
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27r Tic 2 TV 
ojV 


(2 cos (k ■ r — 


e e 


i(k-r—ut ) _i_ —i(k-r—u)t ) 


We have introduced the unit vector e to give the direction (or polarization) of the vector potential. 
We now have a perturbation that may induce radiative transitions. There are terms with both 
negative and positive uj so that we expect to see both stimulated emission of quanta and 
absorption of quanta in the the presence of a time dependent EM field. 


But what about decays of atoms with no applied field? Here we need to go beyond our classical 
E&M calculation and quantize the field. Since the terms in the perturbation above emit or absorb 
a photon, and the photon has energy Tiuj. lets assume the number of photons in the field is 
the n of a harmonic oscillator. It has the right steps in energy. Essentially, we are postulating 
that the vacuum contains an infinite number of harmonic oscillators, one for each wave vector (or 
frequency...) of light. 


We now want to go from a classical harmonic oscillator to a quantum oscillator, in which the ground 
state energy is not zero, and the hence the perturbing field is never really zero. We do this by 
changing TV to TV +1 in the term that creates a photon in analogy to the raising operator A^ 
in the HO. With this change, our perturbation becomes 


A(r, t) 


2'kTic 2 2 „ 
uiV 


(yNe^-^ + VN + i e -i ( fc-r-wtA 


Remember that one exponential corresponds to the emission of a photon and the other corresponds 
to the the absorption of a photon. We view A as an operator which either creates or absorbs a 
photon, raising or lowering the harmonic oscillator in the vacuum. 


Now there is a perturbation even with no applied field (TV = 0). 


Vat = o = V/v=oe l “* 



me me 


2'kTic 2 2 
ojV 




We can plug this right into our expression for the decay rate (removing the e lLJt into the delta 
function as was done when we considered a general sinusoidal time dependent perturbation). Of 
course we have this for all frequencies, not just the one we have been assuming without justification. 
Also note that our perturbation still depends on the volume we assume. This factor will be 
canceled when we correctly compute the density of final states. 
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We have taken a step toward quantization of the EM field, at least when we emit or absorb a 
photon. With this step, we can correctly compute the EM transition rates in atoms. Note that we 
have postulated that the vacuum has an infinite number of oscillators corresponding to the different 
possible modes of EM waves. When we quantize these oscillators, the vacuum has a ground state 
energy density in the EM field (equivalent to half a photon of each type). That vacuum EM field 
is then responsible for the spontaneous decay of excited states of atoms through the emission of a 
photon. We have not yet written the quantum equations that the EM field must satisfy, although 
they are closely related to Maxwell’s equations. 


29.2 Decay Rates for the Emission of Photons 


Our expression for the decay rate of an initial state <pi into some particular final state <j> n is 

Ti-m = 5{E n - E t + M- 

The delta function reminds us that we will have to integrate over final states to get a sensible answer. 
Nevertheless, we proceed to include the matrix element of the perturbing potential. 


Taking out the harmonic time dependence (to the delta function) as before, we have the matrix 
element of the perturbing potential. 


bnz — {4*n\ A ■ p\(J>i) — 

me me 


2'kTic 2 
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(K\ e-^ r e-p\<t>i) 


We just put these together to get 
„ e 2 


Ti m 2 c 2 


2ttTic 2 
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(27r) 2 e 2 

m 2 uV 


!(</>« 


\(<t>n\e- ih - ? e ■ p\<j)i)\ 2 S(E n -Ei + fiw) 
e • p\4>i)\ 2 S(E n — Ei + Tiu) 


We must sum (or integrate) over final states. The states are distinguishable so we add the decay 
rates, not the amplitudes. We will integrate over photon energies and directions, with the aid of 
the delta function. We will sum over photon polarizations. We will sum over the final atomic states 
when that is applicable. All of this is quite doable. Our first step is to understand the number of 
states of photons as Plank (and even Rayleigh) did to get the Black Body formulas. 


29.3 Phase Space: The Density of Final States 

We have some experience with calculating the number of states for fermions in a 3D box (See Section 
13.1.1). For the box we had boundary conditions that the wavefunction go to zero at the wall of the 
box. Now we wish to know how many photon states are in a region of phase space centered on 
the wave vector k with (small) volume in k-space of d 3 k. (Remember u> = \k\c for light.) We will 
assume for the sake of calculation that the photons are confined to a cubic volume in position space 
of V = L 3 and impose periodic boundary conditions on our fields. (Really we could require the 
fields to be zero on the boundaries of the box by choosing a sine wave. The PBC are equivalent to 
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this but allow us to deal with single exponentials instead of real functions.) Our final result, the 
decay rate, will be independent of volume so we can let the volume go to infinity. 

k x L = 2 -k n x dn x = 4L dk x 

k y L = 2Trn y dn y = ^ dk y 

k z L = 2irn z dn z = ^ dk z 

d 3 n = S)s d3k = 

That was easy. We will use this phase space formula for decays of atoms emitting a photon. A 
more general phase space formula (See Section 29.14.2) based on our calculation can be used with 
more than one free particle in the final state. (In fact, even our simple case, the atom recoils in the 
final state, however, its momentum is fixed due to momentum conservation.) 


29.4 Total Decay Rate Using Phase Space 


Now we are ready to sum over final (photon) states to get the total transition rate. Since both the 
momentum of the photon and the electron show up in this equation, we will label the electron’s 
momentum to avoid confusion. 
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This is the general formula for the decay rate emitting one photon. Depending on the problem, we 
may also need to sum over final states of the atom. The two polarizations are transverse to the 
photon direction, so they must vary inside the integral. 

A quick estimate of the decay rate of an atom (See Section 29.14.3) gives 


r k 50 psec. 
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29.5 Electric Dipole Approximation and Selection Rules 

We can now expand the e~ lk r « 1 — ik ■ f + ... term to allow us to compute matrix elements more 
easily. Since k ■ r ~ ^ and the matrix element is squared, our expansion will be in powers of a 2 
which is a small number. The dominant decays will be those from the zeroth order approximation 
which is 

e-^ns 1. 

This is called the Electric dipole approximation. 

In this Electric Dipole approximation, we can make general progress on computation of the matrix 

2 

element. If the Hamiltonian is of the form H = + V and [V, f\ =0, then 

r TT 4 

[H,r\ = ~ — 

i m 

and we can write p = r\ in terms of the commutator. 
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im(E n - Ei) 
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This equation indicates the origin of the name Electric Dipole: the matrix element is of the vector 
r which is a dipole. 

We can proceed further, with the angular part of the (matrix element) integral. 
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At this point, lets bring all the terms in the formula back together so we know what we are doing. 
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e 2 {E l -E n ) r ^ 
2TTh 2 m 2 c 3 d 7 


im(E n - Ei) 
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((/) n \e ■ r\(/)i) 


This is a useful version of the total decay rate formula to remember. 



We proceed with the calculation to find the El selection rules. 
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We will attempt to clearly separate the terms due to (</> n |e • for the sake of modularity of the 
calculation. 

The integral with three spherical harmonics in each term looks a bit difficult, but, we can use 
a Clebsch-Gordan series like the one in addition of angular momentum to help us solve 
the problem. We will write the product of two spherical harmonics in terms of a sum of spherical 
harmonics. Its very similar to adding the angular momentum from the two Ys. Its the same 
series as we had for addition of angular momentum (up to a constant). (Note that things 
will be very simple if either the initial or the final state have £ = 0, a case we will work out below for 
transitions to s states.) The general formula for rewriting the product of two spherical harmonics 
(which are functions of the same coordinates) is 


Y^ imi (6»,0)Y 2m2 (6»,0) = E 1/ 1 ^ ( ffl Ki^2OO)(^(TOi+m 2 )l£if'2Wim 2 )Y < ; (mi+m2) (6>,0) 

* 7r( ' + ' 

The square root and (fOjfi^OO) can be thought of as a normalization constant in an otherwise 
normal Clebsch-Gordan series. (Note that the normal addition of the orbital angular momenta of 
two particles would have product states of two spherical harmonics in different coordinates, the 
coordinates of particle one and of particle two.) (The derivation of the above equation involves a 
somewhat detailed study of the properties of rotation matrices and would take us pretty far off the 
current track (See Merzbacher page 396).) 

First add the angular momentum from the initial state (Y^ iTOj ) and the photon (Y lm ) using the 
Clebsch-Gordan series, with the usual notation for the Clebsch-Gordan coefficients (£ n m n \£ilmim). 
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I remind you that the Clebsch-Gordan coefficients in these equations are just numbers which are 
less than one. They can often be shown to be zero if the angular momentum doesn’t add up. The 
equation we derive can be used to give us a great deal of information. 
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We know, from the addition of angular momentum, that adding angular momentum 1 to £\ can only 
give answers in the range \£\ — 1 | < £ n < £\ + 1 so the change in in £ between the initial and final 
state can only be A£ = 0, ±1. For other values, all the Clebsch-Gordan coefficients above will be 
zero. 

We also know that the Y\ m are odd under parity so the other two spherical harmonics must have 
opposite parity to each other implying that £„ 7 ^ £{. therefore 

A£ = ±l. 


We also know from the addition of angular momentum that the z components just add like integers, 
so the three Clebsch-Gordan coefficients allow 

Am = 0, ± 1 . 


We can also easily note that we have no operators which can change the spin here. So certainly 

As = 0. 

We actually haven’t yet included the interaction between the spin and the field in our calculation, 
but, it is a small effect compared to the Electric Dipole term. 

The above selection rules apply only for the Electric Dipole (El) approximation. Higher order terms 
in the expansion, like the Electric Quadrupole (E2) or the Magnetic Dipole (Ml), allow other decays 
but the rates are down by a factor of a 2 or more. There is one absolute selection rule coming from 
angular momentum conservation, since the photon is spin 1. No j = 0 to j = 0 transitions in 
any order of approximation. 

As a summary of our calculations in the Electric Dipole approximation, lets write out the decay rate 
formula. 
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29.6 Explicit 2p to Is Decay Rate 

Starting from the summary equation for electric dipole transitions, above, 
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and perform the angular integration. 
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Lets assume the initial state is unpolarized, so we will sum over rrii and divide by 3, the number of 
different m,- allowed. 
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12t r 


Our result is independent of photon polarization since we assumed the initial state was unpolarized, 
but, we must still sum over photon polarization. Lets assume that we are not interested in measuring 
the photon’s polarization. The polarization vector is constrained to be perpendicular to the photons 
direction 

i ■ k p = 0 

so there are two linearly independent polarizations to sum over. This just introduces a factor of two 
as we sum over final polarization states. 


The integral over photon direction clearly just gives a factor of 47r since there is no direction depen¬ 
dence left in the integrand (due to our assumption of an unpolarized initial state). 
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29.7 General Unpolarized Initial State 


If we are just interested in the total decay rate, we can go further. The decay rate should not depend 
on the polarization of the initial state, based on the rotational symmetry of our theory. Usually 
we only want the total decay rate to some final state so we sum over polarizations of the photon, 
integrate over photon directions, and (eventually) sum over the different m n of the final state atoms. 
We begin with a simple version of the total decay rate formula in the El approximation. 
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Where 0 is the angle between the matrix element of the position vector r n i and the polarization 
vector e. It is far easier to understand the sum over polarizations in terms of familiar vectors in 
3-space than by using sums of Clebsch-Gordan coefficients. 
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Lets pick two transverse polarization vectors (to sum over) that form a right handed system with 
the direction of photon propagation. 

i^xi^ = k 

The figure below shows the angles, basically picking the photon direction as the polar axis, and the 
direction as what is usually called the x-axis. 



The projection of the vector f n i into the transverse plan gives a factor of sin$. It is then easy to see 
that 

cos 0i = sin 8 cos <j> 
cos 0 2 = sin 8 sin <f> 


The sum of cos 2 0 over the two polarizations then just gives sin 2 8. Therefore the decay rate becomes 
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This is now a very nice and simple result for the total decay rate of a state, summed over photon 
polarizations and integrated over photon direction. 



We still need to sum over the final atomic states as necessary. For the case of a transition in a 
single electron atom ipntm —> iprie'm 1 +7, summed over m!, the properties of the Clebsch-Gordan 
coefficients can be used to show (See Merzbacher, second edition, page 467). 
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tot — 


4 au? n 
3c 2 


i+i 

2£+l 
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2£+l 


oo 


2 



,R ne r 3 dr 
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for 


£' = 


(£ +1 

l*-l 


The result is independent of m as we would expect from rotational symmetry. 


As a simple check, lets recompute the 2p to Is decay rate for hydrogen. We must choose the £' = £— 1 
case and £=l. 


_ 4au4 

J- tot - 


3c 2 2£+l 

This is the same result we got in the explicit calculation. 
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29.8 Angular Distributions 

We may also deduce the angular distribution of photons from our calculation. Lets take the 2p to 
Is calculation as an example. We had the equation for the decay rate. 
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We have performed that radial integration which will be unchanged. Assume that we start in a 
polarized state with to* = 1. We then look at our result for the angular integration in the matrix 
element 



where we have set rrii = 1 eliminating two terms. 

Lets study the rate as a function of the angle of the photon from the z axis, 6 1 . The rate will be 
independent of the azimuthal angle. We see that the rate is proportional to e 2 + e 2 . We still must 
sum over the two independent transverse polarizations. For clarity, assume that <f> = 0 and the 
photon is therefore emitted in the x-z plane. One transverse polarization can be in the y direction. 
The other is in the x-z plane perpendicular to the direction of the photon. The x component is 
proportional to cos0 7 . So the rate is proportional to e 2 + e 2 = 1 + cos 2 6 1 . 

If we assume that m,; = 0 then only the e z term remains and the rate is proportional to e 2 . The 
angular distribution then goes like sin 2 6 1 . 


29.9 Vector Operators and the Wigner Eckart Theorem 


There are some general features that we can derive about operators which are vectors, that is, 
operators that transform like a vector under rotations. We have seen in the sections on the Electric 
Dipole approximation and subsequent calculations that the vector operator f could be written as 
its magnitude r and the spherical harmonics Yi m . We found that the Y\ m could change the orbital 
angular momentum (from initial to final state) by zero or one unit. This will be true for any vector 
operator. 


In fact, because the vector operator is very much like adding an additional t = 1 to the initial state 
angular momentum, Wigner and Eckart proved that all matrix elements of vector operators can be 
written as a reduced matrix element which does not depend on any of the m, and Clebsch-Gordan 
coefficients. The basic reason for this is that all vectors transform the same way under rotations, so 
all have the same angular properties, being written in terms of the Yim- 


Note that it makes sense to write a vector V in terms of the spherical harmonics using 

T/ K ± iVy 

F± = =F ^f^ 


and 


Vo = 14 . 


We have already done this for angular momentum operators. 


Lets consider our vector V q where the integer q runs from -1 to +1. The Wigner-Eckart theorem 
says 


{a! j'm'\V q \ajm) = (j'm'\jlmq)(a' j'\\V\\aj) 
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Here a represents all the (other) quantum numbers of the state, not the angular momentum quantum 
numbers, jm represent the usual angular momentum quantum numbers of the states. (a , j , ||y||a;j) 
is a reduced matrix element. Its the same for all values of m and q. (Its easy to understand that if 
we take a matrix element of lOr it will be 10 times the matrix element of r. Nevertheless, all the 
angular part is the same. This theorem states that all vectors have essentially the same angular 
behavior. This theorem again allows us to deduce that = —1, 0. + 1. 

The theorem can be generalized for spherical tensors of higher (or even lower) rank than a vector. 


29.10 Exponential Decay 


We have computed transition rates using our theory of radiation. In doing this, we have assumed 
that our calculations need only be valid near t = 0. More specifically, we have assumed that we start 
out in some initial state i and that the amplitude to be in that initial state is one. The probability 
to be in the initial state will become depleted for times on the order of the lifetime of the state. We 
can account for this in terms of the probability to remain in the initial state. 


Assume we have computed the total transition rate. 


r 


tot 


= 5 > 


n 


This transition rate is the probability per unit time to make a transition away from the initial state 
evaluated at t = 0. Writing this as an equation we have. 


dPi_ 

dt 


t=o 


r 


tot 


For larger times we can assume that the probability to make a transition away from the initial state 
is proportional to the probability to be in the initial state. 


dPj(t) 

dt 


— r totPiit) 


The solution to this simple first order differential equation is 


P i (t) = P i (t = 0)e- r *°‘‘ 


If you are having any trouble buying this calculation, think of a large ensemble of hydrogen atoms 
prepared to be in the 2p state at t = 0. Clearly the number of atoms remaining in the 2p state will 
obey the equation 

dN = -r tot N 2 p (t) 

and we will have our exponential time distribution. 


We may define the lifetime of a state to the the time after which only - of the decaying state remains. 
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29.11 Lifetime and Line Width 


Now we have computed the lifetime of a state. For some atomic, nuclear, or particle states, this 
lifetime can be very short. We know that energy conservation can be violated for short times 
according to the uncertainty principle 

AEAt < 

~ 2 

This means that a unstable state can have an energy width on the order of 


A E 


KT tot 
2 


We may be more quantitative. If the probability to be in the initial state is proportional to e , 
then we have 

| 2 = e~ Tt 
i>i(t) oc e~ rt/2 
ipi(t) oc e ~ iEit / n e ~ rt / 2 

We may take the Fourier transform of this time function to the the amplitude as a function of 
frequency. 


4 >i(u>) oc J ipi{t)e lut dt 

o 

OO 

oc J e- iEit/n e- rt/2 e iult dt 
0 


e -iu,ot e -n/ 2 e iujt dt 


= J +i$)t dt 
0 

-I oo 

_^ ui 0 +i^)t 

i(ui-uj 0 + i 5) Q 

i 

(w - w 0 + 

We may square this to get the probability or intensity as a function of w (and hence E = hui). 

L(w) = \(t>i{u))\ 2 = - - 1 r2 

(w - w 0 ) 2 + — 

This gives the energy distribution of an unstable state. It is called the Breit-Wigner line shape. 
It can be characterized by its Full Width at Half Maximum (FWHM) of F. 

The Breit-Wigner will be the observed line shape as long as the density of final states is nearly 
constant over the width of the line. 
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As F —► 0 this line shape approaches a delta function, S(u — ujq). 


For the 2p to Is transition in hydrogen, we’ve calculated a decay rate of 0.6 x 10 9 per second. We 
can compute the FWHM of the width of the photon line. 


(1.05 x 10 27 erg sec)(0.6 x 10 9 sec 1 ) 

AE = hT = - ---- 7 - - 

1.602 x 10 ~ 12 erg/eV 


0.4 x 10~ 6 eV 


Since the energy of the photon is about 10 eV, the width is about 10 ~ 7 of the photon energy. Its 
narrow but not enough for example make an atomic clock. Weaker transitions, like those from E2 
or Ml will be relatively narrower, allowing use in precision systems. 


29.11.1 Other Phenomena Influencing Line Width 


We have calculated the line shape due to the finite lifetime of a state. If we attempt to measure 
line widths, other phenomena, both of a quantum and non-quantum nature, can play a role in the 
observed line width. These are: 


• Collision broadening, 

• Doppler broadening, and 

• Recoil. 


Collision broadening occurs when excited atoms or molecules have a large probability to change state 
when they collide with other atoms or molecules. If this is true, and it usually is, the mean time 
to collision is an important consideration when we are assessing the lifetime of a state. If the mean 
time between collisions is less than the lifetime, then the line-width will be dominated by collision 
broadening. 

An atom or molecule moving through a gas sweeps through a volume per second proportional to its 
cross section a and velocity. The number of collisions it will have per second is then 

be ^collision/sec TIVCT 

where n is the number density of molecules to collide with per unit volume. We can estimate the 
velocity from the temperature. 


x 2 

—mv 


VRMS = 


be 



3 kT 


a 


The width due to collision broadening increases with he pressure of the gas. It also depends on 
temperature. This is basically a quantum mechanical effect broadening a state because the state 
only exists for a short period of time. 
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Doppler broadening is a simple non-quantum effect. We know that the frequency of photons is 
shifted if the source is moving - shifted higher if the source is moving toward the detector, and 
shifted lower if it is moving away. 


c 

Aw sJkT/m I kT 

w c V me 2 

This becomes important when the temperature is high. 

Finally, we should be aware of the effect of recoil. When an atom emits a photon, the atom must 
recoil to conserve momentum. Because the atom is heavy, it can carry a great deal of momentum 
while taking little energy, still the energy shift due to recoil can be bigger than the natural line 
width of a state. The photon energy is shifted downward compared to the energy difference between 
initial and final atomic states. This has the consequence that a photon emitted by an atom will 
not have the right energy to be absorbed by another atom, raising it up to the same excited state 
that decayed. The same recoil effect shifts the energy need to excite a state upward. Lets do the 
calculation for Hydrogen. 


PH =P 1 
E 

P~i ~ — 

Eh= p_ 1 = E 2 

2 TO P 2 rripC 2 

A E _ E 

E 2 TOpC 2 

For our 2p to Is decay in Hydrogen, this is about 10 eV over 1860 MeV, or less than one part in 
10 8 . One can see that the effect of recoil becomes more important as the energy radiated increases. 
The energy shift due to recoil is more significant for nuclear decays. 


29.12 Phenomena of Radiation Theory 

29.12.1 The Mossbauer Effect 


In the case of the emission of x-rays from atoms, the recoil of the atom will shift the energy of 
the x-ray so that it is not reabsorbed. For some experiments it is useful to be able to measure the 
energy of the x-ray by reabsorbing it. One could move the detector at different velocities to find 
out when re-absorption was maximum and thus make a very accurate measurement of energy shifts. 
One example of this would be to measure the gravitational red (blue) shift of x-rays. 

Mossbauer discovered that atoms in a crystal need not recoil significantly. In fact, the whole crystal, 
or at least a large part of it may recoil, making the energy shift very small. Basically, the atom 
emitting an x-ray is in a harmonic oscillator (ground) state bound to the rest of the crystal. When 
the x-ray is emitted, there is a good chance the HO remains in the ground state. An analysis shows 
that the probability is approximately 


Po = e~ E recoil /hiUHO 
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Thus a large fraction of the radiation is emitted (and reabsorbed) without a large energy shift. 
(Remember that the crystal may have 10 23 atoms in it and that is a large number. 

The Mossbauer effect has be used to measure the gravitational red shift on earth. The red shift 
was compensated by moving a detector, made from the same material as the emitter, at a velocity 
(should be equal to the free fall velocity). The blue shift was measured to be 

— = (5.13 ±0.51) x 10” 15 
ui 

when 4.92 x 10” 15 was expected based upon the general principle of equivalence. 


29.12.2 LASERS 


Light Amplification through Stimulated Emission of Radiation is the phenomenon with the acronym 
LASER. As the name would indicate, the LASER uses stimulated emission to genrate an intense 
pulse of light. Our equations show that the decay rate of a state by emission of a photon is propor¬ 
tional to the number (plus one) of photons in the field (with the same wave-number as the photon 
to be emitted). 


e (VNe^-^ + vQv+Ie- 4 ^-"*)) 

Here “plus one” is not really important since the number of photons is very large. 

Lets assume the material we wish to use is in a cavity. Assume this material has an excited state 
that can decay by the emission of a photon to the ground state. In normal equilibrium, there will 
be many more atoms in the ground state and transitions from one state to the other will be in 
equilibrium and black body radiation will exist in the cavity. We need to circumvent equilibrium to 
make the LASER work. To cause many more photons to be emitted than are reabsorbed a LASER 
is designed to produce a poplation inversion. That is, we find a way to put many more atoms in 
the excited state than would be the case in equilibrium. 

If this population inversion is achieved, the emission from one atom will increase the emission rate 
from the other atoms and that emission will stimulate more. In a pulsed laser, the population of the 
excited state will become depleted and the light pulse will end until the inversion can be achieved 
again. If the population of the excited state can be continuously pumped up, then the LASER can 
run continously. 

This optical pumping to achieve a population inversion can be done in a number of ways. For 
example, a Helium-Neon LASER has a mixture of the two gasses. If a high voltage is applied and an 
electric current flows through the gasses, both atoms can be excited. It turns out that the first and 
second excited states of Helium have almost the same excitation energy as the 4s and 5s excitations 
of Neon. The Helium states can’t make an El transition so they are likely to excite a Neon atom 
instead. An excited Helium atom can de-excite in a collision with a Neon atom, putting the Neon 
in a highly excited state. Now there is a population inversion in the Neon. The Neon decays more 
quickly so its de-excitation is dominated by photon emission. 


Mr, t) = 


27 The 2 
LOV 
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2 S 0 collision (2p) (5s) 



l'Sp (2p) 6 ■ 

He Ne 


Another way to get the population inversion is just the use of a metastable state as in a ruby laser. 
A normal light sorce can excite a higher excited state which decays to a metastable excited state. 
The nretastable state will have a much larger population than in equilibrium. 

A laser with a beam coming out if it would be made in a cavity with a half silvered mirror so that 
the radiation can build up inside the cavity, but some of the radiation leaks out to make the beam. 



high 

voltage 
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29.13 Examples 

29.13.1 The 2P to IS Decay Rate in Hydrogen 

29.14 Derivations and Computations 

29.14.1 Energy in Field for a Given Vector Potential 


We have the vector potential 
First find the fields. 

E 

B 


A(f, t) = 2A 0 cos (k ■ f — cot). 

1 dA w ? _ 

=-— = 2 —Ao sinlK • r — cot) 

c at c 

= 2V x A = 2k x 4*o sin(fc • r — cot) 


Note that, for an EM wave, the vector potential is transverse to the wave vector. The energy density 
in the field is 



Averaging the sine square gives one half, so, the energy in a volume V is 


Energy 


co 2 AqV 
2i TC 2 


29.14.2 General Phase Space Formula 


If there are N particles in the final state, we must consider the number of states available for each 
one. Our phase space calculation for photons was correct even for particles with masses. 


d 3 n = 


Vd 3 p 

(2nh) 3 


Using Fermi’s Golden Rule as a basis, we include the general phase space formula into our formula 
for transition rates. 



In our case, for example, of an atom decaying by the emission of one photon, we have two particles 
in the final state and the delta function of momentum conservation will do one of the 3D integrals 
getting us back to the same result. We have not bothered to deal with the free particle wave function 
of the recoiling atom, which will give the factor of y to cancel the V in the phase space for the 
atom. 
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29.14.3 Estimate of Atomic Decay Rate 


We have the formula 

Ttot = / d^nle-^e-p^i)? 

Ann m^c' 3 J 

Lets make some approximations. 


e-p « 

\p\ = m\v\ ~ mac = amc 

k ■ f ~ 

Uuj \a 2 mc 2 

kao — ao ~ clq 

he he 

i(k-r) ^ 

ic ^ ia 

e ‘ ~ 1 + T~ 1 

r tot = 

e 2 (Ej — E n ) Nl |2 

0 *2 2 3 ( 47r )l amC l 

Z7rh m z e c * 

= 

a(Ei — E n ) 2 

2,tm¥ 

= 

1 "frpMmncf 

2tt Tim 2 c 2 y n 1 


■5 9 

or me 


Ti 

a 5 mc 2 c 

fie 


a 2 mc 2 Ti 
2hc amc 


a 

2 


(0.51 MeU)3 x 10 


10 


(137 5 )(197 M eVF) 


cm/sec ( io_ 13 p/cm) M 2 x 1Q io sec 


-l 


This gives a life time of about 50 psec. 


29.15 Homework Problems 

1. The interaction term for Electric Quadrupole transitions correspond to a linear combination 
of spherical harmonics, Y 2 m, and are parity even. Find the selection rules for E2 transitions. 

2. Magnetic dipole transitions are due to an axial vector operator and hence are proportional to 
the Y\m but do not change parity (unlike a vector operator). What are the Ml selection rules? 

3. Draw the energy level diagram for hydrogen up to n = 3. Show the allowed El transitions. 
Use another color to show the allowed E2 and Ml transitions. 

4. Calculate the decay rate for the 3p —> Is transition. 

5. Calculate the decay rate for the 3d 2 p transition in hydrogen. 

6. Assume that we prepare Hydrogen atoms in the = V *211 state. We set up an experiment 
with the atoms at the origin and detectors sensitive to the polariztion along each of the 3 
coordinate axes. What is the probability that a photon with its wave vector pointing along 
the axis will be Left Circularly Polarized? 

7. Photons from the 3 p —» Is transition are observed coming from the sun. Quantitatively 
compare the natural line width to the widths from Doppler broadening and collision broadening 
expected for radiation from the sun’s surface. 
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29.16 Sample Test Problems 

1. A hydrogen atom is in the n = 5, 3 -Ds state. To which states is it allowed to decay via electric 
dipole transitions? What will be the polarization for a photon emitted along the z-axis if m; 
decreases by one unit in the decay? 

2. Derive the selection rules for radiative transitions between hydrogen atom states in the electric 
dipole approximation. These are rules for the change in l,m, and s. 

3. State the selection rules for radiative transitions between hydrogen atom states in the electric 
dipole approximation. These are rules for the allowed changes in l, to, s, and parity. They can 
be easily derived from the matrix element given on the front of the test. Draw an energy level 
diagram (up to n = 3) for hydrogen atoms in a weak B field. Show the allowed El transitions 
from n = 3 to n = 1 on that diagram. 

4. Calculate the differential cross section, for high energy scattering of particles of momentum 
p, from a spherical shell delta function 

V(r) = A 5(r — r 0 ) 

Assume that the potential is weak so that perturbation theory can be used. Be sure to write 
your answer in terms of the scattering angles. 

5. Assume that a heavy nucleus attracts K 0 mesons with a weak Yakawa potential V (r) = ¥a . e ~ ar . 
Calculate the differential cross section, (fe, for scattering high energy K 0 mesons (mass uik) 
from that nucleus. Give your answer in terms of the scattering angle 0. 
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30 Scattering 


This material is covered in Gasiorowicz Chapter 23. 

Scattering of one object from another is perhaps our best way of observing and learning about the 
microscopic world. Indeed it is the scattering of light from objects and the subsequent detection of 
the scattered light with our eyes that gives us the best information about the macroscopic world. 
We can learn the shapes of objects as well as some color properties simply by observing scattered 
light. 

There is a limit to what we can learn with visible light. In Quantum Mechanics we know that 
we cannot discern details of microscopic systems (like atoms) that are smaller than the wavelength 
of the particle we are scattering. Since the minimum wavelength of visible light is about 
0.25 microns, we cannot see atoms or anything smaller even with the use of optical microscopes. 
The physics of atoms, nuclei, subatomic particles, and the fundamental particles and interactions in 
nature must be studied by scattering particles of higher energy than the photons of visible light. 

Scattering is also something that we are familiar with from our every day experience. For example, 
billiard balls scatter from each other in a predictable way. We can fairly easily calculate how billiard 
balls would scatter if the collisions were elastic but with some energy loss and the possibility of 
transfer of energy to spin, the calculation becomes more difficult. 

Let us take the macroscopic example of BBs scattering from billiard balls as an example to 
study. We will motivate some of the terminology used in scattering macroscopically. Assume we fire 
a BB at a billiard ball. If we miss the BB does not scatter. If we hit, the BB bounces off the ball 
and goes off in a direction different from the original direction. Assume our aim is bad and that the 
BB has a uniform probability distribution over the area around the billiard ball. The area of the 
projection of the billiard ball into two dimensions is just nR 2 if R is the radius of the billiard ball. 
Assume the BB is much smaller so that its radius can be neglected for now. 

We can then say something about the probability for a scattering to occur if we know the area of 
the projection of the billiard ball and number of BBs per unit area that we shot. 

N scat = -j^R 2 

Where N is the number of BBs we shot, A is the area over which they are spread, and R is the 
radius of the billiard ball. 

In normal scattering experiments, we have a beam of particles and we know the number of particles 
per second. We measure the number of scatters per second so we just divide the above equation by 
the time period T to get rates. 

Rate sca t = ——ttR 2 = (Incident Flux)(cross section ) 

VTlJL 

The incident flux is the number of particles per unit area per unit time in the beam. This is a 
well defined quantity in quantum mechanics, |j|. The cross section er is the projected area of the 
billiard ball in this case. It may be more complicated in other cases. For example, if we do not 
neglect the radius r of the BB, the cross section for scattering is 


o = i t(R + r) 2 . 
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Clearly there is more information available from scattering than whether a particle scatters or not. 
For example, Rutherford discovered that atomic nucleus by seeing that high energy alpha 
particles sometimes backscatter from a foil containing atoms. The atomic model of the time did not 
allow this since the positive charge was spread over a large volume. We measure the probability to 
scatter into different directions. This will also happen in the case of the BB and the billiard ball. 
The polar angle of scattering will depend on the “impact parameter” of the incoming BB. We can 
measure the scattering into some small solid angle d£l. The part of the cross section er that scatters 
into that solid angle can be called the differential cross section The integral over solid angle 
will give us back the total cross section. 



The idea of cross sections and incident fluxes translates well to the quantum mechanics we are using. 

If the incoming beam is a plane wave, that is a beam of particles of definite momentum or wave 
number, we can describe it simply in terms of the number or particles per unit area per second, the 
incident flux. The scattered particle is also a plane wave going in the direction defined by dfl. 

What is left is the interaction between the target particle and the beam particle which causes the 
transition from the initial plane wave state to the final plane wave state. 

We have already studied one approximation method for scattering called a partial wave analysis (See 
section 15.6) . It is good for scattering potentials of limited range and for low energy scattering. 

It divides the incoming plane wave in to partial waves with definite angular momentum. The high 
angular momentum components of the wave will not scatter (much) because they are at large distance 
from the scattering potential where that potential is very small. We may then deal with just the 
first few terms (or even just the £ = 0 term) in the expansion. We showed that the incoming partial 
wave and the outgoing wave can differ only by a phase shift for elastic scattering. If we calculate 
this phase shift Se, we can then determine the differential scattering cross section. 

Let’s review some of the equations. A plane wave can be decomposed into a sum of spherical waves 
with definite angular momenta which goes to a simple sum of incoming and outgoing spherical waves 
at large r. 

OO OO 

e ikz = e ikr cose = y' ^/ 47r ( 2 a + 1 )i e j e (kr)Y eo -> - V ^ 4 n( 2 £+l)i e —— _ e i(kr-t^/ 2 )\ Ym 

ZIKT \ / 

e=o e=o 

A potential causing elastic scattering will modify the phases of the outgoing spherical waves. 

oo 1 

lira Ip = - V \J47r(2£ + l)i e - / r-in/2) _ e 2iSc(k) e i(kr-en/2)\ y 

r-s-oo 2 ikr V / 

e=o 


We can compute the differential cross section for elastic scattering. 

da 1 


dfl k 2 


^(2f + sin(cb(fc))P/>(cos 6) 


It is useful to write this in terms of the amplitudes of the scattered waves. 

= W(2<+l)e»<‘>sin(&(t))P ( (cos9)=^/i(e,fl 
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As an example, this has been used to compute the cross section for scattering from a spherical 
potential well (See section 15.7) assuming only the £ = 0 phase shift was significant. By matching 
the boundary conditions at the boundary of the spherical well, we determined the phase shift. 

C fc cos(fca) sin(fc'a) — cos(fc'a) sin(fca) 

B k sin(fco) sin(fc'a) + k' cos(fc'a) cos(fca) 


The differential cross section is 


which will have zeros if 


da sin 2 (<5o) 

dtt P 

k' cot(fc'a) = fccot(fca). 


We can compute the total scattering cross section using the relation f dQP((cos9)P^(cos9) = 
U+T^W- 


°tot = J dn\f(o,ci>)f 


dfl 


■ + 1 y Sl(k) sin(^ (k))Pe (cos 9) 


■ ^(2f + l)e"^ (fe) sm(#(fc))i^(cos6>) 


47T 

F 


^(2£ + 1) sin {8i(k)Y 


It is interesting that we can relate the total cross section to the scattering amplitude at 9 = 0, for 
which Pi( 1) = 1. 


/(# = 0, <f>) 


Im [f{9 = 0, 0)] 


®tot 


j V(2£+l)e^ (fe) sin(^(fe)) 

k t 

jV(2£+ 1 )sin 2 (^(fc)) 

K i 

jr Im lf( 6 = °’^)] 


The total cross section is related to the imaginary part of the forward elastic scattering amplitude. 
This seemingly strange relation is known as the Optical Theorem. It can be understood in terms 
of removal of flux from the incoming plane wave. Remember we have an incoming plane wave plus 
scattered spherical waves. The total cross section corresponds to removal of flux from the plane wave. 
The only way to do this is destructive interference with the scattered waves. Since the plane wave is 
at 9 = 0 it is only the scattered amplitude at 9 = 0 that can interfere. It is therefore reasonable that 
a relation like the Optical Theorem is correct, even when elastic and inelastic processes are possible. 

We have not treated inelastic scattering. Inelastic scattering can be a complex and interesting 
process. It was with high energy inelastic scattering of electrons from protons that the quark 
structure of the proton was “seen”. In fact, the electrons appeared to be scattering from essentially 
free quarks inside the proton. The proton was broken up into sometimes many particles in the 
process but the data could be simply analyzed using the scatter electron. In a phase shift analysis, 
inelastic scattering removes flux from the outgoing spherical waves. 

oo 1 

lim ip = -V ^/4ir{2£+l)i e — _ Ve (k)e 2lSe(k) e^ kr - (n/2) ) Y eo 

r—>• oo ^^ hkr V / 

£=0 
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Here 0 < < 1, with 0 represent complete absorption of the partial wave and 1 representing purely 

elastic scattering. An interesting example of the effect of absorption (or inelastic production of 
another state) is the black disk. The disk has a definite radius a and absorbs partial waves for 
£ < ka. If one works out this problem, one finds that there is an inelastic scattering cross section 
of (Jinei = ™ 2 - Somewhat surprisingly the total elastic scattering cross section is a e i as = 7ra 2 . The 
disk absorbs part of the beam and there is also diffraction around the sharp edges. That is, the 
removal of the outgoing spherical partial waves modifies the plane wave to include scattered waves. 

For high energies relative to the inverse range of the potential, a partial wave analysis is not helpful 
and it is far better to use perturbation theory. The Born approximation is valid for high energy 
and weak potentials. If the potential is weak, only one or two terms in the perturbation series need 
be calculated. 


If we work in the usual center of mass system, we have a problem with one particle scattering in a 
potential. The incoming plane wave can be written as 

The scattered plane wave is 

MV = 7^ e?;feV * 

We can use Fermi’s golden rule to calculate the transition rate to first order in perturbation theory. 

R ^ f = T 

The delta function expresses energy conservation for elastic scattering which we are assuming at 
this point. If inelastic scattering is to be calculated, the energy of the atomic state changes and 
that change should be included in the delta function and the change in the atomic state should be 
included in the matrix element. 


The elastic scattering matrix element is 


(V’/WWi) = ^l d 3 re- rk f s V(r)e rk ^ =±J d 3 re~' K - s V(r) = ^V(A) 

where A = kf — ki. We notice that this is just proportional to the Fourier Transform of the potential. 
Assuming for now non-relativistic final state particles we calculate 
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We now need to convert this transition rate to a cross section. Our wave functions are normalize 
to one particle per unit volume and we should modify that so that there is a flux of one particle 
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per square centimeter per second to get a cross section. To do this we set the volume to be V = 
(1 cm 2 )(vrei){ 1 second). The relative velocity is just the momentum divided by the reduced 
mass. 



<7 


do 

dQ 


This is a very useful formula for scattering from a weak potential or for scattering at high energy 
for problems in which the cross section gets small because the Fourier Transform of the potential 
diminishes for large values of A:. It is not good for scattering due to the strong interaction since cross 
sections are large and do not typically decrease at high energy. Note that the matrix elements and 
hence the scattering amplitudes calculated in the Born approximation are real and therefore do not 
satisfy the Optical Theorem. This is a shortcoming of the approximation. 


30.1 Scattering from a Screened Coulomb Potential 

A standard Born approximation example is Rutherford Scattering, that is, Coulomb scattering of a 
particle of charge Z\e in a screened Coulomb potential </>(r) = Z^ e ~ r l a _ The exponential represents 
the screening of the nuclear charge by atomic electrons. Without screening, the total Coulomb 
scattering cross section is infinite because the range of the force in infinite. 

The potential energy then is 



We need to calculate its Fourier Transform. 


V{A) = Z^e 2 


1 



r 


Since the potential has spherical symmetry, we can choose A to be in the 2 direction and proceed 
with the integral. 
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Since A = kf — ki, we have A 2 = k 2 + k 2 — 2 kfki cosd. For elastic scattering, A 2 = 2k 2 (1 — cos 9). 
The differential cross section is 


da 

dQ 
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4tt 2 Ti 
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47r 2 ?i 4 4-+ 2fc 2 (l - cos0) 
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In the last step we have used the non-relativistic formula for energy and 1 — cos 9 = \ sin 2 §■. 

The screened Coulomb potential gives a finite total cross section. It corresponds well with the 
experiment Rutherford did in which a particles were scattered from atoms in a foil. If we scatter 
from a bare charge where there is no screening, we can take the limit in which a —> oo. 

Z\Z 2 e 2 2 
4E sin 2 f 

The total cross section diverges in due to the region around zero scattering angle. 


30.2 Scattering from a Hard Sphere 


Assume a low energy beam is incident upon a small, hard sphere of radius tq. We will assume that 
hkro < h so that only the £ = 0 partial wave is significantly affected by the sphere. As with the 
particle in a box, the boundary condition on a hard surface is that the wavefunction is zero. Outside 
the sphere, the potential is zero and the wavefunction solution will have reached its form for large 
r. So we set 


^g-i(fcr 0 -t7r/2) 


e 2i5 t (k) e i(kr 0 -t-R/'2)'^ _ ^-ikr 0 
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S 0 (k) = - 


kr 0 



e lSf ( fe ) sin(Se(k))Po(cos6) 


2 



For very low energy, kro « 1 and 


da (kro) 2 

dh ~ k 2 



The total cross section is then a = 47T7q which is 4 times the area of the hard sphere. 


30.3 Homework Problems 

1. Photons from the 3 p —> Is transition are observed coming from the sun. Quantitatively 
compare the natural line width to the widths from Doppler broadening and collision broadening 
expected for radiation from the sun’s surface. 


30.4 Sample Test Problems 

1. Calculate the differential cross section, for high energy scattering of particles of momentum 
p, from a spherical shell delta function 


V(r) = XS(r - r 0 ) 


Assume that the potential is weak so that perturbation theory can be used. Be sure to write 
your answer in terms of the scattering angles. 

2. Assume that a heavy nucleus attracts A'o mesons with a weak Yakawa potential V (r) = ^-e~ ar . 
Calculate the differential cross section, for scattering high energy K 0 mesons (mass itik) 
from that nucleus. Give your answer in terms of the scattering angle 9. 






31 Classical Scalar Fields 


The non-relativistic quantum mechanics that we have studied so far developed largely between 
1923 and 1925, based on the hypothesis of Plank from the late 19th century. It assumes that a 
particle has a probability that integrates to one over all space and that the particles are not created 
or destroyed. The theory neither deals with the quantized electromagnetic field nor with the 
relativistic energy equation. 

It was not long after the non-relativistic theory was completed that Dirac introduced a relativistic 
theory for electrons. By about 1928, relativistic theories, in which the electromagnetic field was 
quantized and the creation and absorption of particles was possible, had been developed by Dirac. 

Quantum Mechanics became a quantum theory of fields, with the fields for bosons and fermions 
treated in a symmetric way, yet behaving quite differently. In 1940, Pauli proved the spin- 
statistics theorem which showed why spin one-half particles should behave like fermions and spin 
zero or spin one particles should have the properties of bosons. 

Quantum Field Theory (QFT) was quite successful in describing all detailed experiments in elec¬ 
tromagnetic interactions and many aspects of the weak interactions. Nevertheless, by the 1960s, 
when our textbook was written, most particle theorists were doubtful that QFT was suitable for 
describing the strong interactions and some aspects of the weak interactions. This all changed 
dramatically around 1970 when very successful Gauge Theories of the strong and weak 
interactions were introduced. By now, the physics of the electromagnetic, weak, and strong in¬ 
teractions are well described by Quantum Field (Gauge) Theories that together from the Standard 
Model. 

Dirac’s relativistic theory of electrons introduced many new ideas such as antiparticles and four 
component spinors. As we quantize the EM field, we must treat the propagation of photons rela- 
tivistically. Hence we will work toward understanding relativistic QFT. 

In this chapter, we will review classical field theory, learn to write our equations in a covariant way 
in four dimensions, and recall aspects of Lagrangian and Hamiltonian formalisms for use in field 
theory. The emphasis will be on learning how all these things work and on getting practice with 
calculations, not on mathematical rigor. While we already have a good deal of knowledge about 
classical electromagnetism, we will start with simple field theories to get some practice. 


31.1 Simple Mechanical Systems and Fields 

This section is a review of mechanical systems largely from the point of view of Lagrangian 
dynamics. In particular, we review the equations of a string as an example of a field theory in one 
dimension. 

We start with the Lagrangian of a discrete system like a single particle. 

L(q, q) = T — V 


Lagrange’s equations are 


d 


dL 


dL 
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where the qi are the coordinates of the particle. This equation is derivable from the principle of 
least action. 

*2 

5 J L(qi, <ji)dt = 0 
^1 

Similarly, we can define the Hamiltonian 

H(qt,Pi) = ^Piii - L 

i 

where pi are the momenta conjugate to the coordinates qi. 

dL 



For a continuous system, like a string, the Lagrangian is an integral of a Lagrangian density function. 



For example, for a string, 





2 


where Y is Young’s modulus for the material of the string and p is the mass density. The Euler- 
Lagrange Equation for a continuous system is also derivable from the principle of least action 
states above. For the string, this would be. 


d f dC \ d ( 8C \ dC 
dx \d(drj/dx)) + dt \d(drj/dt) J ~ !hj 


Recall that the Lagrangian is a function of r) and its space and time derivatives. 


The Hamiltonian density can be computed from the Lagrangian density and is a function of the 
coordinate rj and its conjugate momentum. 


.dC 

H = V TTT - C 
or) 


In this example of a string, r)(x,t) is a simple scalar field. The string has a displacement at each 
point along it which varies as a function of time. 


If we apply the Euler-Lagrange equation, we get a differential equation that the string’s 
displacement will satisfy. 


C 

d f dC \ d f dC \ dC 
dx \d(drj/dx) J dt \d(drj/dt)) dr) 

d C 
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dC 

d{d?]/dt) ~ m 

d 2 r\ 

-Y-^+W + O = 0 

Y d 2 r] 
v = Jid.Y 2 

This is the wave equation for the string. There are easier ways to get to this wave equation, but, 
as we move away from simple mechanical systems, a formal way of proceeding will be very helpful. 


31.2 Classical Scalar Field in Four Dimensions 

Assume we have a field defined everywhere in space and time. For simplicity we will start 
with a scalar field (instead of the vector... fields of E&M). 

t ) 

The property that makes this a true scalar field is that it is invariant under rotations and 
Lorentz boosts. 

<t>{r,t) = 


The Euler-Lagrange equation derived from the principle of least action is 

d ( dC \ d / dC \ dC 

^ dxk \d(d<j)/dxk)) + dt \d{d(j>/dt) J d(j) 

Note that since there is only one field, there is only one equation. 


Since we are aiming for a description of relativistic quantum mechanics, it will benefit us to write our 
equations in a covariant way. I think this also simplifies the equations. We will follow the notation 
of Sakurai. (The convention does not really matter and one should not get hung up on it.) As 
usual the Latin indices like will run from 1 to 3 and represent the space coordinates. The 

Greek indices like /r, z/, cr, A... will run from 1 to 4. Sakurai would give the spacetime coordinate 
vector either as 

(x 1 ,x 2 ,X 3 ,x 4: ) = (x, y, z, ict) 


or as 

(x 0 ,xi,x 2 ,x 3 ) = (t,x,y,z) 
and use the former to do real computations. 


We will not use the so called covariant and contravariant indices. Instead we will put an i on the 
fourth component of a vector which give that component a — sign in a dot product. 

2 , 2 i 2 2 <2 

x^Xfj, = x + y + z — c t 

Note we can have all lower indices. As Sakurai points out, there is no need for the complication of a 
metric tensor to raise and lower indices unless general relativity comes into play and the geometry of 
space-time is not flat. We can assume the i in the fourth component is a calculational convenience, 
not an indication of the need for complex numbers in our coordinate systems. So while we may 
have said “farewell to ict” some time in the past, we will use it here because the notation is less 
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complicated. The i here should never really be used to multiply an i in the complex wave function, 
but, everything will work out so that doesn’t happen unless we make an algebra mistake. 

The spacetime coordinate x M is a Lorentz vector transforming under rotations and boosts as follows. 

(Note that we will always sum over repeated indices, Latin or Greek.) The Lorentz transfor¬ 
mation is done with a 4 by 4 matrix with the property that the inverse is the transpose of the 
matrix. 

a ilV = 

The ciij and 6(44 are real while the 04 ^ and Oj 4 are imaginary in our convention. Thus we may 
compute the coordinate using the inverse transformation. 

Vectors transform as we change our reference system by rotating or boosting. Higher rank tensors 
also transform with one Lorentz transformation matrix per index on the tensor. 

The Lorentz transformation matrix to a coordinate system boosted along the x direction is. 

/ 7 0 0 */Ty\ 

0 10 0 1 

a ^ u ~ 0 0 10 

V — ip 7 0 0 7 / 

The i shows up on space-time elements to deal with the i we have put on the time components of 
4-vectors. It is interesting to note the similarity between Lorentz boosts and rotations. A rotation 
in the xy plane through an angle 0 is implemented with the transformation 

/ cos 9 sin0 0 0\ 

_ — sin d cos (9 0 01 

a P" ~ | 0 0 1 0 ' 

\0 001 / 

A boost along the x direction is like a rotation in the xt through an angle of 6 where tanhd = /3. 
Since we are in Minkowski space where we need a minus sign on the time component of dot products, 
we need to add an i in this rotation too. 
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0 1 
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0 

1 

° 
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0 

1 

° 
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0 

1 

0 

V — sin id 
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0 

cos id / 

V — isinhd 

0 

0 

cosh0 / 

V — i/Ty 

0 

0 

7 / 


Effectively, a Lorentz boost is a rotation in which tan id = fi. We will make essentially no use 
of Lorentz transformations because we will write our theories in terms of Lorentz scalars 
whenever possible. For example, our Lagrangian density should be invariant. 

C! (x') = C(x) 

The Lagrangians we have seen so far have derivatives with respect to the coordinates. The 4-vector 
way of writing this will be jJ-. We need to know what the transformation properties of this are. 
We can compute this from the transformations and the chain rule. 

Xi/ — CL^iuX^ 

d dx v d d 

dx' dx' dx„ dx v 

fix p 
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This means that it transforms like a vector. Compare it to our original transformation formula 
for Xft. 

X ^ = CL^i/Xi/ 

We may safely assume that all our derivatives with one index transform as a vector. 

With this, lets work on the Euler-Lagrange equation to get it into covariant shape. Remember that 
the field 0 is a Lorentz scalar. 

V — ( dc \ — ( dc 

dx k \d(d<fi/dxk)) + dt \d{d(f>/dt) 

^ 9 f dC \ d f dC 
■“ dxk \d(d<t>/dxk)) + d(ict) \d(d<j>/d(ict)) 

9 f dC 

dxp V9(90/9:e m ) 


This is the Euler-Lagrange equation for a single scalar field. Each term in this equation is a 
Lorentz scalar, if £ is a scalar. 


dC 
9 0 


= 0 


-I- 

-l=» 


5 

f d£ ) 

dc 0 

dx u 

19(90/9 x u )J 

90 


Now we want to find a reasonable Lagrangian for a scalar field. The Lagrangian depends on 
the 4> and its derivatives. It should not depend explicitly on the coordinates ;r ; ,, since that 
would violate translation and/or rotation invariance. We also want to come out with a linear wave 
equation so that high powers of the field should not appear. The only Lagrangian we can choose 
(up to unimportant constants) is 


1 


£ = —- 


dfi d 0 , 2,2 


2 ydxv dx v 


The one constant /j, sets the ratio of the two terms. The overall constant is not important except to 
match the T — V definition. Remember that 0 is a function of the coordinates. 

With this Lagrangian, the Euler-Lagrange equation is. 


d 


dx b 


90 


TT- -Q- +A* 0 = o 


dx 
d d 


dx,j, dx^ 


' — = 0 


□ 0 - /J 0 = 0 


This is the known as the Klein-Gordon equation. It is a good relativistic equation for a massive 
scalar field. It was also an early candidate for the relativistic equivalent of the Schrodinger equation 
for electrons because it basically has the relativistic analog of the energy relation inherent in 
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the Schrodinger equation. Writing that relation in the order terms appear in the Klein-Gordon 
equation above we get (letting c = 1 briefly). 

- p 2 + E 2 - m 2 = 0 

Its worth noting that this equation, unlike the non-relativistic Schrodinger equation, relates the 
second spatial derivative of the field to the second time derivative. (Remember the Schrodinger 
equation has i times the first time derivative as the energy operator.) 


So far we have the Lagrangian and wave equation for a “free” scalar field. There are no sources 
of the field (the equivalent of charges and currents in electromagnetism.) Lets assume the source 
density is p{x ll ). The source term must be a scalar function so, we add the term (j>p to the Lagrangian. 


C = - 


1 

2 


/ dcf) dcj) 
\ dx u dx v 



+ (t>p 


This adds a term to the wave equation. 


□ 0 — pfcj) = p 


Any source density can be built up from point sources so it is useful to understand the field gen¬ 
erated by a point source as we do for electromagnetism. 

p{x,t) = p{xn) = GS 3 (x ) 

This is a source of strength G at the origin. It does not change with time so we expect a static field. 


The Euler-Lagrange equation becomes. 


V 2 ^- p 2 (f = GS 3 {x) 


We will solve this for the field from a point source below and get the result 


(f>{x) 


-Ge~^ r 

471T 


This solution should be familiar to us from the scalar potential for an electric point charge which 
satisfies the same equation with p = 0, V 2 0 = — p = —QS 3 (x). This is a field that falls off much 
faster than -. A massive scalar field falls off exponentially and the larger the mass, the faster 
the fall off. (We also get a mathematical result which is useful in several applications. This is worked 
out another way in the section on hyperfine splitting) V 2 ^ = — 4:Tt5 3 (x). 


Now we solve for the scalar field from a point source by Fourier transforming the wave equation. 
Define the Fourier transforms to be. 
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We now take the transform of both sides of the equation. 

V 2 7> — = G5 3 (x) 

d 3 x e~ ik - s {S7 2 (j) - /i 2 </») 
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d 3 a; e~ ik ' s GS 3 (x) 


To deal with the V 2 , we have integrated by parts twice assuming that the field falls off fast enough 
at infinity. 

We now have the Fourier transform of the field of a point source. If we can transform back 
to position space, we will have the field. This is a fairly standard type of problem in quantum 
mechanics. 


<£(£) = 


1 


(2tt)5 _ 

-G 
(27r) 3 J 

-27rG 

-G 


d 3 fc e ife ' 5 




-G 1 

( 2 tt ) 2 (A 2 + /r 2 ) 

ik-x 


(fc 2 +/Z 2 ) 

1 


D ifcr cos 6k 


k 2 dk 


(P+M 2 ) 


d cos dfc 


(27t) 2 J ( k 2 + fi 2 ) 


-G 


e ikrcos9k d cos 0 k dk 


(2ir) 2 J ( k 2 + fi 2 ) 
-G f k 


1 


a ikr cos 


(27r) 2 *r 7 (P + /r 2 ) 

OO 

-G f k 


ikr 

(<e ifer - e - ifcr ) dk 


dk 
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This is now of a form for which we can use Cauchy’s theorem for contour integrals. The theorem 
says that an integral around a closed contour in the complex plane is equal to 27ri times 
the sum of the residues at the poles enclosed in the contour. Contour Integration is a powerful 
technique often used in quantum mechanics. 

If the integrand is a function of the complex variable k , a pole is of the form ^ where r is called the 
residue at the pole. The integrand above has two poles, one at k = ifj, and the other at k = —i/i. 
The integral we are interested in is just along the real axis so we want the integral along 
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the rest of the contour to give zero. That’s easy to do since the integrand goes to zero at infinity on 
the real axis and the exponentials go to zero either at positive or negative infinity for the imaginary 
part of k. Examine the integral j> e * fer dk around a contour in the upper half plane as 

shown below. 



The pole inside the contour is at k = in- The residue at the pole is 


' ke ikr 1 _ ine~» r _ 1 _^ r 

_k + in J fc=i in + i/i 2 


The integrand goes to zero exponentially on the semicircle at infinity so only the real axis contributes 
to the integral along the contour. The integral along the real axis can be manipulated to do the 
whole problem for us. 
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k = k' 


k 2 + p t 2 
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k 2 + p 2 
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OO 
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e ifcr dfc - 
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e ikr dk = 
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k 2 + /i 2 


_ g-ifcr) = 


This is exactly the integral we wanted to do. 

Plug the integral into the Fourier transform we were computing. 
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In this case, it is simple to compute the interaction Hamiltonian from the interaction Lagrangian 
and the potential between two particles. Lets assume we have two particles, each with the same 
interaction with the field. 

p{x,t) = p(x) = G6 3 (x) 

Now compute the Hamiltonian. 


int 

i Hint 

= -<t>p 

= 4 c 

acp 

Hint 

= j n mt d 3 x 2 

^int 

= / <t>lp2d 3 X 2 


int — £i n t — (\>p 
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We see that this is a short-range, attractive potential. 

This was proposed by Yukawa as the nuclear force. He predicted a scalar particle with a mass 
close to that of the pion before the pion was discovered. His prediction of the mass was based on the 
range of the nuclear force, on the order of one Fermi. In some sense, his prediction is approximately 
correct. Pion exchange can explain much of the nuclear force but does not explain all the details. 
Pions and nucleons have since been show to be composite particles with internal structure. Other 
composites with masses larger than the pion also play a role in the force between nucleons. 

Pions were also found to come in three charges: 7r + , i r _ , and 7r°. This would lead us to develop a 
complex scalar field as done in the text. Its not our goal right now so we will skip this. Its interesting 
to note that the Higgs Boson is also represented by a complex scalar field. 
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We have developed a covariant classical theory for a scalar field. The Lagrangian density is a 
Lorentz scalar function. We have included an interaction term to provide a source for the field. 
Now we will attempt to do the same for classical electromagnetism. 
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32 Classical Maxwell Fields 

32.1 Rationalized Heaviside-Lorentz Units 


The SI units are based on a unit of length of the order of human size originally related to the 
size of the earth, a unit of time approximately equal to the time between heartbeats, and a unit of 
mass related to the length unit and the mass of water. None of these depend on any even nearly 
fundamental physical quantities. Therefore many important physical equations end up with extra 
(needless) constants in them like c. Even with the three basic units defined, we could have chosen 
the unit of charge correctly to make eo and fio unnecessary but instead a very arbitrary choice was 
made /To = 47t x 1(U 7 and the Ampere is defined by the current in parallel wires at one meter 
distance from each other that gives a force of 2 x 10” 7 Newtons per meter. The Coulomb is set so 
that the Ampere is one Coulomb per second. With these choices SI units make Maxwell’s 
equations and our filed theory look very messy. 

Physicists have more often used CGS units in which the unit of charge and definition of the field 
units are set so that eo = 1 and /to = 1 so they need not show up in the equations. The CGS 
units are not perfect, however, and we will want to change them slightly to make our theory of the 
Maxwell Field simple. The mistake made in defining CGS units was in removing the 47r that show 
up in Coulombs law. Coulombs law is not fundamental and the 47r belonged there. 

We will correct this little mistake and move to Rationalized Heaviside-Lorentz Units by making 
a minor modification to the unit of charge and the units of fields. With this modification, our field 
theory will have few constants to carry around. As the name of the system of units suggests, the 
problem with CGS has been with n. We don’t need to change the centimeter, gram or second to fix 
the problem. 

In Rationalized Heaviside-Lorentz units we decrease the field strength by a factor of \/47r and 
increase the charges by the same factor, leaving the force unchanged. 

E 

-> 

B 

A 

-t 

—> e\fkn 

e 2 _ 1 

AtyTlc 137 


y/Ai r 


\f^K 



E 

B 

A 


e 



Its not a very big change but it would have been nice if Maxwell had started with this set of units. 
Of course the value of a cannot change, but, the formula for it does because we have redefined the 
charge e. 

Maxwell's Equations in CGS units are 

= 0 


V ■ B 

- - 1 dB 

V x E + - — 
c at 


0 
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The Lorentz Force is 


V-F 

- * 1 dE 

VxB--— 
c at 


47rp 
47T -? 


F = —e(F H—u x 
c 


F). 


When we change to Rationalized Heaviside-Lorentz units, the equations become 


V • F = 0 

- =. ldB 

V x F H-— = 0 

_ _p at 

V • F = p 

- - iff l- 

v x F- = -J 

COT C 

F = —e(F H—u x F) 

_L_ 


That is, the equations remain the same except the factors of 47r in front of the source terms disappear. 
Of course, it would still be convenient to set c = 1 since this has been confusing us about 4D geometry 
and c is the last unnecessary constant in Maxwell’s equations. For our calculations, we can set c = 1 
any time we want unless we need answers in centimeters. 


32.2 The Electromagnetic Field Tensor 

The transformation of electric and magnetic fields under a Lorentz boost we established even before 
Einstein developed the theory of relativity. We know that E-fields can transform into B-fields and 
vice versa. For example, a point charge at rest gives an Electric field. If we boost to a frame in which 
the charge is moving, there is an Electric and a Magnetic field. This means that the E-field cannot 
be a Lorentz vector. We need to put the Electric and Magnetic fields together into one (tensor) 
object to properly handle Lorentz transformations and to write our equations in a covariant way. 

The simplest way and the correct way to do this is to make the Electric and Magnetic fields com¬ 
ponents of a rank 2 (antisymmetric) tensor. 


( 0 

B z 

— By —IE. 

-B z 

0 

B x 

—iE q 

By 

—B x 

0 

—iE 

V iE x 

iEy 

iE z 

0 


The fields can simply be written in terms of the vector potential, (which is a Lorentz vector) 
A-n = {A,i4>). 


, _ dA u _ dAf_ i 

IJ ‘ V dx„ dx v 
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Note that this is automatically antisymmetric under the interchange of the indices. As before, the 
first two (sourceless) Maxwell equations are automatically satisfied for fields derived from 
a vector potential. We may write the other two Maxwell equations in terms of the 4-vector 
> = G,icp). 


dF^ _ jp 
dx,, c 


Which is why the T-shirt given to every MIT freshman when they take Electricity and Magnetism 
should say 

"... and God said -J- (- fM = & and there was light.” 

ox u \ ox^ ox v J c ° 

Of course he or she hadn’t yet quantized the theory in that statement. 


For some peace of mind, lets verify a few terms in the equations. Clearly all the diagonal terms 
in the field tensor are zero by antisymmetry. Lets take some example off-diagonal terms in the field 
tensor, checking the (old) definition of the fields in terms of the potential. 


B 

E 

El 2 

El 3 


F&i 


Vxl 



1 OA 

-V0- 

c dt 

dA 2 

dAi 

dxi 

dx 2 

dA 3 

dAj 

dx\ 

dx 3 

dAi 

dA 4 

dX4 

dxi 


(V x A) z = B z 

— (V X A)y = —By 

1 dAi d(icf)) 
ic dt dxi 


(1 dAi 

\c dt 



( _j_ 1 9Aj\ 

\dxi c dt J 


= iEi 


Lets also check what the Maxwell equation says for the last row in the tensor. 


dF 4v 

U 

dX V 

c 

dF u 

icp 

dxi 

c 

dUEA 

dxi 

- *p 

dEi 

dxi 

= p 

V-E 

= p 


We will not bother to check the Lorentz transformation of the fields here. Its right. 
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32.3 The Lagrangian for Electromagnetic Fields 


There are not many ways to make a scalar Lagrangian from the field tensor. We already know 
that 

dF^ = 
dx v c 

and we need to make our Lagrangian out of the fields, not just the current. Again, x^ cannot 
appear explicitly because that violates symmetries of nature. Also we want a linear equation and 
so higher powers of the field should not occur. A term of the form mA^A^ is a mass term and would 
cause fields to fall off faster than A So, the only reasonable choice is 

= 2 (B 2 - E 2 ). 


One might consider 


£f±v\aFfii/Fxrj — B • E 


but that is a pseudo-scalar, not a scalar. That is, it changes sign under a parity transformation. 
The EM interaction is known to conserve parity so this is not a real option. As with the scalar field, 
we need to add an interaction with a source term. Of course, we know electromagnetism well, 
so finding the right Lagrangian is not really guess work. The source of the field is the vector so 
the simple scalar we can write is j^A^. 


The Lagrangian for Classical Electricity and Magnetism we will try is. 


F-em — ^F^yF^y T ^j^A^ 


In working with this Lagrangian, we will treat each component of A as an independent field. 
The next step is to check what the Euler-Lagrange equation gives us. 


d / dC \ _ dF_ 

dx v ydidA^/dxv) J dA M 

C 

dC 

d{dA fJ ,/dx v ) 


JL F 

dx u dA 


d 




axjy c 

dx„ ^ 


0 


^F^F^v + ^j^A^ — 

1 d / dA a _ 

1d{dA IJi /dx v ) VdccA 

1 d f dA a 

4 d(dA^/dx„) \ dx\ 

_ I 4 f dAn _ 

4 V dx v dx^ ) 

-F vl j, = F^ 


1 f^ L _dA E \ ( dA v 

4 \ dx f j, dx v ) V dxf, 

dA x \ / dA a _ A4A 
dx cr J V dx x dx c ,) 

dA<j _ ^ dA a dAx \ 
dx\ dx\ dx a J 


d\\ 

dx v J 


-Ju.A 




0 


0 

3± 

c 
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Note that, since we have four independent components of A^ as independent fields, we have four 
equations; or one 4-vector equation. The Euler-Lagrange equation gets us back Maxwell’s 
equation with this choice of the Lagrangian. This clearly justifies the choice of C. 


It is important to emphasize that we have a Lagrangian based, formal classical field theory for 
electricity and magnetism which has the four components of the 4-vector potential as the 
independent fields. We could not treat each component of as independent since they are 
clearly correlated. We could have tried using the six independent components of the antisymmetric 
tensor but it would not have given the right answer. Using the 4-vector potentials as the fields does 
give the right answer. Electricity and Magnetism is a theory of a 4-vector field A^. 


We can also calculate the free field Hamiltonian density, that is, the Hamiltonian density in 
regions with no source term. We use the standard definition of the Hamiltonian in terms of the 
Lagrangian. 

= ( dL \ L = ( dC \ ^-r 

\d(dA l _ l /ddt)) ddt \d(dA fl /dxi)) dx 4 

We just calculated above that 

_ M _ =F 

d(dAJdx u ) ^ 

which we can use to get 


dC 

= F^ 4 

d(dA^/dx 4) 


dA a 

H 

= ^) d ; r c 


dA u 1 


— F a ^4- F F 

~ m4 dx 4 4 ^ ^ 


H = F llA dAl1 


dx, ' 


We will use this once we have written the radiation field in a convenient form. In the meantime, we 
can check what this gives us in general in a region with no sources. 


H 


F 11 A U+ 

Uy, ( F.\ t , + 


dx^ J 
dA, 


dx. 






dA 4 1 

— r 4 ^, —- 1 - —r^ u r^ v 

C/X [i 4 

I ( E2+Sl ) +E *s 
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If we integrate the last term by parts, (and the fields fall to zero at infinity), then that term contains a V • E 
which is zero with no sources in the region. We can therefore drop it and are left with 

n = ^(e 2 + b 2 ). 

This is the result we expected, the energy density and an EM field. (Remember the fields have been decreased 
by a factor of \/At( compared to CGS units.) 


We will study the interaction between electrons and the electromagnetic field with the Dirac equation. 
Until then, the Hamiltonian used for non-relativistic quantum mechanics will be sufficient. We have 
derived the Lorentz force law from that Hamiltonian. 


H = 



+ eAg 


32.4 Gauge Invariance can Simplify Equations 

We have already studied many aspects of gauge invariance (See Section 20.3). in electromagnetism 
and the corresponding invariance under a phase transformation in Quantum Mechanics. One point 
to note is that, with our choice to “treat each component of A M as an independent field”, we are 
making a theory for the vector field A p with a gauge symmetry, not really a theory for the 
field Fft U . 

Recall that the gauge symmetry of Electricity and Magnetism and the phase symmetry of electron 
wavefunctions are really one and the same. Neither the phase of the wavefunction nor the vector 
potential are directly observable, but the symmetry is. 

We will not go over the consequences of gauge invariance again here, but, we do want to use gauge 
invariance to simplify our equations. 

Maxwell’s equation is 




dF, lv 

Jfl 



dx v 

c 

d ( 

dA v 

dAA 

jn 

dx v V 

dx^ 

dx v ) 

c 

d 

dA v 

d 2 A^ 


dx v 

■ dx^ 

dxl 

c 

d 2 A 

d 


3 n 

dxl 

dx^ 

dx v 

c 


We can simplify this basic equation by setting the gauge according to the Lorentz condition. 


dA v 

dx v 


= 0 


Afj i A^ 


d\ 
dx M 


The gauge transformation needed is 
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□X = - 


dA v 

dx v 


- old 


The Maxwell equation with the Lorentz condition now reads 


UA^ = - 


3n 


There is still substantial gauge freedom possible. The second derivative of A is set by the 
Lorentz condition but there is still freedom in the first derivative which will modify A. Gauge 
transformations can be made as shown below. 

. . dA 

A ^ Afi+ d^ 

□A = 0 


This transformation will not disturb the Lorentz condition which simplifies our equation. 
We will use a further gauge condition in the next chapter to work with transverse fields. 
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33 Quantum Theory of Radiation 

33.1 Transverse and Longitudinal Fields 

In non-relativistic Quantum Mechanics, the static Electric field is represented by a scalar potential, 
magnetic fields by the vector potential, and the radiation field also through the vector potential. 
It will be convenient to keep this separation between the large static atomic Electric field and the 
radiation fields, however, the equations we have contain the four-vector A^ with all the fields mixed. 
When we quantize the field, all E and B fields as well as electromagnetic waves will be made up of 
photons. It is useful to be able to separate the E fields due to fixed charges from the EM 
radiation from moving charges. This separation is not Lorentz invariant, but it is still useful. 

Enrico Fermi showed, in 1930, that Ay together with Aq give rise to Coulomb interactions between 
particles, whereas Aj_ gives rise to the EM radiation from moving charges. With this separation, we 
can maintain the form of our non-relativistic Hamiltonian, 



E 

i>j 




47r|^i — Xj 


+ H r 


where H ra d is purely the Hamiltonian of the radiation (containing only Aj_), and A± is the part 
of the vector potential which satisfies V • A± = 0. Note that Ay and A 4 appear nowhere in the 
Hamiltonian. Instead, we have the Coulomb potential. This separation allows us to continue with 
our standard Hydrogen solution and just add radiation. We will not derive this result. 


In a region in which there are no source terms, 

j'm = 0 

we can make a gauge transformation which eliminates Aq by choosing A such that 

1 <9 A 


dt 


= An. 


Since the fourth component of A M is now eliminated, the Lorentz condition now implies that 

V- 1=0. 


Again, making one component of a 4-vector zero is not a Lorentz invariant way of working. We have 
to redo the gauge transformation if we move to another frame. 

If hi 7 ^ then we cannot eliminate Aq, since DAo = — and we are only allowed to make gauge 
transformations for which DA = 0. In this case we must separate the vector potential into the 
transverse and longitudinal parts, with 

A = A_l + Ay 

V • Aj_ = 0 

V X Ay = 0 
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We will now study the radiation field in a region with no sources so that V • A = 0. We will use the 
equations 


B 

= Vxl 

_ 

1 dA 

E 

—- 

c dt 

1 dA 

= 0 

c 2 dt 2 


33.2 Fourier Decomposition of Radiation Oscillators 


Our goal is to write the Hamiltonian for the radiation field in terms of a sum of harmonic oscillator 
Hamiltonians. The first step is to write the radiation field in as simple a way as possible, as a sum 
of harmonic components. We will work in a cubic volume V = L 3 and apply periodic boundary 
conditions on our electromagnetic waves. We also assume for now that there are no sources inside 
the region so that we can make a gauge transformation to make Aq = 0 and hence V ■ A = 0. We 
decompose the field into its Fourier components at t = 0 

. 2 

M t = = £ {a) ( c ^(* = 0)^“ + <£,„(* = 0)e-**) 

k a—1 


where e^ are real unit vectors, and Ck, a is the coefficient of the wave with wave vector k and 
polarization vector i^ a \ Once the wave vector is chosen, the two polarization vectors must be 
picked so that e^, e^ 2 ), and k form a right handed orthogonal system. The components of 
the wave vector must satisfy 


h = 


2'KTli 

L 


due to the periodic boundary conditions. The factor out front is set 
since 


1 

V 


d i xe 


ik-x „—ik'• 


= 6 


kk' 


to normalize the states nicely 


and 


e(“> • e (Q/) = 6 n 


We know the time dependence of the waves from Maxwell’s equation, 

Ck,a(t) = Ck,a( 0)e~ luJt 

where u> = kc. We can now write the vector potential as a function of position and time. 
A(x,t) = ^=J2J2 i{a) (^Aty tS + 4 ta (t)e-^ s ) 

V k a=l 

We may write this solution in several different ways, and use the best one for the calculation being 
performed. One nice way to write this is in terms 4-vector k the wave number, 

kfj, = ~j~ = (k x , ky, = (k x , ky, k z , i—) 
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so that 


kpXp = k ■ x = k ■ x — cot. 

We can then write the radiation field in a more covariant way. 

i 2 

A(x : t) = -/=££e (a) k«(0)^ Ip +4, fl (0)e-^) 

^ k a=l 

A convenient shorthand for calculations is possible by noticing that the second term is just the 
complex conjugate of the first. 


A(£,*) = -^=£E e (a) (ckA0)e ikpXp 

* k a—1 

A(f, t) = -j= £ £ 

* V k a=l 


+ C.C .) 


+ c.c. 


Note again that we have made this a transverse field by construction. The unit vectors e are 
transverse to the direction of propagation. Also note that we are working in a gauge with A 4 = 0, 
so this can also represent the 4-vector form of the potential. The Fourier decomposition of the 
radiation field can be written very simply. 



This choice of gauge makes switching between 4-vector and 3-vector expressions for the potential 
trivial. 

Let’s verify that this decomposition of the radiation field satisfies the Maxwell equation, 

just for some practice. Its most convenient to use the covariant form of the equation and field. 

□A m = 0 


□ 



2 

££4“W(0)e ife ^ 

k OL =1 


+ c.c. 


1 2 

-i=J2J2i a)c ^ aeikpXp + c - c - 

V k a=l 
1 2 

-rn £ £ e^CkA0)(-k v k v )e ik ' x “ + c.c. = 0 

* * k a=l 


The result is zero since k^k^ = k 2 — k 2 = 0. 
Let’s also verify that V • A = 0. 

V • (^= £ £ e^c k , a (t)e itS + c.c. j 


-4 £ £ c k , a (t)e^ ■ Ve ik ' s + c.c. 

* k Q! = l 
1 2 

-= £ £ Cfc,a(i)e (a) • ke ik ' s + c.c. = 0 
k a=l 


The result here is zero because e ■ k = 0. 
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33.3 The Hamiltonian for the Radiation Field 


We now wish to compute the Hamiltonian in terms of the coefficients Cfc a (t). This is an 
important calculation because we will use the Hamiltonian formalism to do the quantization 

of the held. We will do the calculation using the covariant notation (while Sakurai outlines an 
alternate calculation using 3-vectors). We have already calculated the Hamiltonian density for 
a classical EM field. 


H ~ faj + 4 F; " /F/ ‘" 


U = 
n = 


dA^\ dAf, 


dA 4 


dxp dx 4 J dx 4 

dA p dA M 


1 (dA, _ (dA, _ dA t 
4 V dx,, dx„ J V dx,, dx v 


dx4 dx 4 


1 (dA u dA, 

2 


dx^ dx M 


dA v dA A 
dx M dx v 


Now lets compute the basic element of the above formula for our decomposed radiation field. 

i 2 

V 

y/V- 

1 


A a = 


dA „ 
dx v 

dA E 

dx v 

dA^ 

dx 4 


E E 4°° (ckA0)e ik ^ + c k,a(Q)e ikpXp ) 

k a=l 
2 

-4= E E 4 tt) +c* kta m-iK)e-' k ^) 

V k a—1 

*4= E E i a)k " (ckAV)e ikpXp - c fe,a(0) e_ifepXp ) 

^ /c ct=l 

-iEEE - clA0)e~ ik »A 

k a =i c 


We have all the elements to finish the calculation of the Hamiltonian. Before pulling this all together 
in a brute force way, its good to realize that almost all the terms will give zero. We see that 
the derivative of A M is proportional to a 4-vector, say k v and to a polarization vector, say ej"'. The 
dot products of the 4-vectors, either k with itself or k with e are zero. Going back to our expression 
for the Hamiltonian density, we can eliminate some terms. 


H 

n 

n 


dA M dA^ 
dx 4 dx 4 
dA^ dAfj, 
dx 4 dx 4 


dA v dA u 
dx M dx^ 

(0-0) 


dA^ dA M 
dx 4 dx 4 


dA v dA M \ 
dx M dx v J 


The remaining term has a dot product between polarization vectors which will be nonzero if the 
polarization vectors are the same. (Note that this simplification is possible because we have assumed 
no sources in the region.) 
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The total Hamiltonian we are aiming at, is the integral of the Hamiltonian density. 

H = J d 3 xU 

When we integrate over the volume only products like e lk p x p e ~ lk p x p w m give a nonzero result. So 
when we multiply one sum over k by another, only the terms with the same k will contribute to the 
integral, basically because the waves with different wave number are orthogonal. 

y J d 3 x e ik ^e~ ik >» = S kk , 


H 

H 

dA , u 
8 x 4 

H 

H 

H 

H 

H 


d 3 x'h 


dAf, dA ^ 
8x4 8x4 

1 


2 


\fv 


:(a) 

z^ z^ > 

k a=l 


( 0 ) 


UJ 


AkpXo 


^k^cx. 


(0)-e 

c 


—ikpXp 



dA M dA ,, t 
dxi 8x4 


- / d3 4^^( cfc ’ Q(o) 7 eifc ^ _4 ’“ (o) 7 e “ ifcpxp ) 2 

k CK—1 

- EE (~) [- Ck ,a:(t)4, a (t) - 4 ja (t)c fc ,a(t)] 

fc Q! = l 


EE O 2 [ c MW4,aW + 4,c(^MW] 


X] (-) [cft,a(t)4 >a (t) + Cfc )Q (t)c felQ (t)] 

fc,a 


This is the result we will use to quantize the field. We have been careful not to commute c 

and c* here in anticipation of the fact that they do not commute. 

It should not be a surprise that the terms that made up the Lagrangian gave a zero contribution 
because C = \{E 2 — B 2 ) and we know that E and B have the same magnitude in a radiation field. 
(There is one wrinkle we have glossed over; terms with k' = — k.) 


33.4 Canonical Coordinates and Momenta 

We now have the Hamiltonian for the radiation field. 


H = E (“) + 4 ,a(*) C k,c«(*)] 

k.a _ 
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It was with the Hamiltonian that we first quantized the non-relativistic motion of parti¬ 
cles. The position and momentum became operators which did not commute. Lets define 
Ck, a to be the time dependent Fourier coefficient. 

__ 2 

0/c,ck ^ Ofc,a 

We can then simplify our notation a bit. 

H = ( — ) [cfc, a Cfc iCt + C* k a Ck,a\ 

k,a ° 

This now clearly looks like the Hamiltonian for a collection of uncoupled oscillators; one 

oscillator for each wave vector and polarization. 


We wish to write the Hamiltonian in terms of a coordinate for each oscillator and the conjugate 
momenta. The coordinate should be real so it can be represented by a Hermitian operator and have 
a physical meaning. The simplest choice for a real coordinates is c + c*. With a little effort we can 

identify the coordinate 

Qk.a — (Ofc a T C k q,) 

C ’ 

and its conjugate momentum for each oscillator, 


VjJ , 


Pk,a — [Ck,a C k a ). 

C ’ 

The Hamiltonian can be written in terms of these. 

1 


H = + 


k,a 


T^E (° k ’ a ~ + (^) ( C fc,«+4,J 2 

k,oc L 

2 E (~) [ — [ c k,a ~ C* k cc ) 2 + (Ck,a + C* ka ) 2 \ 

k,cu 

2 5Z (“)' ^ [ c fc,a c fc,a + C k,a C k,a] 

k,cx 

^2 (~) [ Cfe .« C fc,a + c fc,a c fe,a] 


This verifies that this choice gives the right Hamiltonian. We should also check that this choice of 
coordinates and momenta satisfy Hamilton’s equations to identify them as the canonical 
coordinates. The first equation is 


dH 

dQk^a 

Qk,a 

W 2 

- [C k a + C k a ) 

C 

W 2 , * X 

-( Ck,a + C k ) 

C 


Pk,a 



Ct a ) 


C 

iu, . . * x 

-( lUJC k a - JWCj. J 

c 

U } 2 * . 

-(Cfc a + C k ) 

C 
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This one checks out OK. 


The other equation of Hamilton is 


dH 

— Qk,ct 

dP k ,a 

Pk,OL 

= “(Cfe.a + Cfc j0! ) 

iu , * x 

\ c k,a c k,a ) 

1 , . 

= — ( — ILUCk a + 10JC, 

C 

iuj r„ * n 

\ c k,a Cfc,a) 

iuj r * \ 

\ c k,a c k,a) 


This also checks out, so we have identified the canonical coordinates and momenta of our 

oscillators. 

We have a collection of uncoupled oscillators with identified canonical coordinate and momentum. 
The next step is to quantize the oscillators. 


33.5 Quantization of the Oscillators 

To summarize the result of the calculations of the last section we have the Hamiltonian for the 
radiation field. 



Soon after the development of non-relativistic quantum mechanics, Dirac proposed that the canonical 
variables of the radiation oscillators be treated like p and x in the quantum mechanics we know. The 
place to start is with the commutators. The coordinate and its corresponding momentum 
do not commute. For example [p x ,x\ = j. Coordinates and momenta that do not correspond, do 
commute. For example [p v ,x\ = 0. Different coordinates commute with each other as do different 
momenta. We will impose the same rules here. 


\Qk,a 7 Pk\a 


iTldkk' $a.a' 


\Qk,a: Qk',a f ] — 0 

[Pk,cn Pk',a'} = 0 


By now we know that if the Q and P do not commute, neither do the c and c* so we should continue 
to avoid commuting them. 
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Since we are dealing with harmonic oscillators, we want to find the analog of the raising and 
lowering operators. We developed the raising and lowering operators by trying to write the 
Hamiltonian as H = A^Ahoj. Following the same idea, we get 


a k,u a k,oc 


a k,a a k,a 




1 


&k,Oi — 


*k,a 


y/2hid 

1 


(aj Qk,a + iPk, a ) 

{uiQk,a iPk,ci) 


y/2hid 

(Pk,ot)(y)Qk,ot P (Pk^a) 


1 

2 Tluj 


(oj Qk,a d~ Pk,a P iidQk,aPk,a ‘(dJ Pk,aQk,a) 


{^ 2 Qk,ot + Pk,a + Qk,aPk,a ~ idj(Qk, a Pk,a H-r)) 


2 TlU 


2Hid 


( w Qk,a + Pk,a ~ hu) 


2 T^ [uJ q ^ + p p° ] 

9 ( w 2 Qk,a + Pk,a ) = H 


H = 


t 

k,a 





This is just the same as the Hamiltonian that we had for the one dimensional harmonic 
oscillator. We therefore have the raising and lowering operators, as long as [ofc iQ; ,a|. a ] = 1, as we 
had for the ID harmonic oscillator. 


^k,a. i & 


t 

k,a 


[ r—r —(^Qfc,a ”1" r—— — {_^Qk,a 


V 2 hi 


\j2hu 


<2j- \djQk,tt P (Pk,aT djQk,a (Pk ,a] 

( iid\Qk,at Pk. a:] P (dJ\Pk,ct-, Qk,oi\) 


—— (hid + hid) 
2hid 


kPk,a)] 


So these are definitely the raising and lowering operators. Of course the commutator would be zero 
if the operators were not for the same oscillator. 

— 3kk'3aa' 

(Note that all of our commutators are assumed to be taken at equal time.) The Hamiltonian is 
written in terms a and ad in the same way as for the ID harmonic oscillator. Therefore, everything 
we know about the raising and lowering operators (See section 10.3) applies here, including the 
commutator with the Hamiltonian, the raising and lowering of energy eigenstates, and even the 













constants. 
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Qk,a\^k,a) — y/^k,a 1) 

a k,a\ n k,a) = \/nk,a + 1 |«fc,a + 1) 

The rik,a can only take on integer values as with the harmonic oscillator we know. 
As with the ID harmonic oscillator, we also can define the number operator. 

H 

Nk,a 




\)hu,= 


Nk,a + 2 ) ^ LUJ 


- 


yO'k.t 


The last step is to compute the raising and lowering operators in terms of the original 
coefficients. 


Q'kjCi 

Qk,cn 

Pk,ct 

CLk.a 


1 


: (j-OQk,a + ^ P*k , ot ) 


VWl 

~( c k,a + c k,a) 

iu} r * \ 

\ c k,a c k,a) 

1.1, * . . , * ,, 
(w-(Cfc, a + C k a ) - % — (Cfc.a - C fc J) 


\Z2huj c 

/ 0 . ~(( c fc,a + c k,a) “t" (°k,a ~ c k,a)) 
y/2huj C 

1 OJ * * . 

—r== — \Ck,ai + C k + Ck a ~ c k,a) 

V2TlUJ c 


w 


(2Cfc,a) 



he 2 Ck,c 


Similarly we can compute that 


o 

3S* 

P 

II 

1 Tic 2 

T Q'k.ot 

2uj 


4, a = \ 

1 tic 2 + 

1 


Since we now have the coefficients in our decomposition of the field equal to a constant times 
the raising or lowering operator, it is clear that these coefficients have themselves become 
operators. 
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33.6 Photon States 


It is now obvious that the integer n; ; . Q is the number of photons in the volume with wave 
number k and polarization It is called the occupation number for the state designated by 
wave number k and polarization e^ a \ We can represent the state of the entire volume by giving the 
number of photons of each type (and some phases). The state vector for the volume is given by the 
direct product of the states for each type of photon. 

I^fci ,ai i ^^2,c*2 : ■ ■ • > ,otii •••) — \^k\ ,ai) |^fc2,a 2 ) ■ ■ • > I ^ki,ai ) • ■■ 


The ground state for a particular oscillator cannot be lowered. The state in which all the oscillators 
are in the ground state is called the vacuum state and can be written simply as |0). We can 
generate any state we want by applying raising operators to the vacuum state. 


5 ^k2,OL2 ')’••') Tiki,a. 


>.>=n 


( , f 


ki ,a.i 




10} 


The factorial on the bottom cancels all the yfn+ T we get from the raising operators. 


Any multi-photon state we construct is automatically symmetric under the interchange of 
pairs of photons. For example if we want to raise two photons out of the vacuum, we apply two 
raising operators. Since [a*. a , a\, a ,] = 0, interchanging the photons gives the same state. 

4,a a fc'.a' 1°) =4',a'4,a 1°) 

So the fact that the creation operators commute dictates that photon states are symmetric 
under interchange. 


33.7 Fermion Operators 


At this point, we can hypothesize that the operators that create fermion states do not com¬ 
mute. In fact, if we assume that the operators creating fermion states anti-commute (as do 
the Pauli matrices), then we can show that fermion states are antisymmetric under interchange. As¬ 
sume b\. and b r are the creation and annihilation operators for fermions and that they anti-commute. 


{blbj’} = 0 


The states are then antisymmetric under interchange of pairs of fermions. 

btbl\0) = -bl,bt\0) 

Its not hard to show that the occupation number for fermion states is either zero or one. 
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33.8 Quantized Radiation Field 


The Fourier coefficients of the expansion of the classical radiation field should now be replaced by 
operators. 


4,a 



(a*,a(t)e** + 4 iQ (i)e- <£ -*) 


A is now an operator that acts on state vectors in occupation number space. The operator is 
parameterized in terms of x and t. This type of operator is called a field operator or a quantized 
field. 


The Hamiltonian operator can also be written in terms of the creation and annihilation operators. 

. 2 
. c - 


H = (~) [ Cfc .“ C fc,« + C k, a Ck,a] 

k,a 

= £0 


k,a 


2 r + t 

afe .“ a fc,a F a k,a ak 


= oY, huj 


+ a k,a a k,ot 



For our purposes, we may remove the (infinite) constant energy due to the ground state energy of 
all the oscillators. It is simply the energy of the vacuum which we may define as zero. Note that the 
field fluctuations that cause this energy density, also cause the spontaneous decay of excited states 
of atoms. One thing that must be done is to cut off the sum at some maximum value of k. We 
do not expect electricity and magnetism to be completely valid up to infinite energy. Certainly by 
the gravitational or grand unified energy scale there must be important corrections to our formulas. 
The energy density of the vacuum is hard to define but plays an important role in cosmology. 
At this time, physicists have difficulty explaining how small the energy density in the vacuum is. 
Until recent experiments showed otherwise, most physicists thought it was actually zero due to some 
unknown symmetry. In any case we are not ready to consider this problem. 

H = ^2 HojN k , a 

k,a. 

With this subtraction, the energy of the vacuum state has been defined to be zero. 


H |0) = 0 
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The total momentum in the (transverse) radiation field can also be computed (from the classical 
formula for the Poynting vector). 

P= X - j ExB d 3 X = \N k ,ct + \ J 

k,a ^ ' 

This time the ^ can really be dropped since the sum is over positive and negative fc, so it sums to 
zero. 

P = Y. hk Nk,a 

k,a. 

We can compute the energy and momentum of a single photon state by operating on that state with 
the Hamiltonian and with the total momentum operator. The state for a single photon with a given 
momentum and polarization can be written as a\. a |0). 

Ha k,c 1°) = 1°) = O + ftwaj^jO) = ftwa^jO) 

The energy of single photon state is Tiui. 

P4,a 10) = (4 , a P + [P, 4,j) 10) = 0 + hkaljO) = hkalJO) 

The momentum of the single photon state is hk. The mass of the photon can be computed. 

E 2 = p 2 c 2 + (me 2 ) 2 

me 2 = \J(Tiui) 2 - (fik) 2 c 2 = Ti\/uj 2 ~ w 2 = 0 


So the energy, momentum, and mass of a single photon state are as we would expect. 

The vector potential has been given two transverse polarizations as expected from classical Electricity 
and Magnetism. The result is two possible transverse polarization vectors in our quantized field. The 
photon states are also labeled by one of two polarizations, that we have so far assumed were linear 
polarizations. The polarization vector, and therefore the vector potential, transform like a Lorentz 
vector. We know that the matrix element of vector operators (See section 29.9) is associated with an 
angular momentum of one. When a photon is emitted, selection rules indicate it is carrying away an 
angular momentum of one, so we deduce that the photon has spin one. We need not add anything to 
our theory though; the vector properties of the field are already included in our assumptions about 
polarization. 

Of course we could equally well use circular polarizations which are related to the linear set we have 
been using by 

e (±) = q=-4(e (1) ± ie (2) ). 

v 2 

The polarization ew is associated with the m = ±1 component of the photon’s spin. These are 
the transverse mode of the photon, k ■ = 0. We have separated the field into transverse and 

longitudinal parts. The longitudinal part is partially responsible for static E and B fields, while the 
transverse part makes up radiation. The m = 0 component of the photon is not present in radiation 
but is important in understanding static fields. 

By assuming the canonical coordinates and momenta in the Hamiltonian have commutators like 
those of the position and momentum of a particle, led to an understanding that radiation is made 
up of spin-1 particles with mass zero. All fields correspond to a particle of definite mass and spin. 
We now have a pretty good idea how to quantize the field for any particle. 
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33.9 The Time Development of Field Operators 


The creation and annihilation operators are related to the time dependent coefficients in our 
Fourier expansion of the radiation field. 

C/c,a (^) 

Cfc, a (f) 

This means that the creation, annihilation, and other operators are time dependent operators as 
we have studied the Heisenberg representation (See section 11.6). In particular, we derived the 
canonical equation for the time dependence of an operator. 

% Z 

i ^k,oc (^)] — ^r( fobj')Q j k,ot (t) — 

«l,a = ^[ ff »°3l,a( t )]=* wa fc,a( t ) 

So the operators have the same time dependence as did the coefficients in the Fourier expan¬ 
sion. 



ak,a{t) = a k , a { 0)e lwt 

«U(f) = 4, a (0)e iwi 


We can now write the quantized radiation field in terms of the operators at t = 0. 



Again, the 4-vector x p is a parameter of this field, not the location of a photon. The field 
operator is Hermitian and the field itself is real. 


33.10 Uncertainty Relations and RMS Field Fluctuations 

Since the fields are a sum of creation and annihilation operators, they do not commute with the 
occupation number operators 

Nk,a = 

Observables corresponding to operators which do not commute have an uncertainty principle between 
them. So we can’t fix the number of photons and know the fields exactly. Fluctuations in 
the field take place even in the vacuum state, where we know there are no photons. 
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Of course the average value of the Electric or Magnetic field vector is zero by symmetry. To get an 
idea about the size of field fluctuations, we should look at the mean square value of the field, 
for example in the vacuum state. We compute (0|E • E |0). 



do> = i°) 

v ka 


1 v—> TlUJ 

(0\E ■ E\0) = -^—1 

ka. 

(0|E-E|0) = yZ Tiuj —> oo 


(Notice that we are basically taking the absolute square of E |0) and that the orthogonality of 
the states collapses the result down to a single sum.) 

The calculation is illustrative even though the answer is infinite. Basically, a term proportional to 
aa 1 first creates one photon then absorbs it giving a nonzero contribution for every oscillator 
mode. The terms sum to infinity but really its the infinitesimally short wavelengths that cause this. 
Again, some cut off in the maximum energy would make sense. 


The effect of these field fluctuations on particles is mitigated by quantum mechanics. In 
reality, any quantum particle will be spread out over a finite volume and its the average field over 
the volume that might cause the particle to experience a force. So we could average the Electric 
field over a volume, then take the mean square of the average. If we average over a cubic volume 
AE = A/ 3 , then we find that 


(0\E ■ E\0) 


he 

aF' 


Thus if we can probe short distances, the effective size of the fluctuations increases. 


Even the E and B fields do not commute. It can be shown that 

[E x (x),B y (x')\ = ichS(ds = {x - x') p {x - x') p ) 

There is a nonzero commutator of the two spacetime points are connected by a light-like vector. An¬ 
other way to say this is that the commutator is non-zero if the coordinates are simultaneous. 
This is a reasonable result considering causality. 
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To make a narrow beam of light, one must adjust the phases of various components of the beam 
carefully. Another version of the uncertainty relation is that AN A (j> > 1, where phi is the phase of 
a Fourier component and N is the number of photons. 

Of course the Electromagnetic waves of classical physics usually have very large numbers 
of photons and the quantum effects are not apparent. A good condition to identify the boundary 
between classical and quantum behavior is that for the classical E&M to be correct the number of 
photons per cubic wavelength should be much greater than 1. 


33.11 Emission and Absorption of Photons by Atoms 

The interaction of an electron (See section 29.1) with the quantized field is already in the standard 
Hamiltonian. 



For completeness we should add the interaction with the spin of the electron H = —jl ■ B. 



For an atom with many electrons, we must sum over all the electrons. The field is evaluated at 
the coordinate x which should be that of the electron. 

This interaction Hamiltonian contains operators to create and annihilate photons with transitions 
between atomic states. From our previous study of time dependent perturbation theory (See section 
28.1), we know that transitions between initial and final states are proportional to the matrix 
element of the perturbing Hamiltonian between the states, ( n\Hi nt \i }. The initial state |i) 
should include a direct product of the atomic state and the photon state. Lets concentrate 
on one type of photon for now. We then could write 


I*} = | 


with a similar expression for the final state. 

We will first consider the absorption of one photon from the field. Assume there are n - h • 
photons of this type in the initial state and that one photon is absorbed. We therefore will need 
a term in the interaction Hamiltonian that contains on annihilation operator (only). This will just 
come from the linear term in A. 


( n\H int \i) = (ipNn^ a -l\ 


1 | - -A-plipi-n^ ) 
me. 



l I he 2 
1| —e 1 
VkV 2 w 


(a) (a k ,a( 0 ) 



(0)e“* fcpXp ) -p\A;n %a ) 
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(n\H^t S) \i) = -^^Y^-(^n; n £,a-l| |(a) -^( a *.«(0) eifcpXp ) IV’i^fe.a) 


e 1 

m Vy 


\jl^^n]n^ a - l|c {a) eikpXp \' l l ) i'i n k,<x ~ l ) 




Similarly, for the emission of a photon the matrix element is. 


= (i/; n -n^ a + !| - — A ■ p\ijji;n^ a ) 


= - 



*k,a\ 


These give the same result as our earlier guess to put ann+1 in the emission operator (See Section 
29.1). 


33.12 Review of Radiation of Photons 

In the previous section, we derived the same formulas for matrix elements (See Section 29.1) that 
we had earlier used to study decays of Hydrogen atom states with no applied EM field, that is zero 
photons in the initial state. 

r 4 - n = ^^^nle-^e-pl^SiEn-Ei + hco) 


With the inclusion of the phase space integral over final states this became 

e\Ei - E n ) 


Tint — 


27 Th 2 m 2 c 3 


■J2 / dn p \(<t>n\e- ik - r e.M-p-elMf 


The quantity k ■ r is typically small for atomic transitions 

E 1 = pc= hkc ~ -a 2 mc 2 


kr 


h 

r « a 0 =- 

amc 

1 crmc h a 


2 h amc 2 


Note that we have take the full binding energy as the energy difference between states so almost all 
transitions will have kr smaller than this estimate. This makes k ■ r an excellent parameter in which 
to expand decay rate formulas. 
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The approximation that e lk ' r ft! 1 is a very good one and is called the electric dipole or El 
approximation. We previously derived the El selection rules (See Section 29.5). 

M = ± 1 . 

Am = 0,±1. 

As = 0. 


The general El decay result depends on photon direction and polarization. If information 
about angular distributions or polarization is needed, it can be pried out of this formula. 


T tot — 


e 2 (Ej - E n ) 
2irh 2 m 2 c 3 


E / ^ 7 |<^n|e-^e (A) -Pelfr)? 


2ttc 2 


E / da > 


E / r 3 drR 


'Tlni, 


R ndi / day; 


CzWo + 


ie y v i 6x Y ie y 
tn + 


V2 


V2 


Yi-1 


Summing over polarization and integrating over photon direction, we get a simpler formula 
that is quite useful to compute the decay rate from one initial atomic state to one final atomic state. 


r 


tot 


4 auj 

3c 2 


2 


Here r n .i is the matrix element of the coordinate vector between final and initial states. 


For single electron atoms, we can sum over the final states with different m and get a formula 
only requires us to do a radial integral. 


r 


tot — 


3c 2 


|+i 

2^+1 

e 

2t+l 


J Rn'i'Rntr 3 dr 

o 


for 


£' = 


/ £ +1 

\£-l 


The decay rate does not depend on the m of the initial state. 


33.12.1 Beyond the Electric Dipole Approximation 


Some atomic states have no lower energy state that satisfies the El selection rules to decay to. 
Then, higher order processes must be considered. The next order term in the expansion of e~ lk ' r = 
1 — ik • f + ... will allow other transitions to take place but at lower rates. We will attempt to 
understand the selection rules when we include the ik ■ r term. 

The matrix element is proportional to — i(ij) n \(k ■ r■ p e )\(f>i) which we will split up into two 
terms. You might ask why split it. The reason is that we will essentially be computing matrix 
elements of at tensor and dotting it into two vectors that do not depend on the atomic state. 

k ■ (</> n |fp e )|()> i } • e (A) 
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Putting these two vectors together is like adding to l = 1 states. We can get total angular momentum 
quantum numbers 2, 1, and 0. Each vector has three components. The direct product tensor 
has 9. Its another case of 

3® 3 = 5 S ©3a® Is- 

The tensor we make when we just multiply two vectors together can be reduced into 
three irreducible (spherical) tensors. These are the ones for which we can use the Wigner- 
Eckart theorem to derive selection rules. Under rotations of the coordinate axes, the rotation matrix 
for the 9 component Cartesian tensor will be block diagonal. It can be reduced into three spherical 
tensors. Under rotations the 5 component (traceless) symmetric tensor will always rotate into 
another 5 component symmetric tensor. The 3 component anti symmetric tensor will rotate into 
another antisymmetric tensor and the part proportional to the identity will rotate into the identity. 

(k • r)(e (A) -p e ) = ~[(k • r)(e (A) ■ p) + {k • p)(e (A) • f)] + ^[(k ■ r)(e (A) ■ p) - (k • p)(e (A) • r)] 

The first term is symmetric and the second anti-symmetric by construction. 

The first term can be rewritten. 

\{<i>n\\{k- r)(e w -p) + (k ■ p)(e w • r)]|<&) = ■ {<t)n\[rp + pr\\<th) ■ e (A) 

= ^k- ^{</> n \[H 0 ,rr\\<j>i) • e (A) 

iuiuj 

=- 2 ~k • (cf> n \rr\(f>i) ■ e (A) 

This makes the symmetry clear. Its normal to remove the trace of the tensor: rr —> rr— -j-r 2 . 
The term proportional to Sij gives zero because k ■ i = 0. The traceless symmetric tensor has 5 
components like an £ = 2 operator; The anti-symmetric tensor has 3 components; and the trace term 
has one. This is the separation of the Cartesian tensor into irreducible spherical tensors. The five 
components of the traceless symmetric tensor can be written as a linear combination 
of the l 2 m. 


Similarly, the second (anti-symmetric) term can be rewritten slightly. 

i[(fc • r)(e^ • p) — (k ■ p)(e^ ■ r)] = {k x e^) • (r x p) 

The atomic state dependent part of this, rxp, is an axial vector and therefore has three 
components. (Remember and axial vector is the same thing as an anti-symmetric tensor.) So this 
is clearly an £ = 1 operator and can be expanded in terms of the \\ m . Note that it is actually a 
constant times the orbital angular momentum operator L. 

So the first term is reasonably named the Electric Quadrupole term because it depends on 
the quadrupole moment of the state. It does not change parity and gives us the selection rule. 

\£ n -£i\<2<£ n +£i 


The second term dots the radiation magnetic field into the angular momentum of the atomic state, 
so it is reasonably called the magnetic dipole interaction. The interaction of the electron spin 
with the magnetic field is of the same order and should be included together with the E2 and Ml 
terms. 


eh 
2 TOC 


(k x e^) • a 
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Higher order terms can be computed but its not recommended. 

Some atomic states, such as the 2s state of Hydrogen, cannot decay by any of these terms basically 
because the 2 s to Is is a 0 to 0 transition and there is no way to conserve angular momentum and 
parity. This state can only decay by the emission of two photons. 

While El transitions in hydrogen have lifetimes as small as 10“ 9 seconds, the E2 and Ml transi¬ 
tions have lifetimes of the order of 10 -3 seconds, and the 2s state has a lifetime of about 
Y of a second. 

33.13 Black Body Radiation Spectrum 

We are in a position to fairly easily calculate the spectrum of Black Body radiation. Assume there 
is a cavity with a radiation field on the inside and that the field interacts with the atoms of 
the cavity. Assume thermal equilibrium is reached. 

Let’s take two atomic states that can make transitions to each other: A —> B + 7 and 
B + 7 —» A. From statistical mechanics, we have 

Nb _ e Eb / kT _ hbJ / kT 

NA q — Ea/^T 

and for equilibrium we must have 

Nabsorb = NaY emit 
A Jb L emit 

A A r a fo SO r 6 


We have previously calculated the emission and absorption rates. We can calculate the ratio 
between the emission and absorption rates per atom: 


A Jb r emit 

n a r absorb 


Ka + !) 


Y:(B\e-^e^ ■ p t \A) 




where the sum is over atomic electrons. The matrix elements are closely related. 

(B| e -^e( a ) • pi\A) = {A\pi • e(“) e lS ^| B)* = (A|e^' r "¥ a ) • pi\B)* 


We have used the fact that k-e = 0. The two matrix elements are simple complex conjugates 
of each other so that when we take the absolute square, they are the same. Therefore, we may 
cancel them. 


Nb 

AA 


_ ( n fc,q + 1) _ e hu/kT 


1 


= n k ^ /kT - 1 ) 
1 

77 -* — — . ■ 

k,a e hui/kT _ l 
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Now suppose the walls of the cavity are black so that they emit and absorb photons at any 
energy. Then the result for the number of photons above is true for all the radiation modes of the 
cavity. The energy in the frequency interval (ui,ui + du>) per unit volume can be calculated 
by multiplying the number of photons by the energy per photon times the number of modes in that 
frequency interval and dividing by the volume of the cavity. 


U(u))dui = 


hui 


2 |T 


e hu)/kT — ^ y 27 T 


4:TTk 2 dk—r 


U(u) = 87t 


Tllo 

ghuj/kT _ 2 



JT( \ _ 871-fi / W \ 3 1 

[U}> c 3 V27 t) ehu/kT _ 1 


U(v) = U{u) 


duj 

dv 


87 t hv 3 

q3 ghoj/kT _ ^ 


This was the formula Plank used to start the revolution. 
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34 Scattering of Photons 


In the scattering of photons, for example from an atom, an initial state photon with wave-number 
k and polarization e is absorbed by the atom and a final state photon with wave-number k' and 
polarization e' is emitted. The atom may remain in the same state (elastic scattering) or it may 
change to another state (inelastic). Any calculation we will do will use the matrix element of the 
interaction Hamiltonian between initial and final states. 


Hjii 

Hint 


(n;k'e^ a ) \H int \i; £e ( “ } ) 


. 4 ( a; ) . p - + 


A-A 


The scattering process clearly requires terms in Hi nt that annihilate one photon and create 

2 —* —* 

another. The order does not matter. The a A ■ A is the square of the Fourier decomposition of 
the radiation field so it contains terms like a[, a ,ak, a and ak, a a\., a , which are just what we want. 
The — -^.A ■ p term has both creation and annihilation operators in it but not products of them. 
It changes the number of photons by plus or minus one, not by zero as required for the scattering 
process. Nevertheless this part of the interaction could contribute in second order perturbation 
theory, by absorbing one photon in a transition from the initial atomic state to an intermediate 
state, then emitting another photon and making a transition to the final atomic state. While this 
is higher order in perturbation theory, it is the same order in the electromagnetic coupling constant 
e, which is what really counts when expanding in powers of a. Therefore, we will need to consider 
the e ., A-A term in first order and the — -A-p term in second order perturbation theory 

2mc* me 1 sr j 

to get an order a calculation of the matrix element. 


Start with the first order perturbation theory term. All the terms in the sum that do not annihi¬ 
late the initial state photon and create the final state photon give zero. We will assume that the 
wavelength of the photon’s is long compared to the size of the atom so that e lk ' r ~ 1. 


M*) = ^ E V («^(0K fc ^ + a[, a (0)e^) 


2 me 2 


{n-,k'e^\A. A\i-ke (a) ) = (rr,k'e^\ (a^a^ + i'ke {a) ) 


2mc 2 V 2 \/u}'uj 

2 


_ e 1 Hc (a) ,(a') -i(w-w')tx 
2 mc 2 V^» » 


This is the matrix element H n i(t). The amplitude to be in the final state \n;k'e^ a )) is given 
by first order time dependent perturbation theory. 

t 

C ( n\t) = Jf-j ^ Hni{t')dt' 

0 
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c (1 l 

n:k'e( a '') 


C t ) 


1 e 2 1 
ih 2mc 2 V 



t 

0 



e ( “) • 


0 i(vni+v'— W)t' 


Recall that the absolute square of the time integral will turn into 27T t8(uj n i + u/ — ui). We will carry 
along the integral for now, since we are not yet ready to square it. 


Now we very carefully put the interaction term into the formula for second order time dependent 
perturbation theory, again using e %kx ~ 1. Our notation is that the intermediate state of 
atom and field is called 1 1) = \j, n? , rip ,) where j represents the state of the atom and we 
may have zero or two photons, as indicated in the diagram. 


.(2) 


V = 


(*) = 


c (2) - . ,.(t) 

n:k'e( a ) V ' 


e t* _. el / he 2 


me y/v ■“ V 2w 

ka 

ti 




E J dt2V n i(t 2 )e i “ n ’ t2 j dhe^Vnih) 


j,k,cx 0 

S 2 V-^ 1 ftc 2 


i 2 c 2 n 2 


y f dt 2 (n ; fc'e(“')|(e (a V, Q e -^ 2 + e ( “V fc , a ,e iu ' t2 ) • p\I)e iu>njt2 

j V 2yuj'uj J 


t-i 

J dt 1 e it '^ tl (J|(c ( “ ) o fc , a e- i “ tl +c (a ' ) oI/, a ,e i "' tl )■ p\r,ke {a) ) 


We can understand this formula as a second order transition from state |z) to state | n) through all 
possible intermediate states. The transition from the initial state to the intermediate state takes 
place at time t\. The transition from the intermediate state to the final state takes place at time t 2 . 

The space-time diagram below shows the three terms in c n (t) Time is assumed to run upward in 
the diagrams. 



Diagram (c) represents the A 2 term in which one photon is absorbed and one emitted at the same 
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point. Diagrams (a) and (b) represent two second order terms. In diagram (a) the initial state 
photon is absorbed at time t \, leaving the atom in an intermediate state which may or may not be 
the same as the initial (or final) atomic state. This intermediate state has no photons in the field. In 
diagram (b), the atom emits the final state photon at time 1 1 , leaving the atom in some intermediate 
state. The intermediate state 1 1) includes two photons in the field for this diagram. At time t 2 the 
atom absorbs the initial state photon. 

Looking again at the formula for the second order scattering amplitude, note that we integrate over 
the times t\ and t 2 and that t\ < f 2 - For diagram (a), the annihilation operator ak, a is active at time 
t\ and the creation operator is active at time £ 2 - For diagram (b) its just the opposite. The second 
order formula above contains four terms as written. The a'a and aa* terms are the ones described 
by the diagram. The aa and a' a' terms will clearly give zero. Note that we are just picking the 
terms that will survive the calculation, not changing any formulas. 

Now, reduce to the two nonzero terms. The operators just give a factor of 1 and make the photon 
states work out. If | j) is the intermediate atomic state, the second order term reduces to. 


c (2 l (t) 




„( 2 ) 


C n;k'eM 


—e 


2Viti 2 Ti\/uj'uj ■ 


7 =H / dt ' 2 dtl [e i ( w ' +a '^ )t2 He ( “' ) -p\j)(j\e^ •£|*>e <(ta, *-" )tl 


3 0 0 

e i(a, nJ - W )t 3 ( n |~(a0 .p\j)(j\e^y 


—e 


2Vm 2 h\ZuAu 
e dunj - u ) t2 (n\e ■ p\j)(j\e' ■ p\i) 


t 

[ dt 2 

e %(u)' +Unj)t 2 . p\j)(j\e ■ p\i) 

~ u)ti' 

- w)_ 

J 

0 



t 2 


e i(ui' +uij i )t 1 

w 

i(ui' + Wji) 

0 _ 


2Vm 2 h\/uj , LU ■ 


3 0 


[ dt 2 

e i[u'+ui nj )t 2 ^ .p\j)(j\e-p\i) 

~ e i(uji-u)t 2 _ y 

i(uji ~ oj) 

1 



+ e l{uinj u)t2 {n\e-p\j)(j\e' ■ p\i) 


e i(u'+uji)t 2 _ ^ 

i(ui' + CJji) 


The —1 terms coming from the integration over t\ can be dropped. We can anticipate that the 
integral over £2 will eventually give us a delta function of energy conservation, going to infinity when 
energy is conserved and going to zero when it is not. Those —1 terms can never go to infinity and 
can therefore be neglected. When the energy conservation is satisfied, those terms are negligible and 
when it is not, the whole thing goes to zero. 
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x J dt 2 e 

o 


i (0J n i +W ' ~ W ) 1 2 


We have calculated all the amplitudes. The first order and second order amplitudes should 
be combined, then squared. 


Cn(t) = c£\t)+cW(t) 


c (1 ) m = 

n • k-/ ' ' 


k ' e ' 2iV m\J oj' to 


=i ■ e'S ni J e l 


(ui ni +ui'-Ul)t' 
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n ’ k e 2iVm 2 hy/ui'ijj 
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UJ f H - UJj 


4V 2 m 2 uj'uj 
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\c(t )| 2 = 
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UJ f H - UJ 
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r = 


X 

dr 

dfl 


j d,n 

Vuj' 2 




(27rc) 3 4 V 2 m 2 u>'(jj 


e A io' 

(4n) 2 Vm 2 c 3 uj 


2ir 


(n\e'-p\j)(j\e-p\i) {n\e ■ p\j){j\i’ ■ p\i) 




UJ f -|- UJji 


mh 


E 


(n|e' • p\j){j\e ■ p\i) , (n\e ■ p\j)(j\e' ■ p\i) 




uj' + UJ 




Note that the delta function has enforced energy conservation requiring that u/ = ui — 0J n i, but we 

have left ui' in the formula for convenience. 


The final step to a differential cross section is to divide the transition rate by the incident flux 
of particles. This is a surprisingly easy step because we are using plane waves of photons. The 
initial state is one particle in the volume V moving with a velocity of c, so the flux is simply 

C 

V ’ 


da e 4 oj' 

X .£.? 1 V 

'{n\e'-p\j){j\e-p\i) t (n\e ■ p\j)(j\e' ■ p\i)] 

dfl (47t) 2 to 2 c 4 u; 

6mC C mh^ 
j 

UJji — UJ UJ + UJji \ 


2 

The classical radius of the electron is defined to be ro = i7r e mc s in our units. We will factor the 
square of this out but leave the answer in terms of fundamental constants. 


da 

dfl 


,Y 


47T771C 2 J \C0 
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■ e - 


mh ' 

3 


(n\e' -p\j){j\i-p\i)_ + {n\e ■ p\j){j\e' ■ p\i) 


UJji ~ UJ 


UJj 


■ UJ' 


This is called the Kramers-Heisenberg Formula. Even now, the three (space-time) Feynman 
diagrams are visible as separate terms in the formula. 



2 


(They show up like 


c + E( a + fr) 


Note that, for the very short time that the system is in an 


3 

intermediate state, energy conservation is not strictly enforced. The energy denominators in 
the formula suppress larger energy non-conservation. The formula can be applied to several physical 
situations as discussed below. 
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Also note that the formula yields an infinite result if ui = ±u>ji. This is not a physical result. In fact 
the cross section will be large but not infinite when energy is conserved in the intermediate state. 
This condition is often refereed to as “the intermediate state being on the mass shell” because of 
the relation between energy and mass in four dimensions. 


34.1 Resonant Scattering 


The Kramers-Heisenberg photon scattering cross section, below, has unphysical infinities if an 
intermediate state is on the mass shell. 


da 

dfl 


Anmc 2 


ui 


i£ ■ e 


— y 

mTi ' 


{n\e' ■ p\j) (j\e ■ p\i)_ + (n\e ■ p\j) (j |e' • p\i) 


U>a — U! 




- iO' 


In reality, the cross section becomes large but not infinite. These infinities come about because 
we have not properly accounted for the finite lifetime of the intermediate state when we derived 
the second order perturbation theory formula. If the energy width of the intermediate states is 
included in the calculation, as we will attempt below, the cross section is large but not infinite. The 
resonance in the cross section will exhibit the same shape and width as does the intermediate 
state. 


These resonances in the cross section can dominate scattering. Again both resonant terms in the 
cross section, occur if an intermediate state has the right energy so that energy is conserved. 


34.2 Elastic Scattering 

In elastic scattering, the initial and final atomic states are the same, as are the initial and 
final photon energies. 


d(Jelastic f & \ 


"(*|e'-p|j)0‘|e-p|*) , {i\£-p\j)(j\?-P\iy 

2 

dfl \ 47TTOC 2 J 

M mh ^ 

3 

(Jjji — UJ LJji + (jJ 



With the help of some commutators, the 5a term can be combined with the others. 


The commutator [x,p\ (with no dot products) can be very useful in calculations. When the two 
vectors are multiplied directly, we get something with two Cartesian indices. 


x iPj ~ PjXi = ihSij 

The commutator of the vectors is ih times the identity. This can be used to cast the first term above 
into something like the other two. 


XiPj - PjXi 
* 

6 • 6 


z Ti8ij 
f-i $ij 

lie'^XiPj - PjXi) 

(e- x ){2 -p) - (e' -p)(e- x) 


ihe ■ e 1 
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Now we need to put the states in using an identity, then use the commutator with H to change x 
to p. 
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n_ 

im 


= E^') O'K) 


ihe ■ i' 

= Ek^m 
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[H,x\ 

n 

= — p 

im 


(e • P)ij 

— (e • [H, x])ij 


= hbJij 

(e • x)ij 

(e • x)ij 

—i 

(e • P)ij 

mujij 

ihe • e’ 

= E 

j 

—(t 

mujij 


= E 

j 

—(* 
mujij 


= E 

2 k* 




—l 


)IJ v c FIJI 




€ • € = 


mujij 

j 

E ~ • P)iJ (e • P)ji + (e • P)ij (e' • £)ji] 


(Reminder: = E ' r Ej is just a number, (e • = (i\e ■ p\j) is a matrix element between states.) 

We may now combine the terms for elastic scattering. 
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mh 
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UJij 


UJij 


1 

UJji ± UJ + UJij 

q=W 



UJji ± uj 

UJij{ujji±Uj) UJji{ 

UJji ± uj) 


d'O'elas 

( e2 

Y( i j 2 

v 

'u{i\e' ■ p\j){j\e ■ p\i ) uj(i\e ■ p\j)(j\e' ■ p\i) 

dfl 

\ 47rmc 2 

J \ mh J 

3 

Uji(ujji - uj) 

UJji(ujji + uj) 


This is a nice symmetric form for elastic scattering. If computation of the matrix elements is 
planned, it useful to again use the commutator to change p into x. 


d(Tela S 

( e2 1 
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34.3 Rayleigh Scattering 


Lord Rayleigh calculated low energy elastic scattering of light from atoms using classical 
electromagnetism. If the energy of the scattered photon is much less than the energy needed to 
excite an atom, (j « (jji, then the cross section may be approximated. 


“F Mji 

T^ji 

= T(1=F — 

ldj x 

£dji ± Id 

Uji(l± zrr) 

dcfelas 

( e2 V( 

moj \ 2 

E 

3 L 

dfl 

\ 47rmc 2 J 

h ) 


(J 

(Jr 


3 1 


Uji{i\e' ■ x\j) (j\e ■ x\i) Uji(i\e ■ x\j) (j\e r ■ x\i) 


(Jji ~ (J 


(Jji + OJ 


/ e 2 \ /mu y 
\ 47TTOC 2 ) \ h ) 


E ’ AJ) 0'|e • x\i) - (i\e ■ x\j) (j\e’ ■ x\i)) 


(J 


+ — (W ' A j) Ole • Ai) + (*|e ' Aj) W ' ®l*)) 

(Jji 


( e 2 \ /my 
\ 47rmc 2 J V h ) 


(j 


E 


((i\i' ■ x\j) (j\i ■ x\i) + (i\e ■ x\j) (j\e' ■ x\i)) 




For the colorless gasses (like the ones in our atmosphere), the first excited state in the UV, so the 
scattering of visible light with be proportional to w 4 , which explains why the sky is blue and sunsets 
are red. Atoms with intermediate states in the visible will appear to be colored due to the strong 
resonances in the scattering. Rayleigh got the same dependence from classical physics. 


34.4 Thomson Scattering 


If the energy of the scattered photon is much bigger than the binding energy of the atom, ui » 1 eV. 
then cross section approaches that for scattering from a free electron, Thomson Scattering. 
We still neglect the effect of electron recoil so we should also require that hu « m e c 2 . Start from 
the Kramers-Heisenberg formula. 


da 

dfl 
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\ 47T771C 2 


/u/\ 

X 1 V 

'(n\e'-p\j){j\e-p\i) , (n\e ■ p\j)(j\e'■ p\i)' 

2 

V w / 

m mh ^ 

3 

(Jji ~ (J (Jji + (J' 



The fud = hid' denominators are much larger than J>WUWJ!\?) which j s 0 f the order of the 
electron’s kinetic energy, so we can ignore the second two terms. (Even if the intermediate and final 
states have unbound electrons, the initial state wave function will keep these terms small.) 


da 

dQ 


\47t me 2 ) 


This scattering cross section is of the order of the classical radius of the electron squared, 
and is independent of the frequency of the light. 


The only dependence is on polarization. This is a good time to take a look at the meaning of 
the polarization vectors we’ve been carrying around in the calculation and at the lack of any 
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wave-vectors for the initial and final state. A look back at the calculation shows that we calculated 
the transition rate from a state with one photon with wave-vector k and polarization to a final 
state with polarization e^“ *. We have integrated over the final state wave vector magnitude, 
subject to the delta function giving energy conservation, but, we have not integrated over 
final state photon direction yet, as indicated by the There is no explicit angular dependence 
but there is some hidden in the dot product between initial and final polarization vectors, 
both of which must be transverse to the direction of propagation. We are ready to compute 
four different differential cross sections corresponding to two initial polarizations times two final 
state photon polarizations. Alternatively, we average and/or sum, if we so choose. 

In the high energy approximation we have made, there is no dependence on the state of the atoms, 
so we are free to choose our coordinate system any way we want. Set the z-axis to be along 
the direction of the initial photon and set the x-axis so that the scattered photon is in the 
x-z plane (<f> = 0). The scattered photon is at an angle 9 to the initial photon direction and at 
(f> = 0. A reasonable set of initial state polarization vectors is 

= x 


Pick e/ 1 ) to be in the scattering plane (x-z) defined as the plane containing both k and k' and 
e*- 2 -* to be perpendicular to the scattering plane, e^ 1 -* is then at an angle 9 to the x-axis. is 
along the y-axis. We can compute all the dot products. 


e«-e«' = cose 

e«.e< 2 >' = 0 

e^-eW' = 0 

g( 2 ) . g( 2 )' = 1 


From these, we can compute any cross section we want. For example, averaging over initial state 
polarization and summing over final is just half the sum of the squares of the above. 


da 

dfl 


\ 4-7TTOC 2 J 2 


(1 + cos 2 6) 


Even if the initial state is unpolarized, the final state can be polarized. For example, for 9 = 
all of the above dot products are zero except e*- 2 -* • e*- 2 -* = 1. That means only the initial photons 
polarized along the y direction will scatter and that the scattered photon is 100% polarized 
transverse to the scattering plane (really just the same polarization as the initial state). The 
angular distribution could also be used to deduce the polarization of the initial state if a large 
ensemble of initial state photons were available. 

For a definite initial state polarization (at an angle <(> to the scattering plane, the compo¬ 
nent along eW is cos</> and along e^ 2 ) is sin</. If we don’t observe final state polarization we sum 
(cos 9 cos (j>) 2 + (sin^) 2 and have 

m=( 5SS?) 5 


For atoms with more than one electron, this cross section will grow as Z A . 
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34.5 Raman Effect 


The Kramers-Heisenberg formula clearly allows for the initial and final state to be different. 
The atom changes state and the scattered photon energy is not equal to the initial photon energy. 
This is called the Raman effect. Of course, total energy is still conserved. A given initial photon 
frequency will produce scattered photons with definite frequencies, or lines in the spectrum. 


35 Electron Self Energy Corrections 


If one calculates the energy of a point charge using classical electromagnetism, the result 
is infinite, yet as far as we know, the electron is point charge. One can calculate the energy needed 
to assemble an electron due, essentially, to the interaction of the electron with its own field. A 
uniform charge distribution with the classical radius of an electron, would have an energy of 
the order of m e c 2 . Experiments have probed the electron’s charge distribution and found that it is 
consistent with a point charge down to distances much smaller than the classical radius. Beyond 
classical calculations, the self energy of the electron calculated in the quantum theory of 
Dirac is still infinite but the divergences are less severe. 

At this point we must take the unpleasant position that this (constant) infinite energy should 
just be subtracted when we consider the overall zero of energy (as we did for the field energy 
in the vacuum). Electrons exist and don’t carry infinite amount of energy baggage so we just 
subtract off the infinite constant. Nevertheless, we will find that the electron’s self energy may 
change when it is a bound state and that we should account for this change in our energy 
level calculations. This calculation will also give us the opportunity to understand resonant 
behavior in scattering. 

We can calculate the lowest order self energy corrections represented by the two Feyn¬ 
man diagrams below. 




In these, a photon is emitted then reabsorbed. As we now know, both of these amplitudes are of 
order e 2 . The first one comes from the A 2 term in which the number of photons changes by zero or 
two and the second comes from the A • p term in second order time dependent perturbation theory. 
A calculation of the first diagram will give the same result for a free electron and a bound electron, 
while the second diagram will give different results because the intermediate states are different if 
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an electron is bound than they are if it is free. We will therefore compute the amplitude from 
the second diagram. 


H„ 


A 



me 


y/V 4 ^ V 2uj 




at g -i(k-x-uit) 

k,a 


This contains a term causing absorption of a photon and another term causing emission. We separate 
the terms for absorption and emission and pull out the time dependence. 


Hi, 


E f jjabs g—iut _|_ j^jemit giojt 
y k,at. k,a 

k,ct 


jj-abs 




he 2 


2m 2 ujV k,a 


at n e ik S P' e (a) 


fie 2 


2 m 2 uiV k ’ a 


at e - its p-e^ 


The initial and final state is the same |n), and second order perturbation theory will involve a sum 
over intermediate atomic states, \j) and photon states. We will use the matrix elements of 
the interaction Hamiltonian between those states. 

Hjn = mffln) 

H nj = ('n\Hf s a \j) 

TT _ JAf* 

11 nj ~ n jn 


We have dropped the subscript on Hj n specifying the photon emitted or absorbed leaving a reminder 
in the sum. Recall from earlier calculations that the creation and annihilation operators just give a 
factor of 1 when a photon is emitted or absorbed. 

From time dependent perturbation theory, the rate of change of the amplitude to be in a state is 
given by 

= ^2 H jk{t)c k (t)e luljkt 
k 

In this case, we want to use the equations for the the state we are studying, and all intermediate 
states, if>j plus a photon. Transitions can be made by emitting a photon from ip n to an intermdiate 
state and transitions can be made back to the state ipn from any intermediate state. We neglect 
transitions from one intermediate state to another as they are higher order. (The diagram is emit a 
photon from i/j n then reabsorb it.) 

The differential equations for the amplitudes are then. 

rlr 

ih 

k,a 







474 


iTi 


d,C n 

dt 


- Hn 
k, o; 3 


c 7 e 


In the equations for c n , we explicitly account for the fact that an intermediate state can 
make a transition back to the initial state. Transitions through another intermediate state 
would be higher order and thus should be neglected. Note that the matrix elements for the transitions 
to and from the initial state are closely related. We also include the effect that the initial state 
can become depleted as intermediate states are populated by using c„ (instead of 1) in the 
equation for Cj. Note also that all the photon states will make nonzero contributions to the sum. 

Our task is to solve these coupled equations. Previously, we did this by integration, but needed 
the assumption that the amplitude to be in the initial state was 1. 


Since we are attempting to calculate an energy shift, let us make that assumption and plug 
it into the equations to verify the solution. 

-iAEnt 


A E n will be a complex number, the real part of which represents an energy shift, and the 
imaginary part of which represents the lifetime (and energy width) of the state. 



Cn 


Cj{t) 
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Cj(t ) 


Cj{t) 


J2 H : 


piuit -iuirujt 


jn'-' 


k,ct 

-iAE n t 

e K 


i 

ih 


dt'H jn e iut 'e ***"* 


k,a 0 


~jrJ2j dt'H jn e i< '- u ^- Aun+u)t ' 

k,cn 0 


Hjn 

k,a. 

F. Hjn 
k,a 


h{uj n j + Aw n — to) 

gi(— uinj-Aui n +ui)t _ 2 

h(oj n j + Ac u n — w) 


Substitute this back into the differential equation for c n to verify the solution and to find out 
what A E n is. Note that the double sum over photons reduces to a single sum because we must 
absorb the same type of photon that was emitted. (We have not explicitly carried along the photon 
state for economy.) 

= EE^ e " iw V^‘ 

k,a 3 

_ _, J(-w nj -Aoj n +w)t _ i 

c At) = YH jn 1---- 

J J + A uj n — w) 

k,a 
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ifl 


dc n 


dt 
A E n 


= A E n e-' AEnt / n = J2J2 H nJ H : 


— iuit Au n jt 


— y. \ H n j\ 


k.a 3 


\2A(oj n j+Auj rl —uj)t 
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e i( — UJ n j — AuJn-\-Uj)t _ 2 


k.a 3 
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h(u nj + Aw„ — w) 
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Since this a calculation to order e 2 and the interaction Hamiltonian squared contains a factor of 
e 2 we should drop the A oj n = AE n /hs from the right hand side of this equation. 


A E n = J2J2\ Hn 


k.a 0 


; l — e i(u n j-u)t 

h(u; n j - u>) 


We have a solution to the coupled differential equations to order e 2 . We should let t —> oo 

since the self energy is not a time dependent thing, however, the result oscillates as a function of 
time. This has been the case for many of our important delta functions, like the dot product of 
states with definite momentum. Let us analyze this self energy expression for large time. 


We have something of the form 



1 - e ixt 


x 


If we think of x as a complex number, our integral goes along the real axis. In the upper half plane, 
just above the real axis, x —> x + ie, the function goes to zero at infinity. In the lower half plane it 
blows up at infinity and on the axis, its not well defined. We will calculate our result in the upper 
half plane and take the limit as we approach the real axis. 


1 — e ixt r , 1 

lim -= - lim i I e lxt dt' = lim -= lim 

t-¥ oo x £->o+ J £->o+ x + ie £->o+ 

o 


This is well behaved everywhere except at x = 0. The second term goes to —oo there. A little 
further analysis could show that the second term is a delta function. 


i _ p ixt i 

lim -=- ittS(x) 

t-¥ oo x x 


x ie 

x 2 + e 2 x 2 + e 2 


Recalling that c n e lE ^ t / R = e ' * e lE ™ t / n = e , ‘(- B n+ AE ») t / R i the real part of A E n corresponds 

to an energy shift in the state |n) and the imaginary part corresponds to a width. 


K(A E n ) 
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All photon energies contribute to the real part. Only photons that satisfy the delta 
function constraint contribute to the imaginary part. Moreover, there will only be an 
imaginary part if there is a lower energy state into which the state in question can decay. We can 
relate this width to those we previously calculated. 

-f 3(A£„) = £ •£ EAsl S{En -Ei-tm) 

k,a 3 

The right hand side of this equation is just what we previously derived for the decay rate of state 
n, summed over all final states. 

- J$*(A E n ) = Y n 
n 

The time dependence of the wavefunction for the state n is modified by the self energy 
correction. 

ipn(x,t) = i/j n (x)e~ i{En+ ^ ( ' AEn) ' >t/h e 

This also gives us the exponential decay behavior that we expect, keeping resonant scattering 
cross sections from going to infinity. So, the width just goes into the time dependence as 
expected and we don’t have to worry about it anymore. We can now concentrate on the energy 
shift due to the real part of A E n . 
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In our calculation of the total decay rate summed over polarization and integrated over photon 
direction (See section 29.7), we computed the cosine of the angle between each polarization vector 
and the (vector) matrix element. Summing these two and integrating over photon direction we got 
a factor of ^ and the polarization is eliminated from the matrix element. The same calculation 
applies here. 
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e 2 f id\(n\e ik ' x p\j)\ 

67 r 2 m 2 c 3 2-4 J ( Un j — 

2ah r u>\(n\e lk ' x p\j)\ 2 

3Trm 2 c 2 2—j J {uj n j — id) 


2 
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Note that we wish to use the electric dipole approximation which is not valid for large k = —. 
It is valid up to about 2000 eV so we wish to cut off the calculation around there. While this 
calculation clearly diverges, things are less clear here because of the eventually rapid oscillation of 
the e lk ' x term in the integrand as the El approximation fails. Nevertheless, the largest differences 
in corrections between free electrons and bound electrons occur in the region in which the El 
approximation is valid. For now we will just use it and assume the cut-off is low enough. 


It is the difference between the bound electron’s self energy and that for a free electron 
in which we are interested. Therefore, we will start with the free electron with a definite 
momentum p. The normalized wave function for the free electron is -2= e l P- x / h . 
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It easy to see that this will go to negative infinity if the limit on the integral is infinite. It is quite 
reasonable to cut off the integral at some energy beyond which the theory we are using is invalid. 
Since we are still using non-relativistic quantum mechanics, the cut-off should have hid « me 2 . For 
the El approximation, it should be hid << 2ttTlc/1 = lOkeV. We will approximate ^ “-u) ~ — 1 
since the integral is just giving us a number and we are not interested in high accuracy here. We 
will be more interested in accuracy in the next section when we compute the difference between free 
electron and bound electron self energy corrections. 
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ZjLx. . . 2 j—, 

1 ■ W ? b1 c “‘- o// 

= -Cbf 


If we were hoping for little dependence on the cut-off we should be disappointed. This self energy 
calculated is linear in the cut-off. 

2 

For a non-relativistic free electron the energy ^ decreases as the mass of the electron increases, 
so the negative sign corresponds to a positive shift in the electron’s mass, and hence an 
increase in the real energy of the electron. Later, we will think of this as a renormalization of 
the electron’s mass. The electron starts off with some bare mass. The self-energy due to the 
interaction of the electron’s charge with its own radiation field increases the mass to what is 
observed. 

Note that the correction to the energy is a constant times p 2 , like the non-relativistic formula 
for the kinetic energy. 
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37 rmc 2 


(1 T ‘2Cm,f )are }iTib are ~ (1 -f < 2Ci7i)77ib are 
y^bare 


If we cut off the integral at m e c 2 , the correction to the mass is only about 0.3%, but if 

we don’t cut off, its infinite. It makes no sense to trust our non-relativistic calculation up to infinite 
energy, so we must proceed with the cut-off integral. 

If we use the Dirac theory, then we will be justified to move the cut-off up to very high energy. 
It turns out that the relativistic correction diverges logarithmically (instead of linearly) and the 
difference between bound and free electrons is finite relativistically (while it diverges logarithmically 
for our non-relativistic calculation). 

Note that the self-energy of the free electron depends on the momentum of the electron, so we 
cannot simply subtract it from our bound state calculation. (What p 2 would we choose?) Rather 
me must account for the mass renormalization. We used the observed electron mass in 
the calculation of the Hydrogen bound state energies. In so doing, we have already included some 
of the self energy correction and we must not double correct. This is the subtraction we must make. 

Its hard to keep all the minus signs straight in this calculation, particularly if we consider the 
bound and continuum electron states separately. The free particle correction to the electron mass is 
positive. Because we ignore the rest energy of the electron in our non-relativistic calculations, This 
makes a negative energy correction to both the bound (E = — ^7 a 2 mc 2 ) and continuum (E ss §—)■ 
Bound states and continuum states have the same fractional change in the energy. We need to add 
back in a positive term in A E n to avoid double counting of the self-energy correction. Since the 
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bound state and continuum state terms have the same fractional change, it is convenient to just use 
2 

■£— for all the corrections. 


2uiobs 

A E(° bs '> 
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-c P 2 


2 m bl 

A E n + C(n\p 2 \n) = A E n + 


2a 


3nm 2 c 2 


E cu t- 0 f f{n\p 2 \n) 


Because we are correcting for the mass used to calculate the base energy of the state | n), our 
correction is written in terms of the electron’s momentum in that state. 


35.1 The Lamb Shift 


In 1947, Willis E. Lamb and R. C. Retherford used microwave techniques to determine the splitting 
between the 2Si and 2Pi states in Hydrogen to have a frequency of 1.06 GHz, (a wavelength 
of about 30 cm). (The shift is now accurately measured to be 1057.864 MHz.) This is about the 
same size as the hyperfine splitting of the ground state. 



The technique used was quite interesting. They made a beam of Hydrogen atoms in the 25T 

state, which has a very long lifetime because of selection rules. Microwave radiation with a 

(fixed) frequency of 2395 MHz was used to cause transitions to the 2 P 3 state and a magnetic field 

was adjusted to shift the energy of the states until the rate was largest. The decay of the 

2 P 3 state to the ground state was observed to determine the transition rate. From this, they 

were able to deduce the shift between the 25i and 2Pi states. 

2 2 

Hans Bethe used non-relativistic quantum mechanics to calculate the self-energy correction 
to account for this observation. 
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We now can compute the correction the same way he did. 
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\(n\e^m 2 + \(n\m 2 


It is now necessary to discuss approximations needed to complete this calculation. In particular, 
the electric dipole approximation will be of great help, however, it is certainly not warranted for large 
photon energies. For a good El approximation we need E 7 << 1973 eV. On the other hand, we want 
the cut-off for the calculation to be of order w cu t- 0 ff ~ me 2 /Ti. We will use the El approximation 
and the high cut-off, as Bethe did, to get the right answer. At the end, the result from a relativistic 
calculation can be tacked on to show why it turns out to be the right answer. (We aren’t aiming for 
the worlds best calculation anyway.) 
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The log term varies more slowly than does the rest of the terms in the sum. We can approximate 
it by an average. Bethe used numerical calculations to determine that the effective average of 
Tiujnj is 8.9 a 2 mc 2 . We will do the same and pull the log term out as a constant. 


A E^ bs) 
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This sum can now be reduced further to a simple expression proportional to the |^„(0)| 2 using a 
typical clever quantum mechanics calculation. The basic Hamiltonian for the Hydrogen atom 
isH 0 = £- + V(r). 
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This must be a real number so we may use its complex conjugate. 
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= -y(«|e 2 <5 3 0?)|n) 

p 2 7? 2 

=-ylV’n(O)! 2 


Only the s states will have a non-vanishing probability to be at the origin with |V ; nOO (0) | 2 = 
and ao = Therefore, only the s states will shift in energy appreciably. The shift will be. 
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= 1.041 GHz 


This agrees far too well with the measurement, considering the approximations made and the 
dependence on the cut-off. There is, however, justification in the relativistic calculation. Typically, 
the full calculation was made by using this non-relativistic approach up to some energy of the 
order of amc 2 , and using the relativistic calculation above that. The relativistic free electron 
self-energy correction diverges only logarithmically and a very high cutoff can be used 
without a problem. The mass of the electron is renormalized as above. The Lamb shift does not 
depend on the cutoff and hence it is well calculated. We only need the non-relativistic part of 
the calculation up to photon energies for which the El approximation is OK. The relativistic part 
of the calculation down to uj m i n yields. 


A E n = 


4a 5 

37m 3 


log 


me 


2Tl(jJ n 


11 

24“5 ' mCr 


The non-relativistic calculation gave. 
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So the sum of the two gives. 


A £(° 6s ) = 


4o 5 

37m 3 




me 2 


The dependence on oj m i n cancels. In this calculation, the me 2 in the log is the outcome of the 
relativistic calculation, not the cutoff. The electric dipole approximation is even pretty good since 
we did not need to go up to large photon energies non-relativistically and no El approximation is 
needed for the relativistic part. That’s how we (and Bethe) got about the right answer. 


The Lamb shift splits the 2Si and 2Pi states which are otherwise degenerate. Its origin 
is purely from field theory. The experimental measurement of the Lamb shift stimulated 
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theorists to develop Quantum ElectroDynamics. The correction increases the energy of s 
states. One may think of the physical origin as the electron becoming less pointlike as virtual 
photons are emitted and reabsorbed. Spreading the electron out a bit decreases the effect of being 
in the deepest part of the potential, right at the origin. Based on the energy shift, I estimate that 
the electron in the 2s state is spread out by about 0.005 Angstroms, much more than the 
size of the nucleus. 

The anomalous magnetic moment of the electron, g — 2, which can also be calculated in field 
theory, makes a small contribution to the Lamb shift. 
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36 Dirac Equation 

36.1 Dirac’s Motivation 


The Schrodinger equation is simply the non-relativistic energy equation operating on a 
wavefunction. 

E = &, + v ^ 

The natural extension of this is the relativistic energy equation. 

E 2 = p 2 c 2 + (me 2 ) 2 

This is just the Klein-Gordon equation that we derived for a scalar field. It did not take physicists 
long to come up with this equation. 

Because the Schrodinger equation is first order in the time derivative, the initial conditions 
needed to determine a solution to the equation are just i/>(t = 0). In an equation that is second 
order in the time derivative, we also need to specify some information about the time derivatives at 
t = 0 to determine the solution at a later time. It seemed strange to give up the concept that all 
information is contained in the wave function to go to the relativistically correct equation. 

If we have a complex scalar field that satisfies the (Euler-Lagrange = Klein-Gordon) equations 

— m 2 (f> = 0 

U<f>* - m 2 (j)* = 0 , 


it can be shown that the bilinear quantity 


F 2 mi 

satisfies the flux conservation equation 


dx„ 
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dx n 
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d<j>* d(j) , dej)* d(j) 

r Y + <j) D(j> — (\3<J) )<f> — v Y 


2 mi V dxn dx/j, 


dx^ dx^ 


2 mi 


m 2 ((t>*<t> -</>*</>) =0 


and reduces to the probability flux we used with the Schrodinger equation, in the non-relativistic 
limit. The fourth component of the vector is just c times the probability density, so that’s fine too 
(using e lrnc t ! n as the time dependence.). 


The perceived problem with this probability is that it is not always positive. Because the 
energy operator appears squared in the equation, both positive energies and negative energies are 
solutions. Both solutions are needed to form a complete set. With negative energies, the probability 
density is negative. Dirac thought this was a problem. Later, the vector was reinterpreted 
as the electric current and charge density, rather than probability. The Klein-Gordon equation 
was indicating that particles of both positive and negative charge are present in the complex 
scalar field. The “negative energy solutions” are needed to form a complete set, so they cannot be 
discarded. 


Dirac sought to solve the perceived problem by finding an equation that was somehow linear in the 
time derivative as is the Schrodinger equation. He managed to do this but still found “negative 
energy solutions” which he eventually interpreted to predict antimatter. We may also be motivated 
to naturally describe particles with spin one-half. 
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36.2 The Schrodinger-Pauli Hamiltonian 


In the homework on electrons in an electromagnetic field, we showed that the Schrodinger-Pauli 
Hamiltonian gives the same result as the non-relativistic Hamiltonian we have been 
using and automatically includes the interaction of the electron’s spin with the magnetic 
field. 




t) 


The derivation is repeated here. Recall that {ov, <jj} = 2 Sij, [cri, cry] = 2 eijk&k, and that the momen¬ 
tum operator differentiates both A and the wavefunction. 
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We assume the Lorentz condition applies. This is a step in the right direction. The wavefunction 
now has two components (a spinor) and the effect of spin is included. Note that this form of 
the NR Hamiltonian yields the coupling of the electron spin to a magnetic field with the correct g 
factor of 2. The spin-orbit interaction can be correctly derived from this. 
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36.3 The Dirac Equation 

We can extend this concept to use the relativistic energy equation (for now with no EM 
field). The idea is to replace p with a • p. 


E 


— p 2 = (mcY 


E _ _\ /E _ ... 

- v - p 1 I-h CT ■ p ] = (me) 
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This is again written in terms of a 2 component spinor </>. 

This equation is clearly headed toward being second order in the time derivative. As with Maxwell’s 
equation, which is first order when written in terms of the field tensor, we can try to write a first 
order equation in terms of a quantity derived from (j). Define 

= (j) 

(j)= ——(iti-S - iha ■ v') 

me \ ox o ) 

Including the two components of and the two components of (f>( R t , we now have four components 
which satisfy the equations. 

(ih(ih-^- - iha • V ) </>^ = (me) 2 

V OXo / V ox 0 J 



These (last) two equations couple the 4 components together unless m = 0. Both of the above 
equations are first order in the time derivative. We could continue with this set of coupled equations 
but it is more reasonable to write a single equation in terms of a 4 component wave function. 
This will also be a first order equation. First rewrite the two equations together, putting all the 
terms on one side. 

^ iha ■ V — ih-^—^j + mc(j)^ = 0 

(—iha ■ V — ih— — ) i j^ R ' > + mc(fJ' L ' > = 0 
V oxo J 
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Now take the sum and the difference of the two equations. 
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iha ■ — 4^ r ' > ) — ih— — (4^ + 4^) + mc(4^ + 4^) = 0 

OXq 
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Now rewriting in terms of 4 a = 4^ + 4^ and 4b = 4^ — 4^ and ordering it as a matrix 
equation, we get. 

-ihd ■ v( 4 {R) - 4 {L) ) - ih-^-( 4 {R) + 4 {L) ) + m.c{ 4 (R) + 4 {L) ) = o 

OXq 

iha ■ V(</>^ + 4^) + ih-J^—(cf> < ' R ^ — 4^) + mc(4^ — 4^) = 0 

OXq 

-ih^—(4 {R) + 4 {l) ) - iha ■ S7(4 (r) - 4 {l) ) + mc{4 (R) + 4 {l) ) = 0 
OTo 

iha ■ + 0 < - L ^) + ih-J^—(4 < ' R ' > — 0 ( ' L ^) + mc(4^ — 4^) = 0 

OXq 

d 

—ih —— 4a — iha ■ V4 b + mc4A = 0 


iTmt • V^4 + ih— — 4b + mc4B = 0 

OXq 


: lh A 

iha ■ V 


—iha ■ V 
ihjf- 

OX 0 


4a 

4b 


4a 

4b 


= 0 


Remember that 4a and 4b are two component spinors so this is an equation in 4 components. 


We can rewrite the matrix above as a dot product between 4-vectors. The matrix has a dot product 
in 3 dimensions and a time component 
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The 4 by 4 matrices are given by. 
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With this definition, the relativistic equation can be simplified a great deal. 
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mci/j = 0 


The Dirac equation in the absence of EM fields is 




if) is a 4-component Dirac spinor and, like the spin states we are used to, represents a coordinate 
different from the spatial ones. 

The gamma matrices are 4 by 4 matrices operating in this spinor space. Note that there are 4 
matrices, one for each coordinate but that the row or column of the matrix does not correlate with 
the coordinate. 
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Like the Pauli matrices, the gamma matrices form a vector, (this time a 4vector). 

It is easy to see by inspection that the 7 matrices are Hermitian and traceless. A little compu¬ 
tation will verify that they anticommute as the Pauli matrices did. 


{T/o 7^} ~~ 2(5^ 


Sakurai shows that the anticommutation is all that is needed to determine the physics. That is, for 
any set of 4 by 4 matrices that satisfy {7^,7,,} = 2 5 ^, 


d me , 

+ T I * = 0 


will give the same physical result, although the representation of f/’ may be different. This is 
truly an amazing result. 


There are a few other representations of the Dirac matrices that are used. We will try hard to stick 
with this one, the one originally proposed by Dirac. 


It is interesting to note that the primary physics input was the choice of the Schrodinger- 
Pauli Hamiltonian 


[p + -A(r, t)\ a • [p + - A(r, t)] 
c c 
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that gave us the correct interaction with the electron’s spin. We have applied this same momentum 
operator relativistically, not much of a stretch. We have also written the equation in terms of four 
components, but there was no new physics in that since everything could be computed from two 
components, say q since 

q^ - iha ■ v') q . 

me \ ox o J 

Dirac’s paper did not follow the same line of reasoning. Historically, the Schrodinger-Pauli Hamil¬ 
tonian was derived from the Dirac equation. It was Dirac who produced the correct equation for 
electrons and went on to interpret it to gain new insight into physics. 



Dirac Biography 

36.4 The Conserved Probability Current 

We now return to the nagging problem of the probability density and current which prompted Dirac 
to find an equation that is first order in the time derivative. We derived the equation showing con¬ 
servation of probability (See section 7.5.2), for ID Schrodinger theory by using the Schrodinger 
equation and its complex conjugate to get an equation of the form 

dP(x,t ) dj(x,t) = 

dt d x 

We also extended it to three dimensions in the same way. 
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Our problem to find a similar probability and flux for Dirac theory is similar but a little more 
difficult. Start with the Dirac equation. 


d mc\ 

+ - r=° 


Since the wave function is a 4 component spinor, we will use the Hermitian conjugate of the 
Dirac equation instead of the complex conjugate. The 7 matrices are Hermitian. 
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The complex conjugate does nothing to the spatial component of x M but does change the sign of 
the fourth component. To turn this back into a 4-vector expression, we can change the sign back by 
multiplying the equation by 74 (from the right). 
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Defining ip = ip' 74 , the adjoint spinor, we can rewrite the Hermitian conjugate equation. 
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This is the adjoint equation. We now multiply the Dirac equation by ip from the left and multiply 
the adjoint equation by ip from the right, and subtract. 
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We have found a conserved current. Some interpretation will be required as we learn more about 
the solutions to the Dirac equation and ultimately quantize it. We may choose an overall constant 
to set the normalization. The fourth component of the current should be ic times the probability 
density so that the derivative with respect to aq turns into Therefore let us set the properly 
normalized conserved 4-vector to be 


3n = 


36.5 The Non-relativistic Limit of the Dirac Equation 

One important requirement for the Dirac equation is that it reproduces what we know 
from non-relativistic quantum mechanics. Note that we have derived this equation from 
something that did give the right answers so we expect the Dirac equation to pass this test. Perhaps 
we will learn something new though. 

We know that our non-relativistic Quantum Mechanics only needed a two component spinor. We 
can show that, in the non-relativistic limit, two components of the Dirac spinor are large and two are 
quite small. To do this, we go back to the equations written in terms of ipA and ips, just prior to the 
introduction of the 7 matrices. We make the substitution to put the couplings to the electromagnetic 
field into the Hamiltonian. 


36.5.1 The Two Component Dirac Equation 


First, we can write the two component equation that is equivalent to the Dirac equation. 

Assume that the solution has the usual time dependence e - lEt / n _ We start from the equation in 
ip A and ipB- 


( — ^~5xE ~ • V 

V iha ■ V 

-f v-P 

-a-p f 


( i’A 
\1pB 

( i’A 
\1pB 


+mc (Z)=° 

+mc (tt)=° 


Turn on the EM field by making the usual substitution p —> p + | A and adding the scalar potential 
term. 

I-±{E + eA 0 -mc 2 ) a • (p + |A*) 

y \{E + eA 0 +mc 2 )J \^ B ) 

~(E + eA 0 — mc 2 )'ipA = & * (p + - A) 
c \ c / 

-(E + eA 0 + mc 2 )-0B = 3 • (p+ - A] i^a 
c \ c / 


These two equations can be turned into one by eliminating tpg. 


— (E + eAo — mc 2 )vpA = 
c 


(p+ -A) — - ^ - -a ■ (p+ -A) V>a 

V c / (E + eAo + me 2 ) \ c ) 
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This is the two component equation which is equivalent to the Dirac equation for energy eigenstates. 
The one difference from our understanding of the Dirac equation is in the normalization. We shall 
see below that the normalization difference is small for non-relativistic electron states but needs to 
be considered for atomic fine structure. 


36.5.2 The Large and Small Components of the Dirac Wavefunction 

Returning to the pair of equations in ip a and ips- Note that for E ss me 2 , that is non-relativistic 
electrons, ip a is much bigger than ips- 

-(E + eA 0 + mc 2 )ipB = a ■ (j> + -A \ ip a 

4>B ~ 7T-2° ' (p + -A ~ 

Zmc z V c / Zmc- 

In the Hydrogen atom, ipB would be of order ^ times smaller, so we call ip a the large component 
and ipB the small component. When we include relativistic corrections for the fine structure of 
Hydrogen, we must consider the effect ips has on the normalization. Remember that the conserved 
current indicates that the normalization condition for the four component Dirac spinor is. 

jo = '4’ lAip = ^ t 7474'0 = ip^ip 


36.5.3 The Non-Relativistic Equation 


Now we will calculate the prediction of the Dirac equation for the non-relativistic coulomb 
problem, aiming to directly compare to what we have done with the Schrodinger equation for 
Hydrogen. As for previous Hydrogen solutions, we will set A = 0 but have a scalar potential 
due to the nucleus <p = Aq. The energy we have been using in our non-relativistic formulation is 
E ( N R) = e — me 2 . We will work with the equation for the large component ip a- Note that 
Aq is a function of the coordinates and the momentum operator will differentiate it. 


(p+ ^') 


c / (E + eA 0 + me 2 ) 


(p + ip a 


<t ■ p 


(E + eAo + me 2 ) 


a ■ pip a 


(E + eA 0 — mc 2 )ipA 

(£<**) + eA 0 )ip A 


Expand the energy term on the left of the equation for the non-relativistic case. 


E + eAo + me 2 


1 / 2 me 2 \ 

2m \mc 2 + E( nr ) + eAo + me 2 J 
1 ( 2 me 2 \ 

2m \2mc 2 + E( NR '> + eAo ) 

1 / E( NS >+eAo / E( nr ) + eAo 

2m l 2mc 2 + \ 2 me 2 
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We will be attempting to get the correct Schrodinger equation to order a 4 , like the one we used to 
calculate the fine structure in Hydrogen. Since this energy term we are expanding is multiplied in 
the equation by p 2 , we only need the first two terms in the expansion (order 1 and order a 2 ). 

9 • P^- (l - EiN 2 m +2 eA ° ) d • P^ A = {E {NR) + eA 0 )^ A 


The normalization condition we derive from the Dirac equation is 

jo = = V’ t 7474 4> = V’V = V’aV'a + Vsi’B = 1 - 

A'P* + ’Pb’Pb 85 (* + (^j) ) A’f’B = 1 


1 + 


(1 + 


V’aV’a = 1 


4>a 


V’A = 1 - 


P 


8m 2 c 2 




We’ve defined tp, the 2 component wavefunction we will use, in terms of ip A so that it is properly 
normalized, at least to order a 4 . We can now replace ip A in the equation. 


_ _ 1 E^ NR '>+eA 0 \^ _{ p 2 

a P 2m \ 1 2 me 2 ) a 'P\ l 8m 2 c 2 


if> = {E^ NR) + eA 0 ) f 1 - 


P 


8 m 2 c 2 


$ 


This equation is correct, but not exactly what we want for the Schrodinger equation. In particular, 
we want to isolate the non-relativistic energy on the right of the equation without other 


operators. We can solve the problem by multiplying both sides of the equation by ^ 

£( NR) + eA 0 


1 — £. 

1 8m 2 c a 
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We have only kept terms to order a 4 . Now we must simplify two of the terms in the equation 
which contain the momentum operator acting on the held. 


p 2 AqI/j 


a • pA 0 a ■ p 


-n 2 V 2 A 0 V> = ■ ((VH 0 )t/> + AoWO = -7j 2 ((V 2 H 0 )V> + 2(VA 0 ) • (Vt/>) + A q V 2 i/j) 

— h 2 (y 2 Aa)'ip + 2ihE ■ pip + Agp 2 ip 

—a ■ (VH 0 )<7 • p + Aga ■ pa ■ p = - a ■ Ea ■ p + A 0 p 2 = ih(aiEj,ajPj) + A 0 p 2 

i i 

Ti(aiajEiPj) + Aop 2 = ihiCijk&kEiPj + iTiE ■ p + Aop 2 = —ha ■ E x p + ihE ■ p + Agp 2 


Plugging this back into the equation, we can cancel several terms. 


2 m 


- eA 0 - 


eha ■ E x p — iehE ■ p— eAgp 2 


il> 


= ( e {nr) _ c ~^ 2 (V 2 ^o) + 2iHE ■ p + A 0 p 2 _ eA _P 


8m 2 c 2 


8m 2 c 2 


Zl _ 4 _ P 4 

2m C 0 8 m 2 c 2 


eha ■ E x p — iehE • p\ f jtj(nr) -h 2 (V 2 Ag) + 2ihE-p 


P?_ _ A P A 
2m 0 8 m 3 c 2 


4to 2 c 2 J ^ \ 

eha -Exp eh 2 \7 ■ E 


8 m 2 c 2 


*l> 

V> 


4 m 2 c 2 


8 m 2 c 2 


ip = E {NR) ip 


Now we can explicitly put in the potential due to the nucleus in our new units. We identify 
f x p as the orbital angular momentum. Note that V • E = p = ZeS 3 (r). The equation can now be 
cast in a more familiar form. 


—eAg = —e<p = —e 


eha ■ E x p Ze 2 S-rxp 


r.2^3 


eh 2 V 


8 m 2 c 2 


E eh 2 Ze 


8m 2 & 


Ze 
47 rr 


Ze 2 L ■ S 


„2 r 3 


. 2*2 


S 3 (r) = 


Ze 2 h 
8 m 2 c 2 


S 3 (r) 


Ze2i -* + * = E™* 

2 to 47t?' 8 to 3 c 2 87 Tm 2 c 2 r 3 8 m 2 c 2 I 


This “Schrodinger equation”, derived from the Dirac equation, agrees well with the one 
we used to understand the fine structure of Hydrogen. The first two terms are the kinetic and 
potential energy terms for the unperturbed Hydrogen Hamiltonian. Note that our units now put a 
47 t in the denominator here. (The 47 T will be absorbed into the new formula for a.) The third term 
is the relativistic correction to the kinetic energy. The fourth term is the correct spin-orbit 
interaction, including the Thomas Precession effect that we did not take the time to understand 
when we did the NR fine structure. The fifth term is the so called Darwin term which we said 
would come from the Dirac equation; and now it has. 
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This was an important test of the Dirac equation and it passed with flying colors. The Dirac equa¬ 
tion naturally incorporates relativistic corrections, the interaction with electron spin, and gives 
an additional correction for s states that is found to be correct experimentally. When the Dirac 
equation is used to make a quantum field theory of electrons and photons, Quantum ElectroDy- 
namics, we can calculate effects to very high order and compare the calculations with experiment, 
finding good agreement. 


36.6 Solution of Dirac Equation for a Free Particle 

As with the Schrodinger equation, the simplest solutions of the Dirac equation are those for a free 
particle. They are also quite important to understand. We will find that each component of the 
Dirac spinor represents a state of a free particle at rest that we can interpret fairly easily. 

We can show that a free particle solution can be written as a constant spinor times the usual 
free particle exponential. Start from the Dirac equation and attempt to develop an equation to 
show that each component has the free particle exponential. We will do this by making a second 
order differential equation, which turns out to be the Klein-Gordon equation. 
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The free electron solutions all satisfy the wave equation. 



Because we have eliminated the 7 matrices from the equation, this is an equation for each component 
of the Dirac spinor ip. Each component satisfies the wave (Klein-Gordon) equation and a 
solution can be written as a constant spinor times the usual exponential representing a wave. 
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ipp = upe 


i(p-x—Et)/h 


Plugging this into the equation, we get a relation between the momentum and the energy. 


—p 2 E 2 
Ti 2 + h 2 c 2 



= 0 


2 2 i 7712 2 4 

—pc + E — me =0 

77.2 2 2 1 _2 4 

E = p c + m c 
£ = ±\/p 2 c 2 + m 2 c 4 


Note that the momentum operator is clearly still jV and the energy operator is still ih 

There is no coupling between the different components in this equation, but, we will see that (unlike 
the equation differentiated again) the Dirac equation will give us relations between the 
components of the constant spinor. Again, the solution can be written as a constant spinor, 
which may depend on momentum up, times the exponential. 

iPp{x) = upe i &*~ Et V n 

We should normalize the state if we want to describe one particle per unit volume: ip'ip = y. We 
haven’t learned much about what each component represents yet. We also have the plus or minus 
in the relation E = ± \Jp 2 c 2 + m 2 c 4 to deal with. The solutions for a free particle at rest will tell 
us more about what the different components mean. 


36.6.1 Dirac Particle at Rest 


To study this further, lets take the simple case of the free particle at rest. This is just the p = 0 
case of the the solution above so the energy equation gives E = ±mc 2 . The Dirac equation can now 
be used. 


( 74 d(*ct) 




ipoe~ iEt / h = 0 


~E 

747 — v>o = 
lie 

Em& 


he 


■74^0 = 
74^0 


me 

me 

ir*° 

= ±'0o 


This is a very simple equation, putting conditions on the spinor ipo. 
Lets take the case of positive energy first. 


7400 = ±00 
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/1 0 0 
0 10 
0 0-1 
Vo 0 0 



We see that the positive energy solutions, for a free particle at rest, are described by the 
upper two component spinor, what we have called if) a- We are free to choose each component 
of that spinor independently. For now, lets assume that the two components can be used to 
designate the spin up and spin down states according to some quantization axis. 


For the “negative energy solutions” we have. 
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\b 2 J 
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/ 0 

0 

Bl 

\b 2 


We can describe two spin states for the “negative energy solutions”. 


Recall that we have demonstrated that the first two components of ip are large compared to the other 
two for a non-relativistic electron solution and that the first two components, ip a, can be used as 
the two component spinor in the Schrodinger equation (with a normalization factor). Lets identify 
the first component as spin up along the z axis and the second as spin down. (We do still have a 
choice of quantization axis.) Define a 4 by 4 matrix which gives the z component of the 
spin. 


S 2 = 
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With this matrix defining the spin, the third component is the one with spin up along the z 
direction for the “negative energy solutions”. We could also define 4 by 4 matrices for the x and y 
components of spin by using cyclic permutations of the above. 

So the four normalized solutions for a Dirac particle at rest are. 



The first and third have spin up while the second and fourth have spin down. The first and second 
are positive energy solutions while the third and fourth are “negative energy solutions” , which 
we still need to understand. 


36.6.2 Dirac Plane Wave Solution 


We now have simple solutions for spin up and spin down for both positive energy and “negative 
energy” particles at rest. The solutions for nonzero momentum are not as simple. 
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We should find four solutions. Lets start with one that gives a spin up electron in the first two 
components and plug it into the Dirac equation to see what the third and fourth components can 
be for a good solution. 


/ — E + me 2 

0 

PzC 

(Px ~ iPy)c\ 

( 1 

0 

—E + me 2 

{jPx + iPy)c 

PzC 1 
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-(Px -ipy)c 
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B x 

\-{Px + iPy)c 

PzC 

0 
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B 1 (p x + ipy)c- B 2 p z c I 

-p z c + Bi(E + me 2 ) I 

V —( p x + ip y )c + B 2 (E + me 2 ) / 

Use the third and fourth components to solve for the coefficients and plug them in for a check of the 
result. 


B x = 
B 2 = 


PzC 


E + me 2 
(p x + ip v )c 


( ~E + mc + 

Pz ( Px +ip V )c 2 —p z ( Px +ip y )C 
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= 0 


0 / 

/ -E 2 +(mc 2 ) 2 +p 2 c 2 \ 
E+mc 2 

0 

0 
0 


= 0 


This will be a solution as long as E 2 = p 2 c 2 + (me 2 ) 2 , not a surprising condition. Adding a 
normalization factor, the solution is. 


up = N 


’p —0 



This reduces to the spin up positive energy solution for a particle at rest as the momentum goes to 
zero. We can therefore identify this as that same solution boosted to have momentum p. The full 
solution is. 
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We again see that for a non-relativistic electron, the last two components are small compared to 
the first. This solution is that for a positive energy electron. The fact that the last two 
components are non-zero does not mean it contains “negative energy” solutions. 


If we make the upper two components those of a spin down electron, we get the next solution 
following the same procedure. 
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This reduces to the spin down positive energy solution for a particle at rest as the momentum goes 
to zero. The full solution is. 
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Now we take a look at the “negative energy” spin up solution in the same way. 
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This reduces to the spin up “negative energy” solution for a particle at rest as the momentum goes 
to zero. The full solution is 
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with E being a negative number. We will eventually understand the “negative energy” solutions in 
terms of anti-electrons otherwise known as positrons. 


Finally, the “negative energy”, spin down solution follows the same pattern. 
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with E being a negative number. 
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We will normalize the states so that there is one particle per unit volume. 
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We have the four solutions with for a free particle with momentum p. For solutions 1 and 
2, E is a positive number. For solutions 3 and 4, E is negative. 
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The spinors are orthogonal for states with the same momentum and the free particle waves are 
orthogonal for different momenta. Note that the orthogonality condition is the same as for non- 
relativistic spinors 
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It is useful to write the plane wave states as a spinor up times an exponential, 
normalization of the spinor so that u'u transforms like the fourth component of a 
follow the same convention. 
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(r)t (r') 

U p U p 


\E\ 


2 &rr' 


Are the free particle states still eigenstates of T, z = 


as were the states of a particle at 


<J z 0 

0 a z 

rest? In general, they are not. To have an eigenvalue of +1, a spinor must have zero second and 
fourth components and to have an eigenvalue of -1, the first and third components must be zero. So 

boosting our Dirac particle to a frame in which it is moving, mixes up the spin states. 


There is one case for which these are still spin eigenstates. If the particle’s momentum is in the z 
direction, then we have just the spinors we need to be eigenstates of E z . That is, if we boost along 
the quantization axis, the spin eigenstates are preserved. These are called helicity eigenstates. 
Helicity is the spin component along the direction of the particle. While it is possible to make 
definite momentum solutions which are eigenstates of helicity, it is not possible to make definite 
momentum states which are eigenstates of spin along some other direction (except in the trivial case 
of p = 0 as we have shown). 


To further understand these solutions, we can compute the conserved probability current. First, 
compute it in general for a Dirac spinor 
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Now compute it specifically for a positive energy plane wave, and a “negative energy” plane 
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/ (3) 

wave, ip- . 


/p 

r p 

= N 

0 

p z C 


E+mc 2 

i ( Px+iPy)c i 

j (!) 

Jp 

= N 2 

c([B 2 + E*, 

M 

= N 2 

c A 

E + me 2 

j U) 

Ju 

= N 2 

2c , 

V , (P 


0 i(p-x—Et)/h 


= N 2 c ([B 2 + B*, -i[B 2 - B*\, [B x + B*],i[ 1 + B{B i + B*B 2 }) 


2 , P 2 c 2 


E + me 2 


{p x c,p y c,p z c,iE) 


4 3) = N 


/ \ 

-(px+ip v )c 
— E+mc 2 

1 

0 


0 i(p-x-Et)/h 


if 

if 


? -(3) 


— N~c ([^42 4" -^ 2 ]) — i \—^2 + -^ 2 ], [ 2^1 + -Ai], z[A* Ai + A%A 2 + 1]) 


= N 2 


—E + TOC 2 


= —N 2 


2c 


—E + me 2 


—2 p x c, —2p y c, —2p z c,i[~E + me 2 + 
fee, p y c,p z c,iE) 


2 2 

pc 


— E + TOC 2 


Since E is negative for the “negative energy” solution, the probability density is positive but 
the probability flux is in the opposite direction of the momentum. 


36.6.3 Alternate Labeling of the Plane Wave Solutions 


Start from the four plane wave solutions: 1 and 2 with positive energy and 3 and 4 with negative. 
There are four solutions for each choice of momentum p. 


vf = 


|E| 


2|E|P 


1 

0 

PzC 

E+mc 2 
(p x +ip y )c 
E+mc 2 

PzC 


^ = 
Y P 


|E| +: 


2|E|P 


— E+mc 2 
— (Px+iPy)c 

— E+mc 2 

1 

0 


J(p-x-Et)/R 


J(p-x-Et)/h 


^ = 
Y P 


^ = 


|E| +' 


2|E| V 


0 

1 

(.P*-iPy)c 

E+mc 2 

~P. 


|E| + : 


2|E|V 


' E-\-mc 2 

( -(Px-iPy)c \ 
— E+mc 2 

PzC 

— E+mc 2 

0 

1 


i(p-x-Et)/h 


i(p-x-Et)/h 


Concentrate on the exponential which determines the wave property. For solutions 3 and 4, both 
the phase and group velocity are in the opposite direction to the momentum, indicating we have a 
problem that was not seen in non-relativistic quantum mechanics. 

_ u. E„ Wp 2 c 2 + m?c 4 „ 

V phase — ~T k — P — i p 

k p p 
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_ du> - dE „ pc 2 

v group = -7-j-k = -7—p = i , P 

dk dp yjp 2 c 2 + m 2 c 4 

Clearly, we want waves that propagate in the right direction. Perhaps the momentum and energy 
operators we developed in NR quantum mechanics are not the whole story. 

For solutions 3 and 4, pick the solution for —p to classify with solutions 1 and 2 with momentum p 

write everything in terms of the positive square root ?n 2 c 4 . 



We have plane waves of the form 




which is not very surprising. In fact we picked the + sign somewhat randomly in the development 
of NR quantum mechanics. For relativistic quantum mechanics, both solutions are needed. We have 
no good reason to associate the er ll - v r x n) solution with negative energy. Lets assume it also has 
positive energy but happens to have the - sign on the whole exponent. 


Consider the Dirac equation with the EM field term included. (While we are dealing with free 
particle solutions, we can consider that nearly free particles will have a very similar exponential 
term.) 


d , me , 

3-7„f+-V> = 0 


d 

OX,, 


— A 

he M 


h 

me 


ipip + = o 


The operating on the exponential produces Eip^/h. If we change the charge on the electron from 
—e to +e and change the sign of the exponent, the equation remains the same. Thus, we can turn 
the negative exponent solution (going backward in time) into the conventional positive exponent 
solution if we change the charge to +e. Recall that the momentum has already been inverted (and 
the spin also will be inverted). 

The negative exponent electron solutions can be recast as conventional exponent positron 
solutions. 


36.7 “Negative Energy” Solutions: Hole Theory 

Dirac’s goal had been to find a relativistic equation for electrons which was free of the negative 
probabilities and the “negative energy” states of the Klein-Gordon equation. By developing and 
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equation that was first order in the time derivative, he hoped to have an equation that behaved 
like the Schrodinger equation, an equation for a single particle. The Dirac equation also has 
“negative energy” solutions. While the probability is positive, the flux that we have derived 
is in the opposite direction of the momentum vector for the “negative energy” solutions. 

We cannot discount the “negative energy” solutions since the positive energy solutions alone 
do not form a complete set. An electron which is localized in space, will have components of its 
wave function which are “negative energy”. (The infinite plane wave solutions we have found can 
be all positive energy.) The more localized the state, the greater the “negative energy” 
content. 

One problem of the “negative energy” states is that an electron in a positive energy (bound or free) 
state should be able to emit a photon and make a transition to a “negative energy” state. 
The process could continue giving off an infinite amount of energy. Dirac postulated a solution to 
this problem. Suppose that all of the “negative energy” states are all filled and the Pauli 
exclusion principle keeps positive energy electrons from making transitions to them. 

The positive energies must all be bigger than me 2 and the negative energies must all be less than 
—me 2 . There is an energy gap of 2 me 2 . It would be possible for a “negative energy” electron to 
absorb a photon and make a transition to a positive energy state. The minimum photon 
energy that could cause this would be 2 me 2 . (Actually to conserve momentum and energy, this must 
be done near a nucleus (for example)). A hole would be left behind in the usual vacuum which 
has a positive charge relative to the vacuum in which all the “negative energy” states are filled. This 
hole has all the properties of a positron. It has positive energy relative to the vacuum. It has 
momentum and spin in the opposite direction of the empty “negative energy” state. 
The process of moving an electron to a positive energy state is like pair creation; it produces both 
an electron and a hole which we interpret as a positron. The discovery of the positron gave a great 
deal of support to the hole theory. 

The idea of an infinite sea of “negative energy” electrons is a strange one. What about all 
that charge and negative energy? Why is there an asymmetry in the vacuum between negative and 
positive energy when Dirac’s equation is symmetric? (We could also have said that positrons have 
positive energy and there is an infinite sea of electrons in negative energy states.) This is probably 
not the right answer but it has many elements of truth in it. It also gives the right result for some 
simple calculations. When the Dirac field is quantized, we will no longer need the infinite “negative 
energy” sea, but electrons and positrons will behave as if it were there. 

Another way to look at the “negative energy” solution is as a positive energy solution moving 
backward in time. This makes the same change of the sign in the exponential. The particle would 
move in the opposite direction of its momentum. It would also behave as if it had the opposite 
charge. We might just relabel p —> —p since these solutions go in the opposite direction anyway and 
change the sign of E so that it is positive. The exponential would be then change to 

^i(p-x—Et)/Ti _ y ^-i(p-x—Et)/h 

with e positive and p in the direction of probability flux. 


36.8 Equivalence of a Two Component Theory 

The two component theory with ip a (and ipB depending on it) is equivalent to the Dirac theory. 
It has a second order equation and separate negative and positive energy solutions. As we saw in 
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the non-relativistic limit, the normalization condition is a bit unnatural in the two component 
theory. The normalization correction would be very large for the “negative energy” states if we 
continued to use ip a- 

Even though it is a second order differential equation, we only need to specify the wave function and 
whether it is negative or positive energy to do the time development. The Dirac theory has many 
advantages in terms of notation and ease of forming Lorentz covariant objects. A decision must be 
made when we determine how many independent fields there are. 


36.9 Relativistic Covariance 

It is important to show that the Dirac equation, with its constant 7 matrices, can be covariant. 
This will come down to finding the right transformation of the Dirac spinor 0. Remember that 
spinors transform under rotations in a way quite different from normal vectors. The four components 
if the Dirac spinor do not represent x, y, z, and t. We have already solved a similar problem. We 
derived the rotation matrices for spin 77 states, finding that they are quite different than rotation 
matrices for vectors. For a rotation about the j axis, the result was. 

6 6 

R(6 ) = cos - + i<jj sin - 

We can think of rotations and boosts as the two basic symmetry transformations that we 
can make in 4 dimensions. We wish to find the transformation matrices for the equations. 

Ip' — S ro t{0)lp 
Ip 1 = S boos t{/3)ip 


We will work with the Dirac equation and its transformation. We know how the Lorentz vectors 
transform so we can derive a requirement on the spinor transformation. (Remember that a^ works 
in an entirely different space than do 7 ^ and S.) 


H TY1C 

+ -^(z) 

^ V)+ ^ V) 

tp'(x') 

d 

54 

() ff) n 

7 —Sip + — Sip 
ox v n 

ox v h 


0 


0 

Sip{x) 

d 

0 

0 

0 

0 
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The transformed equation will be the same as the Dirac equation if S = 7 „. Multiply by 

the inverse Lorentz transformation. 


a »v{a) v x 

< 

a. 

II 

Q'fnsQ'Xis 

a. 

II 


= l v a\ 

S^jxS 

= J v ax 

s-^s = 

/m) f is & [ns 


This is the requirement on S for covariance of the Dirac equation. 


Rotations and boosts are symmetry transformations of the coordinates in 4 dimensions. Consider 
the cases of rotations about the z axis and boosts along the x direction, as examples. 


a 


(rot) 

ins 


(boost) 


/ 

COS0 

sin0 

0 

°\ 






— sin0 

COS0 

0 

° 1 






0 

0 

1 

0 





V 

0 

0 

0 

1/ 





/ 

7 

0 0 

iP 7 

\ 

( coshy 

0 

0 

i sinh y 


0 

1 0 

0 


0 

1 

0 

0 


0 

0 1 

0 


0 

0 

1 

0 

V 

~iP 7 

0 0 

7 

/ 

V — i sinhy 

0 

0 

cosh y 


The boost is just another rotation in Minkowski space through and angle iy = i tanh - 1 b. 
For example a boost with velocity /3 in the x direction is like a rotation in the 1-4 plane by an angle 
■ Let us review the Lorentz transformation for boosts in terms of hyperbolic functions. 

We define tanh x = P- 


tanh y 
cosh x 
sinh x 
cos (ix) 
sin (ix) 
7 

Pi 


pX _ p-X 

= p 

e x + e -x 


e x + e"X 


2 


e x - e~x 


2 


e *(*x) _|_ e -*(*x) 

e x 4 - e x 

2 

2 

e *(*x) _ e -»(*x) 

e -x _ e x 

2 i 

2 i 

1 

1 


\/l — /3 2 \Jl — tanh 2 y 


tanh y cosh y = sinh y 


= cosh y 
e x _ e -x 

= i --- = isinhy 

1 

a /(1 +tanhy)(l - tanhy) 


1 


e* + 


2e x 


2e~ x 


e x -\-e x g x ~\~g x 


2 


(boost) 

U (u/ 


/ coshy 0 0 *sinhy\ 

0 10 0 1 

0 0 1 0 I 

\—i sinh y 0 0 coshy/ 


= cosh y 
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x\ = X\ cosh % + ix4 sinh \ 
x' = 7X + /?7 i(ict) 
x\ = X 4 cosh \ — ix 1 sinh % 


We verify that a boost along the * direction is like a rotation in the *4 plane through an angle i\- 

We need to find the transformation matrices S that satisfy the equation = 7 „a/,„ 

for the Dirac equation to be covariant. Recalling that the 4 component equivalent of a z is = 
^ 7l 2 ’ a 72 ^ = we will show that these matrices are (for a rotation in the xy plane and a boost in 

the x direction). 


Srot = cos - + 7172 sin - 

X X 

Sboost = cosh - + *7174 sinh 


Note that this is essentially the transformation that we derived for rotations of spin one-half states 
extended to 4 components. For the case of the boost the angle is now *y. 

Lets verify that this choice works for a boost. 


cosh -X 


cosh — 7 U cosh — 
2 M 2 


X, 


2 X 
1 2 


X 
2 " 

X, 


* 7 i 74 sinh ■ 


X, 

2 


X 

2 


X 

2 

X 


1 / X x\ 

7/2 (^cosh - + *7474 sinh - J 

= 0 / 22/712 

^ 7/x (cosh ^ + 17474 sinh ^ 

= 0/222 7 l 2 

■J 7m {cosh - + *7474 sinh - J 

= 0/22/722 

X X 

- *7474 sinh -7/2*7174 sinh - 

= 0/^72, 

X 2 X 

) sinh - + 74747/27174 sinh - 

= 0/2,2 7,2 


The equation we must satisfy can be checked for each 7 matrix. First check 71 . The operations with 

the 7 matrices all come from the anticommutator, { 7 / 2 , 722 } = 2 8^, which tells us that the square 

of any gamma matrix is one and that commuting a pair of (unequal) matrices changes the sign. 

2X XX XX 2 X 

71 cosh -+* 7 i 7 i 74 cosh-sinh --171 7471 cosh-sinh -+71 74717174sinlr - = 

71 cosh 2 + 174 cosh sinh — + *74 cosh sinh ^ + 71 sinh 2 ^ = ai u "/ v 

71 cosh 2 ^ + 2*74 cosh ^ sinh ^ + 71 sinh 2 ^ = a\ v ^ v 


cosh 2 + sinh 2 ^ = i((e 2 + e 2 * ) 2 + (e 2 — e 2 * ) 2 ) 


1 X ■ 1 X 1 ,, i > , x 
cosh — smh — = -((e 2 + e 2 )(e 2 
2 2 4 


=-(e x + 2 + e x + e x — 2 + e x ) 


2 6 


‘) = 


- e 2 *)) = ^(e x - e X ) = ^sinhx 


cosh x 
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cosh 2 — sinh 2 ^ = i((e* + e 2 * ) 2 — (e 2 — e 2 *) 2 ) 

= i( eX + 2 + e _x — e x + 2 — e _x ) = 1 

7i cosh x + *74 sinh x = aq^ 
/ cosh x 0 0 * sinh x \ 

I 0 10 0 | 

“ 0 0 1 0 I 

V — * sinh x 0 0 coshx / 

71 cosh x + *74 sinh x = 7i cosh x + *74 sinh \ 


That checks for 71. Now, try 74. 

2X X-X x . X 2 X 

74 cosh" — + *747174 cosh — sinh — — *717474 cosh sinh — + 7174747174 sinh — 

Z Z Z Z Z Z 

74 cosh 2 — *71 cosh ^ sinh ^ — *71 cosh — sinh ^ + 74 sinh 2 ^ 
z z z z z z 

74 cosh 2 ^ — 2*71 cosh — sinh ^ + 74 sinh 2 

74 cosh x — *7i sinh x 


—* sinh X7i + cosh ^74 

—* sinh X7i + cosh X74 
—* sinhx7i + coshx74 


That one also checks. As a last test, try 72. 

2 x XX XX 2 X 

72 cosh - + *727x74 cosh - sinh - - *717472 cosh - sinh - + 7174727174 sinh - 

2 x x . x X-X 2 X 

72 cosh — + *727174 cosh — sinh — — *727174 cosh — sinh — — 72 sinh — 
z z z z z z 

72 


72 

d 2 V ' 

72 


The Dirac equation is therefore shown to be invariant under boosts along the 27 direction if 
we transform the Dirac spinor according to ip' = Sboostip with the matrix 


X X 

Sboost = cosh - + *7 i 7 4 sinh - 

and tanh y = P- 

The pure rotation about the z axis should also be verified. 

= a,j„ 7 „ 

= <v, 7 „ 

= Otfllf'~iv 


COS - + 7172 Sin - I 7 /x I cos - + 7172 Sill - 


e 


e 


cos - - 7172 sill - 7 M cos - + 7172 sm 


e 


2 e e e e e 2 e 

7 m cos - + 7^7172 cos - sm - - 71727^cos - sin- - 7 i727m7i 72 sm - 
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For fj, = 3 or 4 , a^ = 5 pl , and the requirement is fairly obviously satisfied. Checking the requirement 
for fi = 1, we get. 


2 0 0 8 8 8 2 8 

7 i cos -+717172 cos - sm--717271 cos - sm--7^2717172 sm - 


O'fils 


2 8 „ 0 . 0 .08 

71 cos - + 272 cos - sm - - 71 sin - 
71 cos 8 + 72 sin 0 


/ cos0 sin0 0 0\ 

— sin 6* cos 0 0 0 I 
0 0 10 

VO 001/ 

cos $7i + sin 072 
cos $7i + sin 072 


This also proves to be the right transformation of ^ so that the Dirac equation is invariant 
under rotations about the k axis if we transform the Dirac spinor according to 7// = S ro tip with 
the matrix 



and ijk is a cyclic permutation. 

Despite the fact that we are using a vector of constant matrices, 7^, the Dirac equation is covariant 
if we choose the right transformation of the spinors. This allows us to move from one coordinate 
system to another. 


As an example, we might try our solution for a free electron with spin up along the z axis at rest. 


^ — ’tpE^+mc 2 ,+h /2 — 


1 

Tv 


0 —imc 2 t/h _ 


1 


0 iPpx p /n 


The solution we found for a free particle with momentum p was. 

_ l 1 \ 

(i) = lE + mc 2 0 ippXp/n 

V 2 EV eW 

i C Px+iPy)c , 

' E+mc 2 ' 

Imagine we boost the coordinate system along the —x direction with 7 = / 3 - We can transform the 
momentum of the electron to the new frame. 


f (boost) 

Pu = a iiv Pv = 


The momentum along the x direction is p x = fi'/mc = mcsinhy;. We now have two ways to get the 
free particle state with momentum in the x direction. We can use our free particle state 
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\imcj 

V i'ymc ) 


i/> (1) = 
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( 1 \ 

E + me 2 

0 

V 2 EV' 

0 


M me 2 


\ 7771 c 2 +rac 2 / 


p i(p-x—Et)/h 



( 1 \ 

E + me 2 
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V 2 EV' 
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2 EV' 
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0 
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0 

V 2 EV' 

0 
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0 i(p-x-Et)/n 
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\ 

1E + me 2 

0 


V 2 EV' 

0 

2 sinh ^ cosh ^ 


\ 2 cosh 2 

x 

2 ' 

1E + me 2 

i{p-x 

V 2 EV' 

0 

V tanh X / 

6 


i(p-x-Et)/n 


where the normalization factor is now set to be ^=, defining this as the primed system. 


We can also find the same state by boosting the at rest solution. Recall that we are boosting in the 
x direction with —/3, implying \ —»• —y. 


Sboost — 
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cosh — — *7 i 74 sinh — 
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= 


/cosh j 

0 

0 

sinh j \ 


/ 1 \ 

0 

cosh j 

sinh j 

0 

1 

0 

0 

sinh ^ 

cosh X 

° 

w 

0 

\ sinh $ 

0 

0 “ 

cosh ^ / 


\o / 


/cosh X' 


ippXp/h 



~^= cosh J 

W 2 


jPpXp/n 


P ippxp/n 


1 + cosh x 


X 


cosh — = 

2 


W = ~~TT7 




( 1 \ 

/ E + mc z 

0 

V 2 me 2 

° 


V tanh ^/ 


jPpXp/h 



( 1 \ 

/ E + me 2 

0 

V 2 EV' 

° 


V tanh ^/ 


jPpXp/n 


= cosir 


In the last step the simple Lorentz contraction was used to set V' = 

matches the plane wave solution including the normalization. 


This boosted state 


36.10 Parity 


It is useful to understand the effect of a parity inversion on a Dirac spinor. Again work with 
the Dirac equation and its parity inverted form in which Xj —> — Xj and X 4 remains unchanged (the 
same for the vector potential). 


to|x 
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d d 

dx' A dx^ 

{^>i] +lt ip) Sp * + i = 0 

s^l (~ 7 ^ +74 s7) sw ’ + v , '’ = 0 

Since 74 commutes with itself but anticommutes with the 7*, it works fine. 

Sp = 74 

(We could multiply it by a phase factor if we want, but there is no point to it.) 
Therefore, under a parity inversion operation 

ip' = Spip = 74 V’ 


Since 74 = 



the third and fourth components of 


the first two don’t. Since we could have chosen —74, all we know is 

have the opposite parity of components 1 and 2. 


the spinor change sign while 
that components 3 and 4 


36.11 Bilinear Covariants 

We have seen that the constant 7 matrices can be used to make a conserved vector current 

jp = icip'lpip 

that transforms correctly under Lorentz transformations. With 4 by 4 matrices, we should be able 
to make up to 16 components. The vector above represents 4 of those. 

The Dirac spinor is transformed by the matrix S. 

ip' = Sip 

This implies that Pp = ip' 74 transforms according to the equation. 

Pp' = (Stp)^j4 = tp^ 5^74 

Looking at the two transformations, we can write the inverse transformation. 

„ e . e 

b rot = cos - + 7 i 7 j sin - 

X X 

Sboost = cosh - + * 7 i 74 sinh - 

0-1 0 ■ 9 

Srot = cos - - 7 i 7 j sin - 
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SboLt = cosh | - * 7*74 sinh | 

of 9 .99 .9 

S rot = COS - + 7j7i sin - = COS - - 7 ^ sin - 
4 ost = cosh | “ * 747 * sinh | = cosh | + *7,74 sinh | 

Ot ^ • 9 Q-l 

74 -S ; ot 74 = cos - - 7i7j sin - = S rot 
74^ oost 74 = cosh | - 17*74 sinh | = 5 ^ gt 

7 4 5' t 74 = S' -1 

0 7 = (S0)^74 = 74 74 S 1 ^ 74 = 0^74S -1 = '0S' -1 


This also holds for Sp. 


S P = 74 

4 = 74 
Sp = 74 

74474 = 747474 = 74 = Sp 1 


From this we can quickly get that 00 is invariant under Lorentz transformations and hence is a 

scalar. 


0 , 0 / = 0S 1 5'0 = 00 


Repeating the argument for 07^0 we have 

0 , 7mV’ / = 0S _1 7 /i S0 = a^j/071/0 

according to our derivation of the transformations S'. Under the parity transformation 

0 , 7/4 = 0S -1 7 At S0 = 0747^740 

the spacial components of the vector change sign and the fourth component doesn’t. It transforms 
like a Lorentz vector under parity. 

Similarly, for /./ ^ v, 

0o> 1/0 = 0*7/*7**0 

forms a rank 2 (antisymmetric) tensor. 

We now have 1+4+6 components for the scalar, vector and rank 2 antisymmetric tensor. To get an 
axial vector and a pseudoscalar, we define the product of all gamma matrices. 

75 = 71727374 

which obviously anticommutes with all the gamma matrices. 


(7m, 75} = 0 
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For rotations and boosts, 75 commutes with S since it commutes with the pair of gamma matrices. 
For a parity inversion, it anticommutes with Sp = 74. Therefore its easy to show that ip'fs'tp 
transforms like a pseudoscalar and 1/^757 mV 1 transforms like an axial vector. This now brings 
our total to 16 components of bilinear (in the spinor) covariants. Note that things like 75012 = 
*717273747172 = —*7374 is just a constant times another antisymmetric tensor element, so its nothing 
new. 


Classification 

Covariant Form 

no. of Components 

Scalar 

ipip 

1 

Pseudoscalar 

iplbip 

1 

Vector 


4 

Axial Vector 

Iplhlplp 

4 

Rank 2 antisymmetric tensor 

ipcr^ip 

6 

Total 


16 


The 7 matrices can be used along with Dirac spinors to make a Lorentz scalar, pseudoscalar, vector, 
axial vector and rank 2 tensor. This is the complete set of covariants, which of course could be 
used together to make up Lagrangians for physical quantities. All sixteen quantities defined satisfy 

r 2 = 1. 


36.12 Constants of the Motion for a Free Particle 


We know that operators representing constants of the motion commute with the Hamilto¬ 
nian. The form of the Dirac equation we have been using does not have a clear Hamiltonian. This 
is true essentially because of the covariant form we have been using. For a Hamiltonian formulation, 
we need to separate the space and time derivatives. Lets find the Hamiltonian in the Dirac 
equation. 


d me , 


7j a + : . 


n 

mc\ 


+ — U = 0 


h d • 1 / n 

7 jPj - 74 --q - imc ) ip = 0 


hdip 

c dt 
hdip 

c dt 

(icj^'yjPj + me 2 74) ip = Eip 


{ijPj ~ ime) ip = 74- 
( 747 jPj ~ ****074) ip = 


H = ic r y4 r yjPj + me 2 74 


Its easy to see the pk commutes with the Hamiltonian for a free particle so that momentum will 
be conserved. 
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The components of orbital angular momentum do not commute with if. 

W, L z \ = icr)4,[jjPj , xp y - yp x \ = hc~/ 4 ,('y 1 p y - 72 p x ) 

The components of spin also do not commute with if. 

E = [ 71 . 72 ] = 7172 

z 2 i i 

[H,S Z ] = [if, -T, z ] = c- [747^^,7172] = c-p.,- [747,7172 - 7172747,] 

= c ^Pj [747,7172 - 7471727,'] = c|p,'74[7,7i 72 - 7i727j] = KenbiPx - 7i Py] 

However, the helicity, or spin along the direction of motion does commute. 

[if, S ■ p\ = [if, S] ■ p = ‘hc'yip x 7 • p = 0 


From the above commutators [if, L z ] and \II , ,S' Z ], the components of total angular momentum 
do commute with if. 

[if, J z \ = [if, L z \ + [if, S z ] = hc'y^'YiPy - 72 Px) + ic7 4 [72Px - 7i Py] = 0 


The Dirac equation naturally conserves total angular momentum but not conserve the orbital 
or spin parts of it. 


We will need another conserved quantity for the solution to the Hydrogen atom; something akin to 
the ± in j = l ± ^ we used in the NR solution. We can show that [if, K] = 0 for 

K = 74E • J- ^74. 

It is related to the spin component along the total angular momentum direction. Lets compute the 
commutator recalling that if commutes with the total angular momentum. 


if = 

*0747 • p + me 2 74 

[if, AT = 

[if, 74 ](S- J-|)+ 7 4[if,S]. J 

[if, 74 

= 

ic[747 • p , 74] = 2iC7 • p 

[H,X Z 

= 

2074(72 Px ~ 7 l Py] 

if, £ 

= 

—20747 x p 

[H,K] = 

2zc( 7 • p)(£ • J — —) — 2c7 x p ■ J 

p-L = 

0 

J = 

L +\v 

n = 

2c ( 

i{l • p)(S • J) — 7 x p ■ J- i^tf-p)] 






518 


(7 -P)(S-J) = 


liPi'EjJj = — piJj'yi 




(7 -P)&.J) 
[Hi K] 


2 r^j fi r )m r )n^-mnj 

2(^ij7574 H - tijk'Jk ) 


UJ I l -i ■ oj r\j in*/ 

ipiJj{Szj'y5'y4, + tijk'Yk) = -i"/5"/4p- j - *7 x P • J 
/ _ \ 


[#,*] 

[7?,A1 

[i?,A1 

[tf,A1 


2c |7574P- J + 
2c 


- r - ~ t n 

7 x p • J — 7 x p • J — z — 


*2 (T-P) 


7172737474P • *^(7 • p)^ 

2c ^7i7273P- /- i^il'P^j 
2c ^7i7273P- (A+ ^E) -i^(j-p) 

2c| (717273P • £-*(?■p)) 

2c| (ip-i-itf-p)) = 0 


It is also useful to show that [A', J] = 0 so that we have a mutually commuting set of operators to 
define our eigenstates. 


[If, jj = [74S • J - ^74, J] = [74, J]S • J + 74[E • J, J] - ^[ 74) J] 


This will be zero if [74, </) = 0 and [E • </, j] =0. 


= [74 7+ |s] = |[74,S] = 0 


E- J, J 
E-A, J 


= [E • A, J] + [E • E, J] = [E • A, J] + [3, J] = [E • A, J] 


— P* + 2 PiP?] — [Lit ’LjLj] 7 ^ Pi, ’LjLj] — Ej[Ai, Lj] 7 ^ [Ej, Ej]Aj 


h 


— ifrcijkYjjLk 7 21 27/7v:E/, : Ay — .^(eyfcEjAfc 7 77E/ c Lj ) — zAfe^^E^A^ c^jE^Aj) — zI/(c,j/, : E^ A/,- c^feEjA^ 


So for the Hydrogen atom, H, J 2 , J z , and AT form a complete set of mutually commuting operators 
for a system with four coordinates x, y, 2 and electron spin. 


36.13 The Relativistic Interaction Hamiltonian 


The interaction Hamiltonian for the Dirac equation can be deduced in several ways. The simplest 
for now is to just use the same interaction term that we had for electromagnetism 


Hint — .7/1 -'l /j 


and identify the probability current multiplied by the charge (-e) as the current that couples to the 
EM field. 


ji EM) = 
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Removing the if)' from the left and if) from the right and dotting into A , we have the interaction 
Hamiltonian. 

Hint = ie-lHnA^ 

Note the difference between this interaction and the one we used in the non-relativistic case. The 
relativistic interaction has just one term, is linear in A, and is naturally proportional to the coupling 
e. There is no longer an A 2 term with a different power of e. This will make our perturbation 
series also a series in powers of a. 

We may still assume that A is transverse and that Aq = 0 by choice of gauge. 


Hint = ieiilkAh 


36.14 Phenomena of Dirac States 

36.14.1 Velocity Operator and Zitterbewegung 


We will work for a while in the Heisenberg representation in which the operators depend on time 
and we can see some of the general behavior of electrons. If we work in a state of definite energy, 
the time dependence of the operators is very simple, just the usual exponentials. 

The operator for velocity in the x direction can be computed from the commutator with the 
Hamiltonian. 

x = -\H,x\ = = ice'll 

Vj = icry^j 


The velocity operator then is v 7 = 

Its not hard to compute that the velocity eigenvalues (any component) are ±c. 


*07471 = ic 


/! 

0 

0 

0 \ 

(° 

0 

0 

/ 

0 

1 

0 

0 

0 

0 

—i 

0 

0 

0 

-1 

0 

0 

i 

0 

o = c 

Vo 

0 

0 

-lj 

V i 

0 

0 

0 / V 


0 0 10 
0 10 0 


/° 

0 

0 

1 \ 

/a\ 


0 

0 

1 

0 

b 

= Ac 

0 

1 

0 

0 

c 

Vi 

0 

0 

0/ 

\d) 

V 


-A 

0 

0 

1 


0 0 
-A 1 
1 -A 
0 0 


1 

0 

0 

-A 


= 0 


-A[-A(A 2 ) — 1 (—A)] — 1 [A(A) + 1 ( 1 )] = 0 

0 
0 


A 4 - 2 A 2 + 1 = 
(A 2 -l) 2 = 
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(A 2 - 1) = 0 
A = ±1 
v x = ±c 


Thus, if we measure the velocity component in any direction, we should either get plus or 
minus c. This seems quite surprising, but we should note that a component of the velocity operator 
does not commute with momentum, the Hamiltonian, or even the other components of the velocity 
operator. If the electron were massless, velocity operators would commute with momentum. (In 
more speculative theories of particles, electrons are actually thought to be massless, getting an 
effective mass from interactions with particles present in the vacuum state.) 


The states of definite momentum are not eigenstates of velocity for a massive electron. The velocity 
eigenstates mix positive and “negative energy” states equally. 


/0 0 
0 0 
0 1 
\1 0 



u 


( l \ 




( 1 ^ 

/ 

0 


1 


0 


0 

u = 

1 

u = 

0 

u= 

V l) 


\0/ 


\-l) 

V 


\ 

-1 


Thus, while momentum is a constant of the motion for a free electron and behaves as it did in NR 
Quantum Mechanics, velocity behaves very strangely in the Dirac theory, even for a free electron. 
Some further study of this effect is in order to see if there are physical consequences and what is 
different about the Dirac theory in this regard. 


We may get the differential equation for the velocity of a free electron by computing the derivative 
of velocity. We attempt to write the derivative in terms of the constants of the motion E and p. 

i>j = = ^~ 2Hv o + + mc2 T4 ,vj}) = ^(~ 2Hv j + { v jVj,Vj}) 

= J ^~ 2Hv 0 + i v jPh v o}) = jX-2Hvj + 2 VjPj) = ^(-2 Hvj + 2v?pj) = ^(-2 H Vj + 2 c 2 pj) 


This is a differential equation for the Heisenberg operator Vj which we may solve. 

Vj{t) = c 2 pj/E + ( Vj { 0) - c 2 Pj /E)e- 2lEt/h 
To check, differentiate the above 


v 3 (t) = -^(,,(0) - c 2 pj/E)e~ 2iEt / n = l(-2E Vj (0) + 2 c 2 p 0 )e~ 2lEt / h 
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and compare it to the original derivative. 

Vj{t) = i-(—2Evj + 2c 2 pj) = ^r(—2E(c 2 pj/E + (vj( 0) - c 2 pj / E)e~ 2lEt ^ n ) + 2c 2 pj) 

= jr((~2 c 2 Pj + (—2Evj(0) + 2 c 2 pj)e~ 2lEt / n ) + 2 c 2 pj) = ^(-2Evj(0) + 2 c 2 pj)e~ 2lEt ^ h 

This checks so the solution for the velocity as a function of time is correct. 


Vj{t) = c 2 pj /E + ( Vj ( 0) - c 2 pj/E)e 2lEt/h 


There is a steady motion in the direction of the momentum with the correct magnitude /3c. There 
are also very rapid oscillations with some amplitude. Since the energy includes me 2 , the period of 

2nh _ rUc _ (3.14)(197.3 MeVF) __ 1 onn F /„ _ 1200xl0 ~ 13 = 4 x XQ -21 


these oscillations is at most 2 a = s c = 

2mc z mc^c 


0.5 MeV(c) 1200 F/c — 3xl0 iu 

seconds. This very rapid oscillation is known as Zitterbewegung. Obviously, we would see the same 
kind of oscillation in the position if we integrate the above solution for the velocity. This very rapid 
motion of the electron means we cannot localize the electron extremely well and gives rise to the 
Darwin term. This operator analysis is not sufficient to fully understand the effect of Zitterbewegung 
but it illustrates the behavior. 


36.14.2 Expansion of a State in Plane Waves 


To show how the negative energy states play a role in Zitterbewegung, it is convenient to go back to 
the Schrodinger representation and expand an arbitrary state in terms of plane waves. As with non- 
relativistic quantum mechanics, the (free particle) definite momentum states form a complete 
set and we can expand any state in terms of them. 


V r=1 



(r 

1 v . 

'p 


e i(p-x-Et)/n 


The r = 1,2 terms are positive energy plane waves and the r = 3,4 states are “negative energy”. 
The differing signs of the energy in the time behavior will give rise to rapid oscillations. 


The plane waves can be purely either positive or “negative energy”, however, localized states have 
uncertainty in the momentum and tend to have both positive and “negative energy” 
components. As the momentum components become relativistic, the “negative energy” amplitude 
becomes appreciable. 

£m _ pc 
ci ,2 E + me 2 

Even the Hydrogen bound states have small “negative energy” components. 

The cross terms between positive and “negative energy” will give rise to very rapid oscillation of 
the expected values of both velocity and position. The amplitude of the oscillations is small for 
non-relativistic electrons but grows with momentum (or with localization). 
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36.14.3 The Expected Velocity and Zitterbewegung 


The expected value of the velocity in a plane wave state can be simply calculated. 

(v k ) = I V' t (*c 7 47fc)V’ d 3 x 


(ic747i)ul 1) = c 


/° 

0 

0 



0 

0 

1 

o 

IE + me 2 

0 

1 

0 

0 

V 2 EV 

Vi 

0 

0 

0/ 



\ 

J 


(ic747i)ul 1) = e^ 


<4 1)t (*C747i)'4 1) = 


E 


2EV 


' (1 0 


p z c 

E+mc 2 


2 EV 


{Px —ipy)c \ 
E+mc 2 / 


p z C 

E+mc 2 
(Px+ip y )c 
E+mc 2 
/ (Pa+foy)c \ 

£+mc 2 

p z c 

E+mc 2 

o 

V i ) 

/ (p»+7>i/)c \ 

£+mc 2 

p z c 

E+mc 2 

o 

V i / 


ui 1)t (ic747i)w^ 1) = 


E + me 2 2 p x c 

c- 


2 EV E +' 


K) = 


PxC 

EV C 

PkC 2 


E 


The expected value of a component of the velocity exhibits strange behavior when negative and 
positive energy states are mixed. Sakurai (equation 3.253) computes this. Note that we use the fact 
that id 3 ’ 4 ) have “negative energy”. 


(vk) = J ^ t (*C747fe)V’ d 3 


{Vk 


) — EE i c P’’ 


|2 Pk c 


2 4 


\E\ 


EEE 

p r =1 r'=3 


me' 


,3 r 


\E\ L 


,(r')t 

-p,r'°P,r “p 


>) p -2*|E|t/fi 
P 


+cpyc^ r u+ ] i^Alk u~ } e 2l|B|t/n 


The last sum which contains the cross terms between negative and positive energy represents ex¬ 
tremely high frequency oscillations in the expected value of the velocity, known as Zit¬ 
terbewegung. The expected value of the position has similar rapid oscillations. 

The Zitterbewegung again keeps electrons from being well localized in a deep potential raising the 
energy of s states. Its effect is already included in our calculation as it is the source of the Darwin 
term. 


36.15 Solution of the Dirac Equation for Hydrogen 


The standard Hydrogen atom problem can be solved exactly using relativistic quantum mechanics. 
The full solution is a bit long but short compared to the complete effort we made in non-relativistic 





























523 


QM. We have already seen that (even with no applied fields), while the total angular momentum 
operator commutes with the Dirac Hamiltonian, neither the orbital angular momentum 
operator nor the spin operators do commute with H. The addition of a spherically symmetric 
potential does not change these facts. 

We have shown in the section on conserved quantities that the operator 

K = 74E • J- 74 1 

also commutes with the Hamiltonian and with J. K is a measure of the component of spin 
along the total angular momentum direction. We will use K to help solve problems with spherical 
symmetry and ultimately the problem of hydrogen. We therefore have four mutually commuting 
operators the eigenvalues of which can completely label the eigenstates: 

H , J 2 , J z , K —► n r , j, rrij , k. 


The operator K may be written in several ways. 

K = 74E • J - 74^ = 74E • A + ^7 4 E • E 

V r* 1 f- { (T ' L -\- Tl. 0 

= + o 

Assume that the eigenvalues of K are given by 

Klj) = —K% 1 p. 

We now compare the K 2 and J 2 operators. 

K 2 = 7 4 (E-L + ft) 7 4 (E-L + ?i, 7 4 ) = (E-L + ^ 74 ) 2 

= E • AE • A + 2 HT, ■ L + h 2 = T, i L i T, j Lj + 2 Tit ■ L + h 2 
E1E1 = -72737273 = 72727373 = 1 
EiE 2 = -72737371 = -7271 = 7172 = *£3 
E j Ey — Sij T itij k E/,' 

A 2 = LiLj(5ij T icijk Efc) T 27iE • A + Ti 
= L 2 + it • (A x A) + 2 ht -L + Ti 2 


h - r 3 n h 

- 74 2 =74E • A + 74 y - 74- 



(A X A) 0 XjJJjX rn p n £ijk+mnl+klo 


K 2 

J 2 


Tl ' _ 1 l 

b T ~ 7 ^'i 0 jmPn^ijk^mnl^klo ~^iPn^ijk^jnl^klo 

^^^n^jik^jnl^klo — TXiPn(3infikl &il&kn)£klo 

h h h 

~%iP+llo T ~^iPk^kio ~^iPk^iko — lTlL 0 

l l l 

L 2 -ht ■ L + 2 ht- L + h 2 = L 2 + ht- L + n 2 


L 2 + ht ■ L + -Ti 2 = K 2 - — 
4 


4 
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K 2 h 2 -^- = j(j + i)h 2 

K 2 = j 2 +j + \ 

« = ±1? + 2) 

Kip = ±(j + ^)ip 


The eigenvalues of K are 


k = ± 



h. 


We may explicitly write out the eigenvalue equation for K for k = =fc (j + 5) h. 


Kip = —nhip = 


a ■ L + h 
0 


0 


—ex • L — Tl 

The difference between J 2 and L 2 is related to a ■ L. 


Ip A 
IpB 


= T\J 


l ) h 


Ip A 
IpB 


L 2 = J 2 -ha ■ L- -n 
4 


We may solve for the effect of a ■ L on the spinor ip, then, solve for the effect of L 2 . Note that since 
ip A and ipB are eigenstates of J 2 and a ■ L, they are eigenstates of L 2 but have different eigenvalues. 


f a ■ L + h 0 ^ \ f ip a \ 

\ 0 —a • L - h J \ipB ) 

{ <J ■ L 0 \ \ 

\ 0 —a ■ L J \ipB ) 


n 

n 


(±(j + b)ipA \ 

(±(j + l)ipB J 

{±(j + \ T 1 )lpA \ 
(±(j + \ ± 1 )lpB ) 


a • L 



= h 


(±(j + | =F 1 )lpA 
(=F (i + I ± 1 )lpB 


L 2 





Ip A 
IpB 


h 2 ( (±(j+|Tl)^\ 
V (T{j + | ± l)lpB J 


j(j + 1) - 


f Ip A 
\1pB 


f (± 0 ‘ + 5 =F 

V(T(j + |± 


fi 2 / (j'(j +1) - I t (i +1 t 1 ))^ \ 



i)^b y 


h 2 


(.j 2 + j T j t \ + 1 - §)Vu \ 

(i 2 + j ± j ± | + 1 - j)ipB J 


n 2 


(j 2 +3T3T\ + \)iPa\ 
(. j 2 + j ± j ± | + I)^b y 


Ip A 
IpB 
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Note that the eigenvalues for the upper and lower components have the same possible values, but are 
opposite for energy eigenstates. We already know the relation £ = j ± | from NR QM. We simply 
check that it is the same here. 

1 , 1 , 1111 , 11 

£(£ + 1) = (j±-)(j + l ±-)=f+j±-j±-j±- + -=f +j±j±- + - 

It is correct. So ipA and ips are eigenstates of L 2 but with different eigenvalues. 



_ t2 f ^=f(^=F + A 
\£±(£± + i Hb) 

e±=j±l 


Now we apply the Dirac equation and try to use our operators to help solve the problem. 


c 


he 


0 (TiPi 

<JiPi 0 



1 0 

0 -1 


d ie me 

7 ^ +7 ^^ + “ 


J he 


ie 


7i s^ + 74 fel + 74 ^ a ° + 

I/Xj L/X4 / 6(_- 


me 


^-^di-^hr 


e e me 

-1- 

h 


r) 

2 


d d 

he^i— -iK— + V ( r ) + me 2 74 


d 


0 


0 

i(Ji 

0 —ihcji 
—ihui 0 


dxi 

d 


d 


hc'y^'ji— —ip = ih —— V(r) — mc 2 "/4 


dxi 


dt 

d 


— [ih—-V{r)-mc 74 


dt 


JL-i, = U± - V(r) - mc 2 74 


IpA 

IpB 


ih-gi — V(r) — toc 2 


0 

in m - v ( r ) + ' 


< 7iPi 
0 


IpA 

4>B 


0 — v [ r ) + mc 

E — V(r) — toc 2 0 

0 E — V (r) + toc 2 


ip = 0 
ip = 0 
ip = 0 
ip = 0 
ip = 0 
%p = 0 
ip = 0 

V’b y 

*Pb J 


The Dirac Equation then is. 


C(J • p 


4>b 
I p A 


E — V(r) — toc 2 0 \ f ip a 

_0_ E — V{r) + toc 2 y \ xps j 


We can use commutation and anticommutation relations to write a ■ p in terms of separate 
angular and radial operators. 

CT r X, (Tj Xjer r iPn — (J^CTjX^Xj(J n p n — — {Uj(7j (7j(7j jXjXj (J n p n — —2S,J XjXj (7 n J) n — (J 7 iP n 

. 1 (TiXi . . 1 CTiXi 1 

®nVn — ®iXi(TjXjO n p n — ^ ^ \(Jj(7 n XjP n ) ^ ^ ^{^(7j(T n XjP n ~\~ (7 n (TjX n Pj) 
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a • p = - 


1 <J. iXi 1 , , _ x x 1 , 1 , x 

— ~ {(TjO n Xjp n (o'jO'n “I” 2 l l€ n jk&k)%nPj ) = “ {^{^j^n^jPu H“ &j&n%nPj^ H" ^^njk^k^nPj^ 

7* 7* Z TV Z 

1 (T, , 1 . , . . 1 CTiX* .1 . . „ . 

— — {'^(o'j<7 n XjP n ~b O n a j Xj p 7! ) ~b /. fT 6 r/ 'y /;■ X n J)j ) — — — ( ~ (U/ U" n “l” a n aj^)XjP n T ^k^k) 

— (“2 SjnXjPn "b i ( XkI J k) — ~ ~ ~ (^jPj T io'kLk') 

la - x ( d 

- — ihr ——[- icr ■ L 

r r V ar 


1 a ■ x 


a ■ p = -- 


—ihr— —b id ■ L 
or ) 


Note that the operators — and icr ■ L act only on the angular momentum parts of the state. There 
are no radial derivatives so they commute with -ihr-^. Lets pick a shorthand notation for the 
angular momentum eigenstates we must use. These have quantum numbers j, rrij , and £. 'll )a will 
have £ = Ia and ipB must have the other possible value of £ which we label £b ■ Following the 
notation of Sakurai, we will call the state | jm^A) = yJf 3 A = o>Yg A _ix+ + ^e A ,m j + iX— (Note 
that our previous functions made use of m = rri£ particularly in the calculation of a and /?.) 


1 a ■ x 
c - 

r r 



+ io ■ 



1 a ■ x 
c - 

r r 


—ihr— —b ia ■ L 
or 


if(r)y% 

9(r)yZ 


( E — V(r) — me 2 

1 0 

( E — V(r) — me 2 

\ 0 


0 VVu\ 

E — V(r) + me 2 ) \4>b ) 

0 ^ ( 9(r)yZ \ 

E -V{r) + me 2 J ^ if(r)yZ B J 


The effect of the two operators related to angular momentum can be deduced. First, d ■ L 
is related to K. For positive k, ipA has £ = j + For negative k, ip a has £ = j — For either, ips 
has the opposite relation for £, indicating why the full spinor is not an eigenstate of L 2 . 


K = 

f (T • L Ti 


V 0 

Kip = 

—nhip = ^ ® 

(d • L + h)ip A = 

—nhipA 

d ■ Lip A = 

(-«- 1) flip A 

(—d ■ l — h)ip B = 

—nhipB 

d ■ Lips = 

(k - 1 )hlpB 


—a■L H —h 


—a ■ L — h 


i’A 
IpB 


= T [3 


2 J ^ V 4 >b 


IpA 


Second, ^ is a pseudoscalar operator. It therefore changes parity and the parity of the state is 
given by (—1)^; so it must change £. 


a • x 
r 


yZ = °y 


jf-B 


The square of the operator 1 — 1 is one, as is clear from the derivation above, so we know the effect 
of this operator up to a phase factor. 


_ „iS'\ , ) rn 3 


r 
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The phase factor depends on the conventions we choose for the states . For our conventions, 
the factor is —1. 

a ' x — -v m i 
r yji A - yji B 

We now have everything we need to get to the radial equations. 
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This is now a set of two coupled radial equations. We can simplify them a bit by making the 
substitutions F = rf and G = rg. The extra term from the derivative cancels the l’s that are with 

KS. 
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These equations are true for any spherically symmetric potential. Now it is time to specialize to 
the hydrogen atom for which ^ We define k\ = mc h EE and k 2 = mc nt T g and the 

dimensionless p = \Jk\k 2 r. The equations then become. 


OF kF 
dr r 

\ ( dG nZi 

V V dr ' r 


(k 2 -^)G\ 

(k 1 + ^)Fj 
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( dF_ _ kF \ 

\ dp P ) 

(8G i kG\ 

V + P ; 

(i + f) G - 


(v't-f 1 ) 0 

(\/S+f) F , 


G 


A?2 ^Q: 

fcl P 




= 0 


With the guidance of the non-relativistic solutions, we will postulate a solution of the form 

mP 


F = e“V X] = e~ p Y, " " S+m 


m—0 
co 


m—0 
co 


G = e-V ^ 6 m p m = e~ p 


^2 bm P' 


s-\-m 


m —0 


m=0 


The exponential will make everything go to zero for large p if the power series terminates. We need 
to verify that this is a solution near p = 0 if we pick the right oo, fro, and s. We now substitute these 
postulated solutions into the equations to obtain recursion relations. 

JT--) F -(\f¥--) G = ° 

dp pj y \ fci p j 

°+i)g-(JE + ^) f =o 

op pj V V K2 p / 


m=0 


^ ( —a m p s+m + a m (s + m)/5 s+m_1 - a^p^- 1 - + 6 m Zap s+ro - 1 ) = 0 


(-bmP s+m + b m (s + m)p s+m ~ 1 + b m Kp s+m ~ x - a m J^-p s+m - a m Zap s+m ~ l ) 

m=0 \ / 


= o 


-«m + a m+ i(s + m+ 1) - a m+ i« - fr m ^/ — + fr m +iZa 1 = 0 


-frm + &m+l(s + m + 1) + b m+1 K - a m \l Y - cim+iZa | = 0 


cim T T rn T 1 \ . frm T ^cyfrm+i — 0 

fci 


fc 2, 

fci 


-frm + (s + m + 1 + K)6 m+ i - \j -a ra - Zaa m+1 = 0 



For the lowest order term p s , we need to have a solution without lower powers. This means that we 
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look at the m = — 1 recursion relations with a m = b m = 0 and solve the equations. 


(s — k)oo + Zab Q = 0 
Zaa o + (s + n)bo = 0 



Note that while k is a non-zero integer, Z 2 a 2 is a small non-integer number. We need to take the 
positive root in order to keep the state normalized. 


s = +\/k 2 — Z 2 a 2 


As usual, the series must terminate at some m — n r for the state to normalizable. This can be 
seen approximately by assuming either the a’s or the 6’s are small and noting that the series is that 
of a positive exponential. 

Assume the series for F and G terminate at the same n r . We can then take the equations in the 
coefficients and set a nr +i = b nr +1 = 0 to get relationships between a Ur and b Ur . 



These are the same equation, which is consistent with our assumption. 

The final step is to use this result in the recursion relations for m = n r — 1 to find a condition 
on E which must be satisfied for the series to terminate. Note that this choice of m connects a„ r 
and b Ur to the rest of the series giving nontrivial conditions on E. We already have the information 
from the next step in the recursion which gives a nr +i = &n r +i = 0. 
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At this point we take the difference between the two equations to get one condition. 


(s + n r — k) i / —!- + Za ) a nr + f ZaJ -i — (s + n r + k) ) b Ur = 0 


ki 


-(s + n r — k)J -i — Za J J -r-b nr + ( ZaJ -i — (s + n r + k) J b nr = 0 


fci 


— (s + n r — k) — ZaJ -J- + Za\ J- — {s + n r + k) = 0 
\ k i V k2 

— (s + n r — n)\fk\k 2 — Zak 2 + Zak\ — (s + n r + K)\Jk\k 2 = 0 

—2 (s + n r )\J k\k 2 + Za(k\ — = 0 

2(s + n r )Jk\k 2 = Za(ki - k 2 ) 
2(s + n r )Jm 2 c 4 — E 2 = 2 ZaE 
(s + n r )J m 2 c 4 — E 2 = ZaE 
(s + n r ) 2 (m 2 c 4 - E 2 ) = Z 2 a 2 E 2 
(s + n r ) 2 {m 2 c 4 ) = ( Z 2 a 2 + (s + n r ) 2 )E 2 
(s + n r ) 2 


{{s + n r ) 2 + Z 2 a 2 ) 
E 2 = 

E = 


{me) = E 2 


2 4 

me 


n . ■ 

' ' (s+n r ) 2 ' 


1 I Z2a2 
1 + (n r +s^ 


E = 


me 




Z 2 a 2 


(n r +VK 2 ~Z 2 a 2 ) 2 

,2 


E = 


me 


1 + 


Z 2 a 2 


(n r +^/(j+±) 2 -Z 2 a 2 y 


Using the quantum numbers from four mutually commuting operators, we have solved the radial 
equation in a similar way as for the non-relativistic case yielding the exact energy relation for 
relativistic Quantum Mechanics. 


E — 

me 2 

_y 

jl | z 2 « 2 ^ 

( n r+V / {j+k ) 2 - Z2a2 J 


We can identify the standard principle quantum number in this case as n = n r + j + ^. This 
result gives the same answer as our non-relativistic calculation to order a 4 but is also correct to 
higher order. It is an exact solution to the quantum mechanics problem posed but does 
not include the effects of field theory, such as the Lamb shift and the anomalous magnetic moment 
of the electron. 
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Relativistic corrections become quite important for high Z atoms in which the typical velocity of 
electrons in the most inner shells is of order Zac. 


36.16 Thomson Scattering 


The cross section for Thomson scattering illustrates the need for “negative energy” states 
in our calculations. Recall that we got the correct cross section from the non-relativistic calcula¬ 
tion and that Thomson also got the correct result from classical E&M. 


In the Dirac theory, we have only one term in the interaction Hamiltonian, 

Hint — ie')4'lkAk 


Because it is linear in A it can create a photon or annihilate a photon. Photon scattering is therefore 
second order (and proportional to e 2 ). The quantized photon field is 


4*0*0 



The initial and final states are definite momentum states, as are the intermediate electron states. 
We shall first do the calculation assuming no electrons from the “negative energy” sea 
participate, other than to exclude transitions to those “negative energy” states. The initial and 
final states are therefore the positive energy plane wave states for r = 1,2. The intermediate 
states must also be positive energy states since the “negative energy” states are all filled. 


The computation of the scattering cross section follows the same steps made in the development 
of the Krammers-Heisenberg formula for photon scattering. There is no A 2 term so we are just 
computing the two second order terms. 


c? } - . (t) 

p',r']k',e '' ' 


V f di 2 (pV; j?eW |*747n(4“V«e i( ^- a '‘ 2) + 4“V fc , e <(-*-*+«''t 2 ))|/>« 

J V 2 y/cj'u J 


p,r';K'e' 


'(pV , |n47ne;e- ifcl - £ |p 7 V ,, )(p"r ,, |n47nene i ^|pr) 


e 2 hc 2 
2Vy/uAo 




p"r"= 1,2 


E" -E- hw 


+ 


(p , r / |H47nene ifc "|p"r // )(p"r' / |i747ne / ne- ifc '' 3; |pr) 

E" - E + huj' 


h / dh ‘ 


i(E'-E-\-huj'—huj)t2/h 


As in the earlier calculation, the photon states have been eliminated from the equation since they 
give a factor of 1 with the initial state photon being annihilated and the final state photon being 
created in each term. 


Now lets take a look at one of the matrix elements. Assume the initial state electron is at 
rest and that the photon momentum is small. 

{p"r"\i'y^ n e n e l ^' x \pr) 










532 


For p = 0 and k = 0, a delta function requires that p" = 0. It turns out that Uq = 0, so 

that the cross section is zero in this limit. 



This matrix only connects r = 1, 2 spinors to r = 3,4 spinors because of its off diagonal nature. So, 
the calculation yields zero for a cross section in contradiction to the other two calculations. In fact, 
since the photon momentum is not quite zero, there is a small contribution, but far too small. 


The above calculation misses some important terms due to the “negative energy” sea. There 
are additional terms if we consider the possibility that the photon can elevate a “negative energy” 
electron to have positive energy. 




In one term, the initial state photon is absorbed by a “negative energy” electron, then the initial 
state electron fills the hole in the “negative energy” sea emitting the final state photon. In the other 
term, even further from the mass shell, a “negative energy” electron emits the final state photon 
and moves to a positive energy state, then the initial state electron absorbs the initial photon and 
fills the hole left behind in the sea. These terms are larger because the 747 j matrix connects positive 
energy and “negative energy” states. 


° ( ? , crX*) = 

p ,r ,/c'e' 


+ 


2VVl7lo 


r. £ 


p" r "= 3,4 


(p"r"|*747„e , Il e- lfc, -"|pr)(p'r , |n47nene ife -1p"r") 


E' - E" - hu 


{p"r"\i^^ n e n e 1 ^ s \pr){p'r'\i^ i 'y n e' n e 
E" - E' + Hoj' 


dt 2 e 


i(E'—E-\-hoj'—Kuj)t2/h 
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The matrix element is to be taken with the initial electron at rest, Tik « me, the final electron 
(approximately) at rest, and hence the intermediate electron at rest, due to a delta function of 
momentum conservation that comes out of the spatial integral. 


Let the positive energy spinors be written as 


= < X 


Ar) 


and the “negative energy” spinors as 


( r") 

Un 


\ 


0 

(r") 


The matrix 747 * connect the positive and “negative energy” spinors so that the amplitude can be 
written in terms of two component spinors and Pauli matrices. 


747* = 

\ -*CTl ( 

- 0 r )i '*747i' u o r) = 

(o,x (r " }t ) 

c ?U( { ) = 

ie 2 

4 mV y/u/ui 


t 

f dt 2 e l ( E ' 


J 

0 

C ( ^ , g (i) = 

p',r';/c'e' 

ie 2 

4 mVy/u/ui 


Si* 

to 

a> 

9 


0 

C^ } , -} (t) = 

p',r';/c'e' 

ie 2 

4 mV \/ZyZj 


<Tj 0 / V 0 


A r ) 


= x v n <nx K 


= E [(O 7 ’" I *747™ e n 10 r ) (® r ' I *747™ e n I Or") + (0r"|j747 n e n |0r)(0r , |«747ne( l |0r")] 
r"= 3,4 

i(E'—E+K oj' — huj)t2/h 


= E • ^X (r) )(x (r,)t ^ • ex (r " } ) + (X (r " )f ^ • ex (r) )(x (r,)t ^ • eV 0 ) 


= E (x (r ' )f * • ex (r " ) )(x (r " )t 5 ! • e'X (r) ) + (x (/)t <? ■ ^X (r " ) Xx (r " )t <? ■ eX W ) 

r "= 3,4 


dt^e 


i(E f — E-\-huj' — huj)t,2/h 


, g (*) 

p ,r ,/c'e' 


* e =x (r')t 


4?nT7 \/ u/w 


(ct • e)(<j • e') + (a • e , )((T • e) X (r J efee 

0 


i(E f — E+hoj' — huj)t2/h 


C ( ? - - (t) 

'p,r , \ke' 


^==X (r,)t [oiOj + o-j-CTi] e i e'jX (r) j dt 2 e 


7 .^(r) J ^ nP i{E'—E+huj'—huj)t 2 /h 
0 


c ( -? } , 

p,r ,/c'e' 


2 mV y/u/ui 


X {r • e'x^ / ^ 2 e 


i{E'—E+huj'—huj)t2/h 


, £!*,(*) 

p',r';/c'e' 


ze 


2mV y/ZyZj 


e ■ e'5 rr > / dt 2 e^ E '- E+hu, '- nu)t2/h 
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„( 2 ) 


w(‘)l s 


r 

r 

dcr 

dSl 

G?cr 

dSl 


/ e 2 \ 1 

( -—— I ——|e • e'\ 2 5 rr i2'Kt5{E'/Ti — E/h + u>' — w) 
\2mV) u/w 

e 2 \ 2 2 tt fVk' 2 dk'dfl .. ~, |2r , 

' ' 3 —|e ■ eT<5„.u5(u/- w) 


2 mV 




t <? \ 


1 


(2tt) 


\ 2 mcV) ~ c J (27r) 3 

AfL'jV 1 ^ 

\ 2 rncV J 


e-e'l 2 ^ 


\ 47TTOC 2 / 


(2tt) 3 


l 2 ^ , 

u r r' 


e-e’\ 2 S, 


This agrees with the other calculations and with experiment. The “negative energy” sea is 
required to get the right answer in Dirac theory. There are alternatives to the “negative energy” 
sea. Effectively we are allowing for the creation of electron positron pairs through the use of the 
filled negative energy states. The same result could be obtained with the possibility of pair creation, 
again with the hypothesis that a positron is a “negative energy” electron going backward in time. 


36.17 Hole Theory and Charge Conjugation 


Dirac postulated that the “negative energy” sea was entirely filled with electrons and that an anti¬ 
electron would be formed if one of the “negative energy” electrons were elevated to a positive energy 
state. This would yield a positive energy electron plus a hole in the “negative energy” sea. The hole 
also has positive energy compared to the vacuum since it is lacking the negative energy present in 
the vacuum state. Therefore, both the electron and the positron would have positive energy. This 
describes the process of pair creation. 

Similarly, any positive energy electron could make a transition to the now empty “negative energy” 
state. Energy would be given off, for example by the emission of two photons, and the system would 
return to the vacuum state. This is the process of pair annihilation. 

The tables below compare an electron and a positron with the same momentum and spin. 
For simplicity, the tables assume the momentum is along the z direction so that we can have spin 
up and spin down eigenstates. The electron and positron have opposite charge so the standard 
Electromagnetic currents are in opposite directions. The last row of the table shows the “negative 
energy” electron state that must be unoccupied to produce the positron state shown in the row above 
it. A hole in the vacuum naturally produces a positron of opposite charge, momentum, 
and spin. Because the probability flux for the “negative energy” electron states is in the opposite 
direction of the momentum, (and the charge and momentum are opposite the positron) the EM 
current of the positron and of the “negative energy” state are in opposite directions, due the product 
of three signs. This means the velocities are in the same direction. 
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charge 

mom. 

Energy 

s z 

■(EM) 

V 

spinor 

spin up, positive energy electron 

— e 

pz 

+\/p 2 c 2 + m 2 c 4 

+ “ 

' 2 

—z 

+z 

u^(p) 

spin up, positive energy positron 
(spin down “negative energy” hole) 

+e 

pz 

T \Jp 2 c 2 + m 2 c 4 

-J- — 

' 2 

+5 

+z 

(p) 

spin down, “negative energy” electron 

—e 

—pz 

— \jp 2 c 2 + m 2 c 4 

h 

2 

—z 

+Z 

— u( 4 \—p) 


We have defined the positron spinor to be the one with positive momentum and spin up. 
Note that the minus sign on u ^ is conventional and will come from our future definition of the 
charge conjugation operator. 

Similarly we can make a table starting from a spin down electron. 



charge 

mom. 

Energy 

s z 

j(EM ) 

V 

spinor 

spin down, positive energy electron 

— e 

pz 

+^/p 2 c 2 + m 2 c 4 

h 

2 

—z 

+1 

u^(p) 

spin down, positive energy positron 
(spin up “negative energy” hole) 

+e 

pz 

+ ^/p 2 c 2 + m 2 c 4 

h 

2 

+Z 

+z 

v^ 2 \p) 

spin up, “negative energy” electron 

—e 

—pz 

— \Jp 2 (A + m 2 c 4 

— 1 — — 

' 2 

—z 

+z 

U,( 3 \—p) 


We have now also defined the spinor, v^ 2 \ for the spin down positron. 


36.18 Charge Conjugate Waves 


Assume that, in addition to rotation, boost and parity symmetry, the Dirac equation also has a 
symmetry under charge conjugation. We wish to write the Dirac equation in a way that makes 
the symmetry between electron and positron clear. Start from the Dirac equation and include the 
coupling to the EM field with the substitution that p —> [p+ |A 1 . 


d , me . 


d 

OX.. 


—A 

Tic 11 


1 ^' 


h 

me 


ip = 0 


The strategy is to try to write the charge conjugate of this equation then show that it is equivalent 
to the Dirac equation with the right choice of charge conjugation operator for ip. First of all, the 
sign of eA^ is expected to change in the charge conjugate equation. (Assume the equation, including 
the constant e is the same but the sign of the EM field A^ changes.) Second assume, for now, that 

the Dirac spinor is transformed to its charge conjugate by the operation 

ip C = S c ip* 

where we are motivated by complex scalar field experience. Sc is a 4 by 4 matrix. The charge 
conjugate equation then is 
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Take the complex conjugate carefully remembering that x 4 and A 4 will change signs. 


+ Tc Ai ) + jtc A4 ) + - 0 


Multiply from the left by S\ 


c ■ 

k + H s °' llSi * + {~k~ T C A ‘) s '°'* s ’°+ + t*- 0 


Compare this to the original Dirac equation, 


d ie . \ , toc , 

£^ + iX 7rf + “’* = 

d ie , \ f d ie . \ , me , 

w-1 T~Ai + ( w-b —A 4 j 4 ip + = 0 

C/OCi TlC J Y C/3 /4 Tic J Tl 


The two equations will be the same if the matrix Sc satisfies the conditions. 

s*c~Hs* c = 7i 

X _1 74*X = -74- 


Recalling the 7 matrices in our representation, 
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“*\ 

/ 0 

0 

0 
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/° 
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—i 
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/l 

0 

0 
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0 
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—i 

0 1 

0 

0 

1 

0 1 

0 

0 

0 

i j 

0 

1 

0 

0 

71 = 

0 

i 

0 

0 72 = 

0 

1 

0 

0 73 = 

i 

0 

0 

0 74 = 

0 

0 

-1 

0 


V i 

0 

0 

0 / 

V-1 

0 

0 

0 / 

\0 

—i 

0 

0 / 

Vo 

0 

0 

-1 


note that 71 and 73 are completely imaginary and will change sign upon complex conjugation, while 
72 and 74 are completely real and will not. The solution in our representation (only) is 


S* c = S J ” 1 = 5 C = = 72- 

It anti-commutes with 71 and 73 producing a minus sign to cancel the one from complex conjugation. 
It commutes with 72 giving the right + sign. It anti-commutes with 74 giving the right - sign. 

The charge conjugate of the Dirac spinor is given by. 


i>' = 72 ^* 


Of course a second charge conjugation operation takes the state back to the original ip. 
Applying this to the plane wave solutions gives. 


(!) = , / mc w ( 1 ) i(p-S-Et)/h 

\E\V p 


ibK> = 


(2 ) _ / rnc ( 2 ) i(p.£-Et)/h 


ib^> = 
t p 


\E\V U p e 



U A\ g i(-p-x+Et)/n 



„( 1 ) 


e i(-p-x+Et)/h 



u ( 3 l e i(-p-S+Et)/n 



„( 2 ) 


gi i(-p-x+Et)/h 
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, (3) . 

/ me 2 

(3) 

U-+ 

V 


J\E\V 

,< 4 > =. 

1 me 2 

( 4 ) 



u ^ 2 \ e i(.-P'S-\E\t)/h 



X (1) - 

-p 


e i(-p-x-\E\t)/h 


The charge conjugate of an electron state is the “negative energy” electron state, the 
absence of which would produce a positron of the same energy, momentum, spin, and 
velocity as the electron. That is, the conjugate is the hole needed to make a positron with the 
same properties as the electron except that it has opposite charge. 


Let us take one more look at a plane wave solution to the Dirac equation, for example and its 
charge conjugate, from the point of view that a positron is an electron moving backward in 
time. Discard the idea of the “negative energy” sea. Assume that we have found a new solution to 
the field equations that moves backward in time rather than forward. 




(i) 



,(!) 


e i(p-x-Et)/n 



u ( 4 \ e i(-p-x+Et)/h 



„(!) 


e i(-p-x+Et)/h 


The charge conjugate of the electron solution is an electron with the same charge —e, opposite 
momentum —p, and spin opposite to the original state. It satisfies the equation with the signs of the 
EM fields reversed and, because the sign of the Et term in the exponential is reversed, it behaves 
as a positive energy solution moving backward in time, with the right momentum and spin. 


Our opinion of the “negative energy” solutions has been biased by living in a world of matter. We 

know about matter waves oscillating as e‘ l (p- x ~ Et )/ h _ There j s a symmetric set of solutions for 

the same particles moving “backward in time” oscillating as e l (-p- x + Et )/ h _ These solutions 

behave like antiparticles moving forward in time. Consider the following diagram (which 

contributes to Thomson scattering) from two points of view. From one point of view, an electron 

starts out at ti, lets say in the state ip^P. At time £ 3 , the electron interacts with the field and makes 

a transition to the state tb - which travels backward in time to to where it again interacts and makes 

P " 

a transition to ■ From the other point of view, the electron starts out at ti, then, at time t 2 , the 
field causes the creation of an electron positron pair both of which propagate forward in time. At 
time £ 3 , the positron and initial electron annihilate interacting with the field. The electron produced 
at <2 propagates on into the future. 
















538 




No reference to the “negative energy” sea is needed. No change in the “negative 
energy” solutions is needed although it will be helpful to relabel them with the properties of 
the positron rather than the properties of the electron moving backward in time. 

The charge conjugation operation is similar to parity. A parity operation changes the system to a 
symmetric one that also satisfies the equations of motion but is different from the original system. 
Both parity and charge conjugation are good symmetries of the Dirac equation and 
of the electromagnetic interaction. The charge conjugate solution is that of an electron going 
backward in time that can also be treated as a positron going forward in time. 


36.19 Quantization of the Dirac Field 


The classical free field Lagrangian density for the Dirac electron field is. 

- d 

C = —cTh/ryu ——0 — rnc 2 ipib 
ox,. 


The independent fields are considered to be the 4 components of 0 and the four components of 0. 
This Lagrange density is a Lorentz scalar that depends only on the fields. The Euler-Lagrange 
equation using the 0 independent fields is simple since there is no derivative of 0 in the Lagrangian. 
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dx ll: 
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ox^ 
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ip = 0 


This gives us the Dirac equation indicating that this Lagrangian is the right one. The Euler- 
Lagrange equation derived using the fields ip is the Dirac adjoint equation, 


d f dC \ _ dC 
dx f i\d(d‘tp/dxf l )) dip 


d 
dx M 


(—cfiip'Yn) + mxrip 


d - me - 

- w —Win + -rV 
C/X Tt 


o 

0 

0 


again indicating that this is the correct Lagrangian if the Dirac equation is assumed to be 
correct. 


To compute the Hamiltonian density, we start by finding the momenta conjugate to the fields ip. 


dC - 1 

II = ———— = —chip^/n— = ihip^ 7474 = ihip i 


d 


(H) 


There is no time derivative of ip so those momenta are zero. The Hamiltonian can then be computed. 

n 




H = 


Q'lp — Q _ 

ihip' ——b chipju,-—ip + mc 2 ipip 
dt dx M 

— chip + chip^ 7474 + chip^k-^—ip + mc 2 ipip 

dx 4 dx4 dxk 

d 

hcip' 747/0 w —ip + mc 2 ip^4ip 
dxk 

t (hcrytrik-^—ip + me 2 74 ) ip 
V dx k ) 

J ip i (he^^k-j^- + me 2 74^ ipd 3 x 


(r) 

We may expand the field ip in the complete set of plane waves either using the four spinors u y ~' 

(r) (r) 

for r = 1,2, 3,4 or using the electron and positron spinors rib ' and v~ ; for r = 1,2. For economy of 
notation, we choose the former with a plan to change to the later once the quantization is completed. 
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u p,r 


e i(p-x-Et)/h 


The conjugate can also be written out. 


ip f (x,t) = 

p r=l 



.(Ot 


e -i(p-x-Et)/h 
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Writing the Hamiltonian in terms of these fields, the formula can be simplified as follows 
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EEEE i/w 7,. -S'” Wt/w ■*- ”?> 


p r=l r'=l 


| S'| P'> r ' P‘ 


1^1 


4 4 
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where previous results from the Hamiltonian form of the Dirac equation and the normalization of 
the Dirac spinors have been used to simplify the formula greatly. 


Compare this Hamiltonian to the one used to quantize the Electromagnetic field 

H = E (~) [ Cfe >“ C fe,a + c k,a c k,a] 

k,a 

for which the Fourier coefficients were replaced by operators as follows. 


£fc, 0 ! - 


^k, a 



e i{p-x-Et)/h^ x 


,i(p-x-Et)/h^3 x 


S-Et)/h d 3 x 
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The Hamiltonian written in terms of the creation and annihilation operators is. 


H 


By analogy, we can skip the steps of making coordinates and momenta for the individual oscillators, 
and just replace the Fourier coefficients for the Dirac plane waves by operators. 






p r =1 
4 




p r =1 
4 




(Since the Fermi-Dirac operators will anti-commute, the analogy is imperfect.) 

( r \t ( r \ 

The creation an annihilation operators b\ and b\ satisfy anticommutation relations. 


= ° 
= o 


Ni 


= bV'bV 

p p 


(r) 

Np is the occupation number operator. The anti-commutation relations constrain the occupation 
number to be 1 or 0. 

A state of the electrons in a system can be described by the occupation numbers (0 or 1 for each 
plane wave). The state can be generated by operation on the vacuum state with the appropriate set 
of creation operators. 


36.20 The Quantized Dirac Field with Positron Spinors 

The basis states in our quantized Dirac field can be changed eliminate the “negative energy” states 
and replace them with positron states. Recall that we can replace — u^p with the positron spinor 
uL 1 ' and u^p with such that the new spinors are charge conjugates of the electron spinors. 

Sciip =vy s= 1,2 

The positron spinor is actually just the same as the negative energy spinor when the momentum is 
reversed. 
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We name the creation and annihilation operators for the positron states to be d 7' and 

dp and identify them to be. 


4 1 ’ 

= -6<i> 

P 


= & ( - 3)t 

P 


These anti-commute with everything else with the exception that 


{4 


P' 


} = Sss'S, 


PP 


The Dirac field and Hamiltonian can now be rewritten. 

2 

t) _ 

p s =1 
2 


4 '\x,t) = 


H = 


EZVW ( 6 ? } ei(p ' S ~ Et)/h +d ( f ] 4 S) 

p S =1 

E E \/U (4 s)t 4 s)t e-^- Et)ln +4 s) 4 s)t e***-^/*) 

p S=1 

\ p p p p , 




All the energies of these states are positive. 

There is an (infinite) constant energy, similar but of opposite sign to the one for the quantized 
EM field, which we must add to make the vacuum state have zero energy. Note that, had we 
used commuting operators (Bose-Einstein) instead of anti-commuting, there would have been no 
lowest energy ground state so this Energy subtraction would not have been possible. Fermi-Dirac 
statistics are required for particles satisfying the Dirac equation. 

Since the operators creating fermion states anti-commute, fermion states must be antisym¬ 
metric under interchange. Assume b £ and b r are the creation and annihilation operators for fermions 
and that they anti-commute. 

= 0 

The states are then antisymmetric under interchange of pairs of fermions. 

blbl, |0) = -b\,bl |0) 

Its not hard to show that the occupation number for fermion states is either zero or one. 

Note that the spinors satisfy the following equations. 

(*7 pPp + mc)u = 0 
(-*7/AV + = 0 


(s) 

Since we changed the sign of the momentum in our definition of v~ , the momentum term in the 
Dirac equation had to change sign. 
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36.21 Vacuum Polarization 


Vacuum polarization is an important effect in effectively reducing the charge on a particle. The 
reduction is dependent on distance and hence on the energy scale. 

The term Vacuum Polarization is descriptive of the effect. A charged particle will polarize the 
vacuum in a way analogous to the way a dielectric is polarized. A virtual electron positron pair 
in the vacuum will be affected by the charge. If the original charged source is a nucleus for example, 
the virtual electron will be attracted and the virtual positron repelled, causing a net polarization of 
the vacuum which screens the nuclear charge. At very short distances from the nucleus, the bare 
charge is seen, while at long distances the screening is important. This causes the basic coupling a 
to vary a bit with distance and therefore with energy. This polarization of the vacuum is similar 
to the polarization of a dielectric material. In this case, what is being polarized are the virtual 
electrons and positrons in the vacuum. Of course other particles than the electron can be polarized 
in the vacuum so the energy variation of the coupling “constant” is an interesting subject for 
research. 

The effect of vacuum polarization on Hydrogen would be to lower the energy of s states relative 
to others since they are close to the nucleus and therefore see an unscreened charge. This effect is 
actually rather small even compared to the Lamb shift and of opposite sign. Vacuum Polarization 
has larger effects at higher energies at which shorter distances are probed. In fact we can say that the 
electromagnetic coupling varies slowly with the energy scale, increasing (logarithmically) at higher 
energies. This is referred to as the running of the coupling constant. 

We can get some qualitative understanding of the origin of Zitterbewegung from the idea of virtual 
pair production in the field of the nucleus. The diagram below shows a photon from the Coulomb 
field of the nucleus producing an electron positron pair. The original real electron from the atom 
then anihillates with the positron, coupling to another field photon. The electron from the pair is 
left over and becomes the new atomic electron, however, it need not be in the same place as the 
original electron. 
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We can estimate the distance an electron might jump as it undergoes this process. First the time for 
which the virtual pair exists can be estimated from the uncertainty principle. Energy conservation is 
violated by 2me 2 at least so At = 9 ^ ^ (which is approximately the reciprocal of the Zitterbewegung 
frequency). The distance the electron appears to jump then is of the order of cAf = = 0.002 

Angstroms. This is the aproximate size of the fast back and forth motion of Zitterbewegung. 


36.22 The QED LaGrangian and Gauge Invariance 

The LaGrangian for electrons, photons, and the interaction between the two is the LaGrangian of 
Quantum ElectroDynamics. 

— ( 0 TfiC \ 1 - 

C = -hop ~ 

QED is our first complete example of an interacting Quantum Field Theory. It taught us a great 
deal about the laws of physics. 

The primary difference between Quantum Mechanics and Quantum Field Theory is that particles 
can be created and destroyed. The probability to find an electron or a photon integrated over space 
does not have to be one. It can change with time. We have written the fields of the photon and the 
electron in terms of creation and annihilation operators. 


4* 

ip(x, t) 


(a kt Jt)e^ s + a{jt)e~^ s ) 



vW ( 6 ? )f u ? )f e~ i{p ' s ~ Et),n +4 S) 4 s)t 

V s=l 


Note that in the interaction term — photons can be created or destroyed singly but that 

electrons must be created and destroyed along with a positron. 

Phase (or Gauge) symmetry can be studied very simply from this LaGrangian. We have shown that 
the phase transformation 


e lA(x V 


A^ —► A^ 


he dX(x) 
e dx^ 


leaves the Schrodinger equation invariant. This can be most directly studied using the LaGrangian. 
We can deduce from the above transformation that 


->• e" iA(x V 


TT — 

x fiu — 


dA v dA u 


dx u dx v 


„ he 

- 

e 


d d\(x) d dX(x) 
dx u dx v dx v dx u 


= F, 


H v 
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The transformed LaGrangian then can be computed easily. 


c =-*°n-, , 4 -+ 


me 


~ ieip'y^ip 


The exponentials from ip and ip cancel except for the term in which ip is differentiated. 


C-> £- ihcip^-^-ip - ieip'y fl -^--^-ip = C 

OX^i 6 OX^ 


This all may seem fairly simple but imagine that we add a mass term for the EM field, —m' 1 A^A ll . 
The LaGrangian is no longer gauge invariant. Gauge invariance implies zero mass photons and 
even maintains the massless photon after radiative corrections. Gauge invariance also implies the 
existence of a conserved current. Remember that electric current in 4D also includes the charge 
density. Gauge invariance implies conservation of charge, another important result. 


This simple transformation ip —> e lX ^ip is called a local U(l) symmetry where the U stands for 
unitary. 


The Weak interactions are based on an SU(2) symmetry. This is just a local phase symmetry times an 
arbitrary local rotation in SU(2) space. The SU(2) group is familiar to us since angular momentum 
is based on SU(2). In the weak interactions, there are two particles that are the symmetric (much 
like a spin up and a spin down electron but NOT a spin up and spin down electron). We can rotate 
our states into different linear combinations of the symmetric particles and the LaGrangian remains 
invariant. Given this local SU(2) symmetry of the fermion wave functions, we can easily deduce 
what boson fields are required to make the LaGrangian gauge invariant. It turns out we need a 
triplet of bosons. (The weak interactions then get messy because of the Higgs mechanism but the 
underlying gauge theory is still correct.) 

The Strong interactions are based on the SU(3) group. Instead of having 3 sigma matrices to do 
rotations in the lowest dimension representation of the group, SU(3) has eight lambda matrices. 
The SU(3) symmetry for the quark wavefunctions requires an octet of massless vector boson called 
gluons to make the LaGrangian gauge invariant. 


So the Standard Model is as simple as 1 2 3 in Quantum Field Theories. 


36.23 Interaction with a Scalar Field 


Yukawa couplings to a scalar field would be of the form Gipip while couplings to a pseudoscalar 
field would be of the form iGip^ip. 
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37 Formulas 


h = 1.05 x 10 27 erg sec 

c = 3.00 x 10 10 cm/sec 

e = 1.602 x 10 19 coulomb 

leV = 1.602 x 10 " 12 erg 

«= ^ = 1/137= j£r c (SI) 

Tic = 1973 eV A= 197.3 MeV F 

1 A= 1.0 x 10 -8 cm 

1 Fermi = 1.0 x 10 -13 cm 

ao = —-— = 0.529 x 10 ~ 8 cm 

rn p = 938.3 MeV/c 2 

m n = 939.6 MeV/c 2 

m e = 9.11 x 10 - 28 g = 0.511 MeV/c 2 

k B = 1-38 x 10 " 16 erg/°K 

9e = 2+f 

g p = 5.6 

PBohr - 2rn e c ~ °’ 579 X 10 8 eV/gauSS 

OO p-| 

/ dx f{x) S(g(x)) = rvrJix) 

-oo Ltel Jg(x )=0 

oo 

/ dx f(x) S(x - a) = f(a) 

—OO 

00 2 

I dx e~ ax = y/* 

— OO 

use ^ for other forms 

OO 

e A = E 4r 

n— 0 

OO - 

sin 6 > = £ ^-(-l) 1 ^- 

to=1,3,5... 

00 n 

cosd = E Trr(- 1 ) t 

n= 0,2,4... 

p w - ,2 ° 

00 

/ dr r n e~ ar = ^+i 

0 

E = y/ m 2 c 4: + p 2 c 2 


GENERAL WAVE MECHANICS 


E = Tiv = huj 

A = h/p 

p = hk 

Ap Ax > | 

AA AB > (i[A,B]) 

A A = y/( A 2 } - (A) 2 

OO 

= -7=° J dp 4>(p) e ipx ' h 

—OO 

OO 

4 >(p) = n f dx ip(x) e~ xpx / n 

— OO 

v — - — 

Pop — i dx 

E op — iTi Q t 

%op = 

H Uj {x) = E jUj {x) 

ipj{x,t) =u 3 (x)e~ iE A/ h 

irg + %)* = «sf 

ip(x) continuous 

^ continous if V finite 

fo r V(x) = XS(x - a) 

OO 

(cj)\il>) = f dx(j)* (x)ip(x) 

— OO 

(ui\uj) — Sij 

E \ u i)( u i\ = 1 

i 

<t>=Yl a i U i 

i 

Qi = (ui\<j>) 

l\)(x) = {x\lp) 

{<t>\A\ij>) = (<j>\Aip) = (A+(^|^) = (y>|A t |</>)* 

(/){p) = ( p\1p) 

[^(p+^ A) 2 + V{f)]^(r) 

= Eip(f) 

A- 

II 

-&■ 

\Px,X} = J 

\L X ’, Ly\ — iTiL z 

[L 2 ,L Z } = 0 

A- 

II 

V - 

V 

(ui\A\uj) 

^■ = (%) + im A ]) 













































547 


HARMONIC OSCILLATOR 


H = + \mcj 2 x 2 = huiA^A + i huj 10.1 

E n = {n + \)Tiu> n = 0, 1,2... 10.3 

OO 2 

Un{x) = a k y k e~ v /2 

k—0 

2(fc—n) 

flfe + 2 — (fc+l)(fc+2) Qk 

_ frnUT 

y — v n x 

A _ ( fmUT„ , „• p 


[A, At] = l 

+ \n) = ^/(n + 1) \n + 1) 

A | n) = -/H \n - 1) 

u 0 (a:) = (ff )i e - mu,xi ! 2n 


ANGULAR MOMENTUM 


[Z/2, Z/j] — iheijkLk 

[L 2 ,U] = o 

fY/ m Y rm ,dn = S£fS mm , 

L 2 Y em = l(£ + l)h 2 Y em 

L z Yim = mhYim 

VI 

VI 

Lf± = L x i 

L±Y lm = Tiy/l{£ + 1) - m{m ± 1) U, m ±i 

y °° = YP7 

Y u = -^e i * sin 9 

Ho = cos 9 

Yn = \/& ^ sin 2 0 

Y 21 = -tjl § sin 9 cos 9 

y ™ = \It& ( 3 cos2 6 ~ x ) 

y« = sin* 0 

Y e(m} = (-1 ) m Y e * m 

Ytmi 7T - 9, (j> + 7r) = (-1)* Y £m {9,4>) 

^7r ^ + ^( r ) + 

(V(r) + Rne(r) = ER n i (r) 

io(fcr) - sin fe ( r fcr) 

no(kr)~ co t fer) 

h^\kr) = jz{kr) + ine{kr) 

H = H 0 — jl ■ B 


n=$t c s 

S t = \oi 

[(7^,(7jf] — 2i€ijk(Jk 

{ <Ti,(Tj} = 0 

n+ni 

q 

e 

II 

<S>. <^) 

o 1 

(S>. 


H 

5+ 

°^ib ° 

Sih °t+ 

°^h ° 

Co 

II 

°^l- ° 

y- °£Ji 

°^li ° 

/! 0 0\ 
s z = n o o o i 
\o 0 -l) 


HYDROGEN ATOM 


TJ _ P 2 Ze 2 

2 [i r 

Tpnim — 

£n = ev 

n = n r + £ + 1 

ao — — 

u a/ic 

0 ,1,1 

OO 

Rni{p) = p e J2 u k p k e ~ p ! 2 

k—0 

/c+^+1—n 

Ufc +! ~ (fc+l)(fc+2^+2) Ctfc 

f=£n^’'=ik 

^10 = 2(^)1 

i?2o=2(A.)l(l-^)e^ 


iU,„i OC r"- 1 e~ Zr / na ° 

_ m 1 m 2 

^ mi+7712 

{4>nlm\ e r \i>nlm) ~ ~ 

IT P 4 

1 Sm 3 c' 2 

^2 - 2rn i c ‘i r - i S ■ L 

A^12 = -2i T a 4 mc 2 (-A T - £) 

H3 = z£^S.Un6 3 (r) 

AEs = Wy (/(/ + 1} /(J + 1) 3) 

H B = & z + 2 S z ) 

A£; b = ^(t ± 27Tr) m J for j = t± | 
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ADDITION OF ANGULAR MOMENTUM 


J = L + S \e-s\<j<£ + s 

S = \{J 2 - L 2 - S 2 ) 

4>jm j is= Y C(jmj-,£mtsm s )Y eme Xsm a = Y {j m j^ s \^ m esm a )Yt mt Xam a 

rri£m s m^m s 

1 ~ \! 2i+l Um,\+ + \J 2 f+lU,m+lX- 

for s = i and any £ 

— VV-i,m+± — \/ 2f+l^mX+ \/ 2£+l U,m+lX- 

for s = 2 and any £ 


PERTURBATION THEORY AND RADIATIVE DECAYS 


^ = (0 n |Ui|0„) 

Z?( 2 ) K0fcl-ffl|0n>| 2 

k^n n k 

„(1) _ (dfc|ffl|0n> 

Tik (0) _ ^(0) 

n k 

C n( t ) = mf dt ' ei(En Ei)t ' /n (<t>n\V(t')\(/>i } 

0 

Fermi’s Golden Rule: 

r^ f = %\w f \vw i )\ 2 pf(E) 

= ^zl f n( ( 2 ^-ri )3 ) |V/j| 2 d 3 (momentum conservation) <5(Energy conservation) 
k 

r™4 fc = 

r m-7fc = 2^ / £ • ^1^)| 2 

A l = ±1, As = 0 

e • f = ^f(e z Y 10 + + ^pYu) 

e • k = 0 

a (w- wo ) 2 +(r/2) ;! 

r collision — P& yj m kT 

( Aw\ / fcT 

^ w ) Dopier — y ^1? 

( d d n)BORN |T(A )| 2 

V(A ) = f d 3 fe~ iA - r V(f) 

A = ^ 


ATOMS AND MOLECULES 


Hund: 1) max s 

2)max £ (allowed) 

3) min j (< i shell) else max j 

p _ Rt+l)?i 2 ^ 1 y 

^rot ~ 2 I 2000 

E V ib = (n + \)hu « T eV 











































